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PREFACE

Since its founding in 1952, the Advisory Group for Aerospace Research and Development has published, through the
Flight Mechanics Panel, a number of standard texts in the field of flight testing. The original Flight Test Manual was %
published in the years 1954 to 1956. The Manual was divided into four volumes: 1. Performance, II. Stability and Control, •
11. Instrumentation Catalog, and IV. Instrumentation Systems.

As a result of developments in the field of flight test instrumentation, the Flight Test Instrumentation Group of the
Flight Mechanics Panel was established in 1968 to update Volumes 111 and IV of the Flight Test Manual by the publication of
the Flight Test Instrumentation Series, AGARDograph 160. In its published volumes AGARDograph 160 has covered
recent developments in flight test instrumentation., -,

In 1978, the Flight Mechanics Panel decided that further specialist monographs should be published covering aspects -7
of Volume I and II of the original Flight Test Manual, including the flight testing of aircraft systems. In March 198 1, the
Flight Test Techniques Group was established to carry out this task. The monographs of this Series (with the exception of .. '-.
AG 237 which was separately numbered) are being published as individually numbered volumes of AGARDograph 300. At 'Y'.
the end of each volume of AGARDograph 300 two general Annexes are printed; Annex I provides a list of the volumes,.,- -*'..*,"
published in the Flight Test Instrumentation Series and in the Flight Test Techniques Series. Annex 2 contains a list of ' . ',

handbooks that are available on a variety of flight test subjects, not necessarily related to the contents of the volume
concerned. ... *. * .

Special thanks and appreciation are extended to Mr F.N.Stoliker (US), who chaired the Group for two years from its
inception in 1981, established the ground rules for the operation of the Group and marked the outlines for future
publications.

In the preparation of the present volume the members of the Flight Test Techniques Group listed below have taken an A I
active part. AGARD has been most fortunate in fin'Iing these competent people willing to contribute their knowledge and .
time in the preparation df this volume.

Bogue, R.K. (editor) NASA/US. 5,

Borek, R.W. NASA/US. %V
Bothe, H DFVLR/GE.
Bull, EJ. A & AEE/UK. I- i
Carabelli, R. SA/I1T.
Galan, R.C. CEV/FR. -"

Lapchine, N. CEV/FR. ', ,
Moreau, J. CE V/FR.
Norris, EJ. A & AEE/UK.
Phillips, A.D. AFFTC/US.
Pool, A. NLR/NE.
Sanderson, K.C. NASA/US.

J.T.M. van DOORN, NLR/NE.
Member, Flight Mechanics Panel
Chairman, Flight Test
Techniques Group. -- i-on "or
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NOMENCLATURE %

SYMBO LS. 
,

It is impractical to list all of the Symbols used in this document. The following are symbols of partic- •.ular significance and those used consistently tr large portion& of the document. In several speialized - -situations. the same symbols are used with differet meanings not included In this list..-,- . ,

B control matrix 
,,• i

b ( . ) b i a s 
% " "

C state observation matrix

I) control observation matrix 
,

Q(.) expected value

a error vector

F(. ) System function

FF* process noise covariance matrix

Fx, probability distribution function of x

f(.) system state function

GG* measurement noise covariance matrix J

g(.) system observation function

h(.) equation error function

J(.) cost function
H Fisher information matrix

m• prior mean of c 
"

P prior covariance of c;, or covariance of filteredx
p(x) probability density function of x, short notation

px(.) probabil tzy density function of x, full notation .:.• . ..
Q cova r iance of pre dicted x " "" " " "
R covariance of innovation 

T "" "
t time

-: ~U system input 
, ,: -

-i" •u(t) dynamic system input vector

Vtconcatenated innovation vector 
: ' ,• . ,

v innovation vector

x parameter vector in static models 
". . ,'

x t ,x (t ) dy n a m i c s y s t e m s t a t e v ec t o r 
" • ' '•, , .• H

Z s y s t e m r e s p o n s e 
, " '• " : ,

Zt concatenated response vector
zt ,z(t) dynamic system response vector. 

.,""." -,
A s a m p l e i n t e r v a l 

- . . - .,
n tm e a s u re m e n t n o i s e v e c t o r 

, , , ..'" "
0 state transition matrix 41



y vinput transition matrix

vector of unknown parameters

set of possible parameter values

random noise vector

n probability space

predicted estimate (in filtering contexts)

optimum (in optimization contexts), or estimate (-in estimation contexts), or filtere6 estimate (in
filtering contexts)

- smoothed estimate

Subscript c indicates dependence on C

Abbreviations and 'acronyms
arg max value of x that maximizes the followinq function

corr correlation

coy covariance

exp exponential Vj-. -

In natural logarithm

MAP maximum a poatet.•!or probability , "

MLE maximum-likelihood estimator r

rmse mean-square error

var variance

MAthematical notation

f(.) the entire function f, as opposed to the value of the function at a pIrticular point

-* transpose

vx gradient with respect to the ve'tor x (result is a row vector when the operand is a scalar, or a
matrix when the operand is a column vector)

S2 second gradient wit!h respect to x

Z series sunmation

J1 series product S

3.14159...

u set union

n set Intersection

C subset

e element of a set

{x:c) the set of all x such that condition c holds .

(. ,.) inner product

conditioned on (in probability contexts)

absolute value or determinant

dI.I volume element

+t + right-hand limit at t

n-vector vector with n elements
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IDENTIFICATION OF DYNAMIC SYSTEMS

Richard E. Meit*
Aerospac Engineer

and

Kenneth W. Ili"f

Senior Stae" Scientist

Dryden Flight Research Facilit

SUMMARY OF CONTENTS

The subject of system identification is too broad to be covered completely in one book. This document
is restricted to statistical system iden~tification; that is, methods derived frmn probabilistic mathematical
statements of the problem. We will be primarily interested in maximum-likelihood and related estimators.
Statistical methods are becoming increasingly important with the proliferation of high-speed, general-purpose

* digital computers. Problems that were once solved by hand-plotting the data and drawing a line through them
* are now done by telling a computer to fit the best line through the data (or by some completely different,

formerly impractical method). Statistical approaches to system identification are well-suited to computer
application.

Automated statistical algorithms can solve more complicated problems more rapidly- and sometimes more
accurately-than the older manual methods. There is a danger, however, of the engineer's losing the intuitive PP

feel for the system that arises from long hours of working closely with the data. To use statistical estima-
* tion algorithms effectively, the engineer must have not only a good grasp of the system under analysis, but
* ~also a thorough understanding of the analytic tools used. The analyst must strive to understand how the .

system behaves and what characteristics of the data influence the statistical estimators in order to evaluate .*

the validity and meaning of the results.

Our primary aim in this document is to provide the practicing data analyst with the background necessary .

* to make effective use of statistical system identification techniques, particularly maximum-likelihood and
related estimators. The intent is to present the theory in a manner that aids intuitive understan~ing at a
concrete level useful in application. Theoretical rigor has not been sacrificed, but we have tried to avoid
"elegant" proofs that may require three lines to write, but 3 years of study to comprehend the underlying ~
theory. In particular, such theoretically intriguing subjects as martingales and measure theory are ignored.
Several excellent volumes on these subjects are available, including Balakrishnan (1973), Royden (1968), Rudin
(1974), and Kushner (1971).

We assume that the reader has a thorough background in linear algebra and citiculus (Paige, Swift, and
* Slobko, 1D74; Apostol, 1969; Nering, 1969; and Wilkinson, 1965), including complete familiarity with matrix

operations, vector spaces, inner products, norms, gradients, eigenvalues, and related subjects. The reader
should be familiar with the concept of function spaces as types of abstract vector spaces (Luenberger, 1969),
but does not need expertise in functional analysis. We also assume familiarity with concepts of deterministic
dynamic systems (Zadeh and Desoer, 1963; Wiberg, 1971; and Levan, 1983).

Chapter 1 introduces the basic concepts of system identification. Chapter 2 is an introduction to numeri-
cal optimization methods, which are important to system identification. Chapter 3 reviews basic concepts from
probability theory. The tr'atment is necessarily abbreviated, and previous familiarity with probability

* thecry is assumed.

Chapters 4-10 present the body of the theory. Chapter 4 defines the concept of an estimator and some of
- the basic properties of estimators. Chapter 5 discusses estimation as a static problem in which time is not

involved. Chapter 6 presents some simple results on stochastic processes. Chapter 7 covers the state estima-
tion problem for dynamic systems with known coefficients. We first pose it as a static estimation problem,
drawing on the results from Chapter 5. We then show how a recursive formulation results in a simpler solution
process, arriving at the same state estimate. The derivation used for the recursive state estimator (Kal-an
filter) does notrequirea background in stochastic processes; only basic probability and the results from
Chapter 5 are used.

Chapters 8-10 present the parameter estimation problem for dynamic systems. Each chapter covers one of
the basic estimation algorithms. We have considered parameter estimation as a problem in its own right, rather
than forcing it into the form of a nonlinear filtering problem. The general nonlinear filtering problem is
more difficult than parameter estimation for linear systems, and it requires ad hoc approximations for practi-
cal implementation. We feel that our approach is more natural and is easier to understand.

Chapter 11 examines the accuracy of the estimates. The emphasis in this chapter is on evaluating the
accuracy and analyzing causes of poor accuracy. The chapter also includes brief discussions about the roles

'K of model structure determination and experiment design.
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CHAPTER 1

* 1.0 INTRODUCTION

System identification is broadly defined as the deduction of system characteristics from measured data.
It is commtonly referred to as an inverse problem because it is the opposite of the problem of computing the 0I* response of a system with known characteristics. Gauss (1809, p. 85) refers to "the inverse problem, that is
when the true is to be derived from the apparent place." The inverse problem might be phrased as, "Given the
answer, what was the question?" Phrased in such general terms, system identification is seen as a simple

Kconcept used in everyday life, rather than as an obscure area of mathematics.
Exml .- The system is your body, and the characteristic of interest is
itsmass.Y&u perform an experiment by placing the system on a mechanical
transducer in the bathroom which gives as output a position approximately - '

proportional to the system mess and the local gravitational field. Based on
previous comparisons with the doctor's scales, you know that yu.ur scale con-
sistently reads 2 lb high, so you subtract this figure from the reading. The
result is still somewhat higher than expected, so you step off of the scales

it you obtain an estimate of the system mass.

This simple example actually includes several important principles of system identification-, for instance,.
the resulting estimates are biased (as defined in Chapter 4).

Example 1.0-2 The "guess your weight" booth at the fair.

The weight guesser's instrumentation and estimation algorithm are more difficult to describe precisely.
but they are used to solve the same system identification problem.

Example 1.0-3 Newton's deduction of the theory of gravity.

Newton's problem was much more difficult than the first two examples. He had to deduce not just a single
number, but also the form of the equations describing the system. Newton was a true expert in system identi-
fication (among other things)

As apparent fromn the above examples, system idtentification is as much an art as a sciem ce. This point is
often forgotten by scientists who prove elegant mathematical theorems about a model that doesn't adequately
represent the true system to begin with. On the other hand, engineer~s who reject what they consider to be
"ivory tower theory" are foregoing tools that could give definite answers to some questions, and hints to aid
in the understanding of others.

System identification is closely tied to control theory, partially by some common methodology, and par-
tially by the use of identified system models for control design. Before you can design a controller for a

* system, you must have some notion of the equations describing the system.

Another common purpose of system identification is to help gain an understanding of how a system works.
Newton's investigations were more along this line. (It is unlikely that he wanted to control the motion of
the planets.)

The application of system identification techniques is strongly dependent on the purpose for which the
results are intended; radically different system models and identification techniques may be appropriate for
different purposes related to the same system. The aircraft control system designer will be unimpressed when
given a model based on inputs that cannot be influenced, outputs that cannot be measured, aspects of the
system that the designer does not want to control, and a complicated model in a form not amenable to control
analysis techniques. The same model might be ideal for the aerodynamicist studying the flow around the
vehicle. The first and most important step of any system identification application is to define its purpose.

Followiiig this chapter's overview, this document presents one aspect of the science of system identifica-
* tion -the theory of statistical estimation. The theory's main purpose is to help the engineer understand the

system, not to serve as a formula for consistently producing the required results. Therefore, our exposition ~ -*.

of the theory, althouglh rigorously defensible, emphasizes intuitive understanding rather than mathematical
sophistication. The following commnents of Luenberger (1969, p. 2) also apply to the theory of system

* identification:

Some readers may look with great expectation toward functional analysis, hoping
to discover new powerful techniques that will enable them to solve important
problems beyond the reach of simpler mathematical analysis. Such hopes are
rarely realized in practice. The primary utility of functional analysis... is
its role as a unifying discipline, gathering a number of apparently diverse,
specialized mathemnatical tricks into one or a few geometric principles.

With good intuitive understanding, which arises from such unification, the reader will be better equipped to
extend the ideas to other areas where the solutions, although simple, were not formerly obvious.

* The literature of the field often uses the terms "system identification," "parameter identification," and
* "parameter estimation" interchangeably. The following sections define and differentiate these broad terms.

The majority of the literature in the field, including most of this document, addresses the field mcst pre-
cisely called parameter estimation. --.- :



1.1 SYSTEM IDENTIFICATION

* We begin by phrasine the system identification problem in formal mathematictl terms. There are three
elements essential to a system identification problem: a system, an experiment, and a response. We define
these elements here in broad, abstract, set-theoretic terms, before introducing more concrete fVrms in . *.

* Section 1.3.
Let U represent some experiment, taken from the set 0 of possible experiments on the system.

U could represent a discretze event, such as stepping on the scales; or a value, such as a voltage applied.
U could also be a vector function of time, such as the motions of the cor,trol surfaces while an airplane is
flown through a maneuver. In systems terminology, U is the input to the system. (We will use the terms

.¶ "input," "control," and "experiment'" more or less interchangeably.)

"Observe the response Z of the system to the experiment. As with U, Z could be represented in many

forms including as a discrete event (e.g., "the system blew up") or as a measured time function. It is an
element of the set Z of possible responses. (We also use the terms "output" or "measurement" for Z.)

The abstract system is a map (function) F from the set of possible experiments to the set of possible -,. ,.r
responses. - .-

F:

that is

Z F(U) (1.1-2)

The system identification problem is to reconstruct the function F from a collection of experiments
Ui and the corresponding system responses Zi. This is the purest form of the "black box" identification
problem. We are as(ked to identify the system with no information at all about its internal structure, as if
the system were in a black box which we could not see into. Our only information is the inputs and outputs.

An obvious solution is to perform alof the experiments in ® nd simply tabulate the responses. This
is usually impossible because the set a6 is too large (typically, infinite). Also, we may not have complete
freedom in selecting the Ui. Furthermore, even if this approach were possible, the tabular format of the
result would generally be inconvenient and of little help in understanding the structure of the system. -; .

"* If we cannot perform all of the experiments in Q, the system identification problem is impossible
without further information. Since we have made no assumptions about the form of F, we cannot be sure oi its
behavior without checking every point.

Example 1.1-1 The input U and output Z of a system are both represented

by real-valued scalar variables. When an input of 1.0 is applied, the output
is 1.0. When an input of -1.0 is applied, the output is also 1.0. Without
further information we cannot tell which of the following representations (or
an infinite number of others) of the system is correct.

a) Z = 1 (independent of U)
1

OA 0 1

b) Z = I
S,. .,. :

r

z

-1 0 1

c) Z= U2  U

11

z Y-'*,,

.,,-1 0 1 , ,
• ,9

*

S. . . I l I I -,l I . . .



46

d) The response depends on the time interval between applying U and
measuring Z, which we forgot to consider.

isapl 1.1-2 The input and output of a system are scalar time functions
on thein7 iterval (,).When the input iscos(t), the output is sin(t). '"

Without more information we cannot distinguish among

a) z(t) *cos(t) independent of U

b) z (t) *ft U(S)ds
0

c) z(t) d- t

Ex~ne .-3. The input and output of a system are integers in the range
IIU For every input except U - 37, we measure the output and find it

equal to the input. We have no mathematical basis for drawing any conclusion
about the response to the input U - 37. We could guess that the output might
be Z - 37. but there is no mathematical justification for this guess in the
problem as formulated. ..

Our inability to draw any conclusions in the above examples (particularly Example (1.1-3), which seems
so bviusintuitively) points out the inadequacy of the pure black-box statement of the system identificationL

problem. We cannot reconstruct the function F without some guidance on choosing a particular f'unction from .

the infinite number of functions consistent with the results of the experiments performed. '

We have seen that the pure black box system identification problem, where absolutely no information is -
Oiven about the internal structure of the system, is impossible to solve. The information needed to construct
the system function F is thus composed of two parts: information which is assumed, and information which is
deduced from the experimental data. These two information sources can closely interact. For instance, the
experimental data could contradic~t the assumptions made, requiring a revision of the assumptions, or the data
could be used to select one of a set of candidate assumptions (hypotheses). Such interaction tends to obscure
the role of the assumption, making it seem as though all of the information was obtained from the experimental *...

data, and thus has a purely objective validity. In fact, this is never the case. Realistically, most of the
information used for constructing the system function F will be assumptions based on knowledge of the nature
of the physical processes of the system. System identification technology based on experimental data is used
only to fill in the relatively small gaps in our knowledge of the system. From this perspective, we recognize
system identification as an extremely useful tool for filling in such knowledge gaps, rather than as a panacea

* which will automatically tell us everything we need to know about a system. The capabilities of some modern
techniques may invite the view of system identification as a cure-all, because the underlying assumptions are
subtle and seldom explicitly stated.

Exmee .14 Return to the problem of example (1.1-3). Seemingly, not much
knowledge of the internal behavior of the system is required to deduce that
Z will be 37 when U is 37; indeed, many common system identification algo- i
rithms would make such a deduction. In fact, the assumptions made are numer- .. **

ous. The specification of the set of possible inputs and outputs already
implies many assumptions about the system; for instance, that there are no
transient effects, or that such effects are unimportant. The problem state-
ment does not allow for an event such as the system output's oscillating
through several values. We have also made an assumption of repeatability.
Perhaps the same experiment redone tomorrow would produce different results,
depending on some factor not considered. Encompassing all of the other
assumptions is the assumption of simplicity. We have applied Occam's Razor
and found the simplest system consistent with the data. One can easilyL 7
imagine useful systems that select specific inputs for special treatment.
Nothing in the data has eliminated such systems. We can see that the assump-
tions play the largest role in solving this problem. Granted the assumption
that we want the simplest consistent result, the deduction from the data that
Z = U is trivial.

Two general types of assumptions exist. The first consists of restrictions on the allowable forms of
the function F. Presumably, such restrictions would reflect the knowledge of what functions are reasonable
considering the physics of the system. The second type of assumption is some criterion for selecting a "best"
function from those consistent with the experimental results. In the following sections, we will see that
these two approaches are combined- restricting the set of functions considered, and then selecting a best
choice from this set.

* ~1.2 PARAM4ETER IDENTIFICATION

For physical systems, information about the general form of the system function F can often be derived
from knowledge of the system. Specific numerical values, however, are sometimes prohibitively difficult to
compute theoretically without making unacceptable approximations. Therefore, the most widely used area of
system identification is the subfield called parameter identification.



In parameter Identification, the form of the system function is assumed to be known. This function con-
tains a finite numier of parameters, the values of which must be deduced from experimental data.

Let C be a vector with the unknown parameters as its elements. Then the system reasponse Z is a knoe'n " ,- ,.
function of the input U and the parameter vector t. We can restate this in a more convenient, but com-
pletely equivaltnt way. For each value of the parameter vector c, the system response Z is a known functitrn
of the Input U. (The function can be different for different values of c.) We say that the function is
parameterized by r and write

Z- F (U) (1.2-1)

The function F&(U) is referred to as the assumed system model. The subscript notation for C is used purely
for convenience to indicate the special role of t. The function could be equivalently written as F(&,U).
The parameter identification problem is then to deduce the value of E based on measurement of the responses
Zt to a set of inputs Ui. This problem of identifying the parameter vector 4 is much less ambitious than
the system identification problem of constructing the entire F function from experimental data; it is more
in line with the amount of information that reasonably can be expected to be obtained from experimental data.

Deducing the value of t amounts to solving the following set of simultaneous and generally nonlinear .
equations.

Z = FC(Ui) i 1,2,...N (1.2-2)

where N is the number of experiments performed. Note that the only variable in these equatiorns is the param-
eter vector c. The Ui and Zi represent the specific input used and response measured for the ith experi- *-.--

ment. This is quite different from Equation (1.2-1) which expresses a general relationship among the three ,*".""
variables U, Z, and .. .*.

Example 1.2-1 In the problem of example (1.1-1), assume we are given that the -
response Is a linear function of the input

Z = F (U) + ao + aU -.

The parameter vector is t = (aO,a 1 )*, the values of a. and a. being unknown.
We were given that U a -1 and U = +1 both result in Z 1; thus Equa- -
tion (1.2-2) expands to 7"."

1 F (-1) * a, - a1

1-
1 = F (1) " a0 + al , .'- ,

This system is easy to solve and gives a, - 1 and a, - 0. Thus we have ,..,," ,
F(U) - 1 (independent of U). '.

Example 1.2-2 In the problem of example (1.1-2), assume we know that the sys-
tem can be represented as

i(t) az(t) + bu(t) - ". *

or, equivalently, expressing Z as an explicit function of U,

Z F (U): z(t) = ea(t-T) bu(,)d'r . .

The unknown parameter vector for this system is t a (a,b)*. Since -. .
u(t) - cos(t) resulted in z(t) = sin(t), Equation (1.2-2) becomes ''

sln(t) e eat-') b cos(Tc)d-t

for all tc(--,-). This equation is uniquely solved by a 0= and b = -1.

Example 1.2-3 In the problem of Example (1.1-3), assume that the system can
be represented by a polynomial of order 10 or less.

Z = F (U) =10 anUn
no

The unknown parameter vector is { =.(a,,a 1 ... a1 *)*. Using the experimental

data described in Example 1.6, Equation (1.2-2) becomes

i " • an~n I n 1,2...36,38,39...100 F'
naD0





The general form for a continuous-time state-space model is

x(to) - xO (1.3-3a)

i(t) - f(x(t),u(t),t,') (1.3-3b) *" *"

z(t) - g~x(t),u(t),t,.J (1.3-3c) 9
where f and g are arbitrary known functions. The initial condition x, can be known or can be a function
of t. The variable x(t) is defined as the state of the system at time t. Equation (1.3-3b) is called the
state equition, and (1.3-3c) is called the observation equation. The measured system response is z. The
state is not considered to be measured; it is an internal system variable. However, g[x(t),u(t),t,Q] a x(t)
is a legitimate observation function, the measurement can be equal to the state if so desired.

Discrete-time state space models are similar to continuous-time models, except that the differential .
equations are replaced by difference equations. The general form is

x(tc) - Xo (1.3-4a)

x(t ~) - f[x(tt),u(tj).t,tE 1 - 0,1.... (1.3-4b)...., ',•

z(ti) - g[x(t 1 ),u(t 1 ),tti] 1 - 1,2,... (1.3-4c) "

The system variables are defined only at the discrete times ti.

This document is largely concerned with continuous-time dynamic systems described by differential Equa-
tions (1.3-3b). The system response, however, is measured at discrete time points, and the computations are .-...
done in a digital computer. Thus, some features of both discrete- and continuous-time systems are pertinent. •.
The system equations are

x(tc) - x0  (1.3-5a)

i(t) -f~x(t),u(t),t,(] (1.3-5b) m '" +. •

z ( t tj ) - g~ x (t t) ,u (t t) ,t t ,C ] 1 1 ,2 . . . . (1 .3 - 5c ) . : . . . - .

The response z(ti) is considered to be defined only at the discrete time points ti, although the state x(t)
is defined in continuous time.

We will see that the theory of parameter identification for continuous-time systems with discrete obser- ,..

vations is virtually identical to the theory for discrete-time systems in spite of the superficial differences .. '• •
in the system equation forms. The theory of continuous-time observations requires much deeper mathematical
background and will only be outlined in this document. Since practical application of the algorithms devel- , .
oped generally requires a digital computer, the continuous-time theory is of secondary importance. ." "

An important subset of systems described by state space equations is the set of linear dynamic systems.
Although the equations are sometimes rewritten in forms convenient for different-applications, all linear
dynamic system models can be written in the following forms: the continuoustime form is

x(to) , x0  (1.3-6a)

i(t) - Ax(t) + Bu(t) (1.3-6b)

z(t) - Cx(t) + Du(t) (1.3-6c)

The matrix A is called the stability matrix, B is called the control matrix, and C and D are clled state
and control observation matrices, respectively. The discrete-time form is

x(to) x0  (1.3-7a)

x(ti+1 ) = Ox(ti) + 'u(tt) i = 0,1.... (1.3-7b)

z(tt) Cx(tt) + Du(tt) i = 1,2,... (1.3-7c)

The matrices * and Y are called the system transition matrices. The form for continuous systems with dis- ".' .'. ,
crete observations is identical to Equation (1.3-6), except that the observation is defined only at the -
discrete time points. In all t;,r-e forms, A, B, C, D, t, and T are matrix functions of the parameter
vector t. These matrices are tunctions of time in general, but for notational simplicity, we will not
explicitly indicate the time dependev,ce unless it is important to a discussion.

The continuous-time and discrete-time state-equation forms are closely related. In many applications,
the discrete-time form of Equation (1.3-7) is used as a discretized approximation to Equation (1.3-6). In
this case, the transition matrices t and Y are related to the A and B matrices by the equations

exp(A•1 (1.3-8a)

-a exp(At)dt B (1.3-8b)

0i i i I i III • - " • - l
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whiere
•" A " ~ti+1 - t (1.3-80)" " •;

"We discuss this relationship in more detail in Section 7.5. In a similar manner, Equation (1.3-4) is sometimes
viewed as an approximation to Equation (1.3-3). Although the principle in the nonlinear case is the same as
in the linear case, we cannot write precise expressions for the relationship in such simple closed forms as in " "
the linear case.

Standardized canonical forms of the state-space equations (Wiberg, 1971) play an important role in some
apprcaches to parameter estimation. We will not emphasize canonical forms in this document. The basic theory
of parameter identification is the sime, whether canonical forms are used or not. In some applications,
canonical forms are useful, or even necessary. Such forms, however, destroy any internal relationship between
the model structure and the system, retaining only the external response characteristics. Fidelity to the
internal as well as to the external system characteristics is a significant aid to engineering judgment and to
the incorporation of known facts about the system, both of which play crucial roles in system identification.
For instance, we might know the values of many locationis of the A matrix in its "aatural" form. When the
A matrix is transformed to a canonical form, these simple facts generally become unwieldy equations which
cannot reasonably be used. When there is little useful knowledge of the internal system structure, the use of -.. ':.
canonical forms becomes more appropriate.

1.3.3 Others 6

Other types of system models are used in various applications. This document will not cover them explic-
itly, but many of the ideas and results from explicit function and state space models can be applied to othermodel types. ..- '.j.

One of these alternate model classes deserves special mention because of its wide use. This is the class,. .
of auto-regressive moving average (ARMA) models and related variants (Hajdasinski, Eykhoff, Damen, and van den
Boom, 1982). Discrete-time ARMA models are in the general form

z(ti) + a~z(tt_• + ... anZ(tl n) = b0u(ti) + blu(tt.•) + ... bmu(tt ~) (1.3-9)

Discrete-time ARNA models can be readily rewritten as linear state space models (Schweppe, 1973), so all of
the theory which we will develop for state space models is directly applicable.

1.4 PARAMETER ESTIMATION

The examples in Section 1.2 were carefully chosen to have exact solutions. Real data is seldom so C
obliging. No matter how careful we have been in selecting the form of the assumed system model, it will not
be an exact representation of the system. The experimental data will not be consistent with the assumed model
form for any value of the parameter vector g. The model may be close, but it will not be exact, if for no
other reason than that the measurements of the response will be made with real, and thus imperfect,
instruments.

The theoretical development seems to have arrived at a cul-de-sac. The black box system identification
problem was not feasible because there were too many solutions consistent with the data. To remove this diffi-
culty, it was necessary to assume a model form and define the problem as parameter identification. With the
assumed model, however, there are no solutions consistent with the data.

We need to retain the concept of an assumed model structure in order to reduce the scope of the problem,
yet avoid the inflexibility of requiring that the model exactly reproduce the experimental data. We do this S
by using the assumed model structure, but acknowledging that it is imperfect. The assumed model structure
should include the essential characteristics of the true system. The selection of these essential character-
istics is the most significant engineering judgment in system analvsis. A good example is Gauss' (1809,
p. xi) justification that the major axis of a cometary ellipse is not an essential parameter, and that a
simplified parabolic model is therefore appropriate:

There existed, in point of fact, no sufficient reason why it should be taken "
for granted that the paths of comets are exactly parabolic: on the contrary,
it must be regarded as in the highest degree improbable that nature should ....
ever have favored such an hypothesis. Since, nevertheless, it was known, that
the phenomena of a heavenly body moving in an ellipse or hyperbola, the major
axis of which is very great relatively to the parameter, differs very little
near the perihelion from the motion in a parabola of which the vertex is at
the same distance from the focus; and that this difference becomes the more
inconsiderable the greater the ratio of the axis to the parameter: and since,
moreover, experience has shown that between the observed motion and the motion
computed in the parabolic orbit, there remained differences scarcely ever
Sreater than those which might safely be attributed to errors of observation

?errors quite considerable in most cases): astronomers have thought proper to
retain the parabola, end very properly, because there are no means whatever of ...-
ascertaining satisfactorily what, if any, are the differences from a parabola. 7.

Chapter 11 discusses some aspects of this selection, including theoretical aids to making such judgments.

Given the assumed model structure, the primary question is how to treat imperfections in the model.
We need to determine how to select the value of c which makes the mathematical model the "best"
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representation of the essential characteristics of the system. We also need to evaluate VWh error in the lie %
determination of c due to the unmodeled effects present in the experimental data. These needs intrclce .* %11,
several new concepts. One concept is that of a "best" representation as opposed to the correct representation.
It is often impossible to define a single corrct representation, even in principle, because we have acknowl-
edged the assumed model structure to be imperfect and we have constrained ourselves to work within this
structure. Thus C does not have a cotr .ct value. As Acton (1970) says on this subject,

A favorite form of lunacy among aeronautical engineers produces countless '
attempts to decide what differential equation governs the motion of some .- .'
physical object, such as a helicopter rotor .... But arguments about which
differential equation represents trq.th, together with their fitting calcu-
lations, are wasted time.

Examle 1.4-1 Estimating the radius of the Earth. The Earth is not a per-
fect sphere and, thus, does not have a radius. Therefore, the problem of
estimating the radius of the Earth has no correct answer. Nonetheless, a .
representation of the Earth as a sphere is a useful smpllification for
many purposes.

Even the concept of the "best" representation overstates the meanirng of our estimates because there is no
universal criterion for defining a single best representation (thus our quotes around "best"). Miny system
identification methods establish an ootimality criterion and use numerical optimization methods to compute the
optimal estimates as defined by the criterion; indeed most of this document is devoted to such optimal esti-
mators or approximations to them. To be avoided, however, is the common attitude that optimal. (by some cri-
terion) is synonymous with correct, and that any nonoptimal estimator is therefore wrong. Klein (1975) uses
the term "adequate model" to suggest that the appropriate judgment on an identified model is whether the model
is adequate for its intended purpose.

In addition to these concepts of the correct, best, or adequate values of C, we have the somewhat related
Issue df errors in the determination of C caused by the presence of unmodeled effects in the experimental
data. Even if a correct value of & is defined in principle, it may not be possible to 'tetermine this value
exactly from the experimental data due to contamination of the data by unmodeled effects.

We can now define the task as to determine the best estimate of c obtainable from the data, or perhaps
an adequate estimate of C, rather than to determine the correct value of C. This revised problem is more
properly called parameter estimation than parameter Identification. (Both terms are often used interchange-
ably.) Implied subproblems of parameter estimation Include the definition of the criteria for best or '.

adequate, and the characterization of potential errors in the estimates.

Examle 1,4- 2  Reconsider the pri•blem of example (1.2-5). Although there is
no linear Iodel exactly consistent with the data, modeling the output as a
constant value of 1 appears a reasonable approximation and agrees exactly with ..

two of the three data points.

One approach to parameter estimation is to minimize the error between th' model response and the actual
measured response, using a least squares or some similar ad hoo criterion. The values of the parameter
vector g which result in the minimum error are called the best estimates. Gauss (1809, p. 162) Introduced
this idea:

Finally, as all our observations, on account of the iqmerfection of the •
instruments and of the senses, are only approximations to the truth, an
orbit based only on the six absolutely necessary data may still be liable to
considerable errors. In order to diminish these as much as possible, and
thus to reach the greatest precision attainable, no other method will be
given except to accumulate the greatest number of the most perfect observa-
tions, and to adjust the elements, not so as to satisfy this or that set of
observations with absolute exactness, but so as to agree with all in the
best possible manner.

This approach is easy to understand without extensive mathematical background, and it can produce excellent :- -.
results. It is restricted to deterministic models so that the model response can be calculated.

An alternate approach to parameter estimation introduces probabilistic concepts in order to take advan-
tage of the extensive theory of statistical estimation. We should note that, from Gauss's time, these two .
approaches have been intimately linked. The sentence immediately following the above exposition in Theoria

SHMotus (Gauss, 1809, p. 162) is

For which purpose, we will show in the third section how, according to the .principles of the calculus of probabilities, such an agreement may be

obtained, as will be, If in no one place perfect, yet in all places the
strictest possible.

In the statistical approach, all of the effects not Included in the deterministic system model are modeled as
random noise; the characteristics of the noise and its position in the system equations vary for different
"applications. The probabilistic treatment solves the perplexing problem of how to examine the effect of the "
unmodeled portion of the system without first modeling it. The formerly uimodeled portion is modeled proba-
bilistically, which allows description of its general characteristics such as magnitude and frequency content,
without requiring a detailed model. Systems such as this, which involve both titme and randomness, are referred
to as stochastic systems. This document will examine a small part of the extensive theory of stochastic sys-
tees, which can be used to define estimates of the unknown parameters and to characterize the properties of
these estimates. *0



Althougi this doument will devote significant tim to the treatment of the probabilistic approach, this
4pproach should not be oversold. It is currently popular to disparage model-fitting approaches as nonrigorous
and without theoretical basis. Such attitudes ignore two important facts: first, n many of the most common -'_(
situations, the "sophisticated" probabilistic approach arrives at the samw estimation algorithm as the model- ' 'a

fitting approaches. This fact is often obscured by the use of buzz words and unenlightening notation, appar-
ently for fear that the theoretical effort will be considered as wasted. Our view Is that such relationships
should be hasized and clearly explained. The two approaches complement each other, and the engineer who " .
uple)rstands oth is best equi d to handle real world problems. The m dl-fitting approach gives good intul- ,,".

tive understanding of such polems as modeling error, algOrithm convergence, and dentifinbility, among
others. The probabilistic approach contributes quantitative characterization of the properties of the esti- . .', ,.
mates (the accuracy), and an understanding of how these characteristics are affected by various factors.

The second fact ignored by those who disparage model fitting is that the probabilistic approach involves ,-., ,*-
just as many (or more) unjustified ad ho assumptions. Behind the smug front of mathematical rigor and sophis-
tication lie patently ridiculous aosuptions about the system. The contaminating noise se'dom has any of the
characteristics (Gaussian, white, etc.) assumed simply in order to got results in a usable form. More basic is
the fact that the contaminating noise is not necessarily random noise at all. It is a composite of all of the . " . :.
otherwise unmodeled portions of the system output, some of which might be "truly" random (deferring the
philosophical question of whether truly random events exist), but soe of which are certainly deterministic
even at the macroscopic lerel. In light of this consideration, the "rigor" of the probabilistic approach is
tarnished from the start, no matter how precise the inner mathematics. Contrary to the impressions often
given, the probabilistic approach is not the single correct answer, but is one of the possible avenues that can
give useful results, making on the average as many unjustified or blatantly false assumptions as the alterna-
tivjs. Bayes (1736, p. 9), in an essay reprinted by Barnard (1958), made a classical statement on the role of ,
assumptions in nathsmatics:

It is not the business of the Mathematician to dispute whether quantities do
in fact ever vary in the manner that is supposed, but only whether the notion.
of their doing so be intelligible; which being allowed, he has a right to take -
it for granted, and then see what deductions he can make from that supposi-
tion .... He is not inquiring how things are in matter of fact, but supposing
things to be in a certain way, what are the consequences to be deduced from 4,

them; and all that is to be demanded of him is, that his suppositions be
intelligible, and his inferences just from the suppositions he mwkes. ,,....', ,'"

The demands on the applications engineer are somewhat different, and more in line with Bayes' (1736, p. 50)
later statement in the same document.

So far as Mathematics do not tesd to make men more sober and rational thinkers, . *.

wiser and better men, they are only to be considered as an amusement, which . ',
cught not to take us off from serious business.,.-.-",..,. .

A few words are necessary in defense of the probabtlistic approach, lest the reader decide that it is not -,".a.
worthwhile to pursue. The mait. issue is the description of deterministic phenomena as random. This disagreeS
with common modern perceptions of the meaning and use of randomness for physical situations, in which random ,Y..'8, '

and deterministic phenomena are considered as quiý.e distinct and well delineated. Our viewpoint owes more to
the earlier philosophy of probability t.ueory-that it is a useful tool for studying complicated phenomena
which need not be inherently random (if anything is inherently random). Cramer (1946, p. 141) gives a classic
exposition of this philosophy:

[The following is descriptive of]... large and important groups of random
experiments. Small variations in the initial state of the observed units,
which cannot be detected by our instruments, may produce considerable changes
in the final result. The complicated character of the laws of the observed
phenomena may render exact calculation practically, if not theoretically,
impossible. Uncontrollable action by small disturbing factors may lead to
irregular deviations from a presumed "true value".

It is, of course, clear that there is no sharp distinction between these -
various modes of randomness. Whether we ascribe e.g. the fluctuations observed •.... ..

in the results of a series of shots at a target mainly to small variations in
the initial state of the projectile, to the complicated nature of the ballistic
laws, or to the action of small disturbing factors, is largely a matter of
taste. The essential thing is that, in all cases where one or more of these
circumstances are present, an exact prediction of the results of individual
experiments becomes impossible, and the irregular fluctuations characteristic
of random experiments will appear.

We shall now see that, in cases of this character, there appears amidst
all irregularity of fluctuations a certain typical form of regularity that
will se-ve as the basis of the mathematical theory of statistics.

The probabilistic methods allow quantitative analysis of the general behavior of these complicated phenomena,
even though we are unable to model the exact behavior.

-. t~~~~~.'-""- , ',.



1 Our aTE In this document is to present a unified viewpoint of the system identification ideas loading

to extras-likelihood estimtion of the pataerers of dynamic systems, and of the application of these adies.
There are many completely different approaches to identification of dynamic systems.

There are innumerable books and papers In the system identification literature. Eykhoff (1974) and
Astrom and Eykhoff (1470) give surveys of the field. However, much of the work in system identification ispublished outside of the general body of system identification literature. Many techniques have been cdavel-'.

oped for specific areas of appltcto by researchers oriented more toward the application area than toward
janerel system identification problem. These sp.cialized techniques are part of the larger field of system
identification, although they are usually not labeled as such. (Sometimes they are recognizable as special
cases or applications of more general results.) In the area most familiar to us, aircraft stability and con-
trol derivatives were estimated from flight data long before such estimation was classified as a system
identification problem (Doetsch, 1963; Etkin, 1998; Flack, 1959; Bruenberg, 1951; Rampy and Berry, 1964;
Wolowicz, 1966; and Wolowicz and Holleman, 1956).

We do not even attempt here the monumental task of surveying the large body of system Identification on"• •'.'
techniques. Suffice it to say that other approaches exist, some explicitly labeled as system identification
techniques, and some not so labeled. We feel that we are better equipped to mke a useful contribution by .'.
presenting, in an organized and comprehensible mmeer, the viewpoint with •hich we are most familiar. This
orientation does not constitute a dismissal of other viewpoints.

We have sometimes been asked to refute claims that, in some, specific application, a simple technique such .,...
as regression obtained superior results to a "sophisticated" technique bearing impressive-sounding credentials
as an optimal nonlinear maxium likelihood estimator. The implication is that simple Is somehow synonymous
with poor, and sophisticated is synonymous with good, associations that we completely disavow. Indeed, the .Sopposi te association sees mo •re oftenappropriateand we try to present the maximm likelihood estimator in
a siaple light. We believe that these methods are all tools to be us" when they help do the Job. We have
used quotations from Gauss several times in this chapter to illustrate his insight into what are still som of
the important issues of the day, and we will close the chapter with yet another (Gauss, 1809, p. 108):

.we hope, therefore, it will not be disagreeable to the reader, that. besides
.1 the solution to be given hereafter, which seems to leave nothing further to be
.1 desired, we have thought proper to preserve also the one of which we hev moe .

frequent use before the former suggested itself to me. It is always profitable
to approach the more difficult problem in several ways, and not to despise the
good although preferring the better. .

V .

..

.-. ,.:...,

: ..:.. *:'
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CHAPTER 2

2.0 OPTYq-'ZATION METHODS

Most of the estimators in this book require the minimization or wcximization of a nonlinear function.
Sometimes we can write an explicit expression for the minimum or maximaum point. In maty cases, however, we
must use an Iterative numerical algorithm to find the solution. Therefore a background in optimization methods
Is mandatory for appreciation of the various estimators. ."

Optimization is a major field in its own right and we do not attempt a thorough treatment or even a survey
of the field in this chapter. Our purpose is to briefly introduce a few of the optimization techniques most •, "
apertinent to parameter estimation. Several of the conclusions we draw about the relative merits of various '..'.".

algorithms are influenced by the general structure of parameter estimation problems and, thus, might not be
supportable In a broader context of optimizing arbitrary functions. Numerous books such as Reo (1979),
Luenberger (1969), Luenberger (1972), Dixon (1972), and Polak (1971) cover the detriled derivation and analysis
of the techniques discussed here and others. These books give more thorough treatments of the optimization
methods then we have room for here, but are not oriented specifically to parameter estimation problem. For
those involved in the application of estimation theory, and particularly for those wno will be writing computer
programs for parameter estimation, we stronqly recommend reading several of these books. The utility and effi- . "'7
ciency of a parameter estimation program depend strongly on its optimization algorithms. The material In this
chapter should be sufficient for a general understanding of the problems and the kinds of algorithms used, but
not for the details of efficient application.

vleThe basic uptimization problem is tv find the value of th*a vector x that gives the smallest or largest ~
value of the scalar-valued function J(x). by convention we will talk about minimization problems; any maxi-
mization problem can be mode into an equivalent minimization problem by changing the sign of the function. We
will follow the widespread practice of calling the function to be minimized a cost function, regardless of ,-.'.-.. .
whether or not t really has anything to do with monetary cost. To formlize the definition of the problem,
a function J(x) is said to have a mini"m at A if

(Ja) 5 J(x) (2.0-1)

for all x. This is sometimes called an unconstrained global minimum to distinguish it from local and con-
strained minim, which are defined below.

Two kinds of side constraints are sometimes placed on the proolem. Equality constraints are in the form - -

gj(x) - 0 (2.0-2)

Inequality constraints are in the torm . %

hi(x) S O (Z.0-3)

The gi and hI are scalar-valued funecticis of x. There can be any number of constraints on a problem. A
value of x s called admissible if it ,atisfies all of the constraints; if a value violates any of the con-
straints It is inadmissible. The constraints modify the problem statement as follows: A is the constrained
minimum of 3(x) i, i is admissibie and if Equation (2.0-1) holds for all admissible x.

Two crucial questions about any optimization problem are whether a solution exists and whether it is
mtiique. Th'se questions are important in application as well as in theory. A computer program can spend a
long time searching for a solution that does not exist. A simple example of an optimization problem with no
solution is the unconstrained minimization of 3(x) a x. A problem can also fail to have a solution because
there is no x satisfying tk constraints. We will say that a problem that has no solution is ill-posed. -
A simple problem witti a ,onunique ýnlution is the unconstrained minimization of J(x) - (x, - x2)', where x S
is a Z-vector.

All of the algorithms adc we discuss (and most other algorithms) search 4,r d local minimum of the func-
, tion, rather than the global m-inimum. A local .inimum (also called a relative minimum) is defined as follows:

i is a local minimum of J(x) if a scalar t > 0 exists such that

J(i) < J(Q + h) (2.0-4)

for all h witn Jhi < n. To define a constrained local mirimum, we must add tOw qualifications that A
and a + h satisfy the c:nstraints. The term "extremum" refers to either a local minimum or a local maximum.
Figure (2.0-1) illustrates a problem t'ith thrL i.cd! minima, one of which is the global minimum. .-

Note that if a global minimum existr.. even if it is not unique, it is also a local minimum. The converse
to this statement is false; the existerze of a local minimum does not even imply that a global minimum exists.

We can sometimes prove that a function has only one locdl minimum point, and that this point is also the
global minimum. When we %.ck such proofs, there is no universal way to guarantee that tne local minimum found
by an algorithm is the global minimum. A reasonable check for iterative algorithms is to try the algorithm .-..- .
with many different starting values widely distributed within the realm of possible values. If the algorithm

consistently converges to the same starting point, that point 's probably the global minimum. The cost of such *.. * .
a test, however, is often prohibitively high. 1 .%0'

The likelihood of local minima difficulties varies widely depending on the application. In some applica-
tions we can p.ove that there are no local minima except at the unique global minimum. At the other extrme,
some applications are plaguel by numerous local minima to the extent that most minimization algorithms are

_'.,.- •. [ .•."
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worthless. Most applications lit between these extremes. We can often argue convincingly that a particular
answer must be the global minimum, even when rigorous proof Is impractical.

The algorithms in tnts chapter are, with a few exceptions, iterative. Given so-* starting value x,, the,-:."..,.'
algorithms ',ive a procedure for computing a new value x,; then x. is computed from x1 , etc. The intent of
the iteratve algorithms is to create a sequence xi that converges to the minimum. The starting value can
be from an inde&pndent estimate of a reasonable answer, or it can come from a special start-up algorithm. The • .
fina& atep of an' iterative algorithm is testing convergence. Aftar the algorithm has proceeded for some time,
we need to choose among the following alternatives: 1) the algorithm has converged to a value sufficiently
close to the true minimum and should therefore be terminated, 2) the algorithm is making acceptable progress
toward the solution and should be continued, 3) the algorithm is failing to converge or is converging tooslowly to obtain a solution in an acceptable time, and it should therefore be abandoned; or 4) the Algorithm"".'

is exhibiting behavior that suggests that switching to a different algorithm (or modifying the current one)
might be productive. This decisitun is far from trivial because some algorithms can essentially stall at a
point far from any local minimum, making such small changes in xi that they appear to have converged.

We have briefly mentioned the problems of exi3tence and uniqueness of solutions, local minima, starting
values, and cnnvergence tests. These are major issues In practical application, but we will not examine them 1%
further here. The references contain considerable discussion of these issues.

A cost function of an N-dimensional x vector can be visualized as a hypersurface in (N + 1)-dimensional
space. For illustrating the behavior of the various algorithms, we will use isocline plots of cost functions
of two variables. An isocline is the locus of all points in the x-space corresponding to some specified cost L .
function value. The isoclines of positive definite quadratic functions are always ellipses. Furthermore, a
quadratic function is completely specified by one of its isoclines and the fact that it is quadratic. Two-

.- dimensional examples are sufficient to illustrate most of the pertinent points of the algorithms.

We will consider unconstrained minimization problems, which illustrate the basic points necessary for our
purposes. The references address problems with equality and inequality constraints.

2.1 ONE-DIMENSIONAL SEARCHES

Optimization methodology is strongly influenced by whether or not x is a scalar. Because the optimiza-
tion problems in this book are generally multi-dimensional, the methods applicable only to scalar x are not
directly relevant.

Many of the multi-dimensional optimization algorithms, however, require the solution of one-dimensional
subproblems as part of the larger algorithm. Most such subproblems are in the form of minimizing the multi-
dimensional cost function with x constrained to a line in the multi-dimensional space. This has the super- .. ':- ..

ficial appearance of a multi-dimensional problem, and furthermore one with the added complications of con-
straints. To clarify the one-dimensional nature of these subproblems, express them as follows: the vector x
is restricted to a line defined by

"x a x0 + xxI (2.1-1) .. .

where x. and x are fixed vectors, and x is a scalar variable representing position along the line.
Restricted to this line, the cost can be written as a function of X.

g(x) J(x0 + Xxx) (2.1-2)

The function g(k) is a scalar function of a scalar variable, and one-dimensional minimization algorithms apply
directly. Substituting the minimizing value of x into Equation (2.1-1) then gives the minimizing point along
the line in the space of x.

"We will not examine the one-dimensional search algorithms in this book. Several of the references have
good treatnents of the subject. We will note that most of the relevant one-dimensional algorithms involve
approximating the function by a low-order polynomial based on the values of the function and its first and•.:i.second derivatives at one or more points. The minimum point of the polynomial, explicitly evaluated., replaces

one of the original points, and the process repeats. The distinguishing features of the algorithms are the
"order of the polynomial, the number of points, and the order of zhe derivatives of J(x) evaluated. Variants
oi the algorithms depend on start-up procedures and methods for selecting the point to be replaced.

'In some special cases we can solve the one-dimensional minimization problems explicitly by setting the
derivative to zero, or by other means, even when we cannot explicitly solve the encompassing multi-dimensional
problem. Several of our examples of multi-dimensional algorithms will use explicit solutions of the one-
dimensional subproblems to avoid getting bogged down in detail. Real problems seldom will be so conveniently
amenable to exact solution of the one-dimensional subproblems, except where the multi-dimensional problem could
be directly solved without resort to iterative methods. Iterative one-dimensional searches are usually neces-
sary with any method that involves one-dimensional subproblems. We will encounter one of the rare exceptions
in the estimation of variance.

2.2 DIRECT METHODS

Optimization methods that do not require the evaluation of derivatives of the cost function are called
direct methods or zero-order methods (because they use up to zeroth order derivatives). These methods use
only the cost function values.

Axial iteration, also called the univariate method or coordinate descent, is the basis for many of the

direct methods. In this method we search along each of the coordinate directions of the x-space, one at a
- " ° .,. •
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tine. Starting with the point x1 fix the values of all but the first coordinate, reducing the problem to
one-dimensional minimization. Solve this problem using any one-dimensional algorithm. Call the resulting *.*.*.

point x .Then fix the first coordinate at the value so determined and do a similar search along the direc-
tion of Wh second coordinate. giving the point x:. Continue these one-dimensional starches until saih of the
N coordinate directions has been searched; the final point of this process is xjq.

The pitxL completes the first cycle of minimization. Repeat this cycle startinj from the point xN
Inste~d ofx. ntinue repeating the minimization cycle until the process converges (or until you give up,
which ma~y wel I coma first).

The performance of the axial iteration algorithm on most problems is unacceptably poor. The algorithm ' .

performs well only when the minimum point along each axis Is nearly independent of the values of the other
coordinates.

Exb-21 1 ..2-1 Use axial iteration to minimize qJ(x,yJO* A(x - W) + 8(x + Y),
iTt~n Teslto herivaly obvious ,) but the problem -

is good for Illustrating the behavior of algorithms in a simple case. Instead -*'
of using a one-dimensional search procedure, we will explicitly solve the one- Q~
dimensional subproblems. For any fixed y, obtain the minimizing x coordi-
nate value by setting the derivative to zero ~*

~iJ(x~y) *2A(x - y) + 28(x + y) .0

giving

Similarly. for fixed x, the minimizing y value is

y a A -B

We see that for A B , the values of x and descend slowly toward the true minimam at (0,0).
Figure (2.2-1) illustrates this behavior on an socline plot. Note that if A a B (the cost function isocline
is circular) the exact minimum is obtained In one cycle, but as A/B increases the performance worsens.

Several modifications to the basic axial iteration method are available to improve its performance. Some
of these modifications exploit the notion of the pattern direction, the direction from the beginning point ,

Xjxg of a cycle to the end point x(iixN of the samw cycle. Figure (2.2-2) illustrates the pattern direc-
*~ ton, which tends to point in the general direction of the minimum. Powell's method is the most powerful of

the direct methods that search along pattern directions. See the references for details.

* 2.3 GRADIENT METHODS

Optimization methods that use the first derivative (gradient) of the cost function are called gradient
methods or first order methods. Gradient methods require that the cost function be differentiable; most of the
cost functions considered in this book meet this requirement. The gradient methods generally converge in fewer

* iterations than many of the direct methods because the gradient methods use more information in each iteration.
* (Thtre are exceptions, particularly when comparing simple-minded gradient methods with the most powerful of the

direct methods). The penalty paid for the generally imp~roved pegforoance of the gradient methods compared with ' .- '

the direct methods is the requirement to evaluate the gradient.
it es define the gradient of the function J(x) with respect to x to be the row vector. (Some texts define
ita ounvector; the difference is inconseqjiential as long as one is consistent.) S-.

L ax .. axJ

A reasonable estimate of the computational cost of evaluating the gradient is N times the cost of evaluating
the function. This estimate follows from the fact that the gradient can be approximately evaluated by N
finite differences

aJx J(x + cej) - J(X)J 232

where ei is the unit vector along the xi axis and c is a small number. In special cases, there can be2
expressions for the gradient that cost significantly less than N function evaluations.

Equation (2.3-2) somewhat obscures the distinction between the gradient methods and the direct methods.
We can rewrite any gradient method in a finite difference form that does not explicitly involve gradients. *

There is, nonetheless, a fairly clear distinction between methods derived from gradient ideas and methods
derived from direct search ideas. We will retain this philosophical distinction regardless of whether the
gradients are evaluated explicitly or by finite differences.

The method of steepest descent (also called the gradient method) involves a series of one-dimensional
searches, as did the axial-iteration method and its variants. In the steepest-descent method, these searches
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are along the direction of the negative of the gradient vecftor, evaluated at the current point. The one-
"dimensional problem is to find the value of X that minimizes

" (X) I, (xt + Xsi) (2.3-3) -: .: *

where si is the search direction given by

, -V3(X) 1 (2.3-4) -.-

The negative of the gradient is the direction of steepest local descent of the cost function (thus the " '.%j*
name of the method). To prove this pt )perty, first note that for any vector s we have

d J(x + xs) - (sV*j(x)) (2.3-5)

We are using the . notation for the inner prod't

(x,y) E x*y (2.3-6)

Equation (2.3-5) is a generalization of the eefinition of the gradient; it applies in spaces where Equa-
tion (2.3-1) is not meaningful. We then need only show that, if s is restricted to be a unit vector,
Equation (2.3-5) is minimized by choosing s in the direction of -VxJ(x). This followes immediately from the -
Cauchy-Schwartz inequality (Luenberger, 1969) of linear algebra.

Theorem 2.3-1 (Cauchy-Schwartz) (x,y)" s IxIllyI' with equality if and only if x a ay for
some scalar a.

Proof The theorem is trivial if y - 0. For y ý 0 examine

(x + Ay,x + Xy) m (x,x) + X'(yy) + 2x(xy) t 0 (2.3-7)

Choose .

X -(x,y)/(y,y) (2.3-8) U* -4

Substitute into Equation (2.3-7) and rearrange to give
:: ~ ~~(x,•)l 5 <x~x)(Y,•) a 1Ix'lyl, (2.3-9) : ..'!'

Equality holds if and only if x + X.y - 0 in Equa~ion (2.3-7), which will be
true if and only if x - ay (X will then be -a).

On the surface, the steepest descent property of the method seems to imply excellent performance in mini-
mizing the cost function value. The direction of steepest descent, however, is a local property which might
point far from the direction of the global minimum. It is thus often a poor choice of search direction.
Direct methods such as Powell's often converge more rapidly than steepest descent.

The steepest descent method performs worst in long narrow valleys of the cost function. It is also sensi-
tive to scaling. These two difficulties are closely related; rescaling a problem can easily create long
narrow valleys. The following examples illustrate the scaling and valley difficulties:

Example 2.3-1 Let the cost function be

J(x) (XI + xi)

The steepest descent method works excellently for this cost function (so does .-. '..
almost every optimization method). The gradient of J(x) is

VxJ(X) " (xlx 2 ) U* x'

Therefore, from any starting point, the negative of the gradient points
exactly at the origin, which is the global minimum. The minimum will be .-..
attained exactly (or to the accuracy of the one-dimensional search methods J-'...'-.".
used) in one iteration. Figure (2.3-1) illustrates the algorithm starting
from the point (1,1)*. ""'

Example 2.3-2 Rescale the preceding example by replacing x, by O.lx,. "
(Perhaps we just redefined the units of x, to be millimeters instead of
centimeters.) The cost function is then

J(x) • (o.o1x , + x;)

and the gradient is

Vx (x) - (O.0ox,x,).

Figure (2.3-2) shows the search direction used by the algorithm starting from
the point (10,1)*, which correspcnds to the point (1,1)* in the previous ....-
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example. The search direction pnints almost 90° from the origin. A careless .... :
glance at Figure (2.3-2) invites the conclusion that the minimum in the .
search direction will be ts the x axis and thus that the second iteration
of the steepest descent algorithm will attain the minimum. It is true that .
the minimum is close to the x axis, but it is not exactly on the axis; the
distinction makes an important difference in the algorithm's performance.

For points x - xv*J(x) along the soarch direction from any point
(xx,xa)*. the cost function is

g(A) - f(x - XV*J(x)) M* [o.0lx;(1 - O.OlI)A + x,(1 - 0)9

The minimum of g(,) is at ( )

(0.O1)Px: + x: ,...
(O.O1lx: + x:

and thus the minimum point along the search direction is

(x - o.olxli x, - x,*-

with i defined as above. The following table and Figure (2.3-3) show
several iterations of this process starting from the point (10,1)*.

Iteration xx x2

0 10 11 9.899 -. 009899
2 4.900 .4900 ,....,
3 4.851 -. 004851 •- -.
4 2.401 .2401
5 2.377 -. 002377- -.
6 1.176 .1176
7 1.165 -. 001165 -4 -

The trend of the algorithm is clear; every two iterations it moves essentially
halfway to the solution. Consider the behavior starting from the point , .
(10,0.1)* instead of (10,1)*: -

Iteration x1  x,

0 ] 0 0 . 1" ' : ' '
1 g.802 -. 09802 .. •,,.

2 9.608 .09608 ,\ .:
3 9.418 -. 09418
4 9.231 .09231 -",..-

6 8.869 .08869 •
7 8.6d4 -. 08694 ti ve s rf a .A sci

This behavior, plotted in Figure (2.3-4). is abysmal. The algorithm is bounc-
Ing back and forth across the valley, making little progress toward the

Several modifications to the steepest descent method are available to improve its performance. A rescaltng •

step to eliminate valleys caused by scaling yields major improvements for some problems. The method of paral-
lel tangents (PARTAN method) exploits pattern directions similar to those discussed in Section 2.2; searches in
such pattern directions are often called acceleration steps. The conjugate gradient method is the most power-
ful of the modifications to steepest descent. The references discuss these and other gradient algorithms In
detail.

2.4 SECOND ORDER METHODS

Optimization methods that use the second derivative (or an approximation to it) of the cost function are
called second order methods. These methods require that the first and second derivatives of the cost functionexist. * • •

2.4.1 Newton-Raphson

The Newton-Raphson optimization algorithm (also called Newton's method) is the basis for all of the second
order methods. The idea of this algorithm is to approximate the cost function by the first three terms of its
Taylor series expansion about the current point.

*..'• .*..*'b
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Jt(x) -J(xt) + (x - xt)*VxJ(Xt) + ½ (x - xj)*[v j(xt)](x - xt) (2.4-1)

From a geometric viewpoint, this equation describes the paraboloid that best approximates the function near
xt. Equating the gradient of Jt(x) to zero gives an equation for the minimum point of the approximating
function. Taking this gradient, note that VxJ(xi) and viJ(xt) are evaluated at the fixed point xi and
thus are not functions of x.

T o oVxJi(x) VXJ(Xi) + (x - xi)*[V(J(xt)] 0 (2.4-2)

*-° The solution is

x-x - [v2J(xt)l-1v J(xt) (2.4-3)

If the second gradient of J is positive definite, then Equation (2.4-3) gives the exact unique minimum of • ,;
the approximating function; it is a reasonable guess at an approximate minimum of the original function. If i. ..
the second gradient is not positive definite, then the approximating function does not have a unique minimum L
and the algorithm is likely to perform poorly. The Newton-Raphson algorithm uses Equation (2.4-3) iteratively;
the x from this equation is the starting point for the next iteration. The algorithm is .

x+ 1 = xi - [v2J(xt)r'•VxJ(xt) (2.4-4) a

The performance of this algorithm in the close neighborhood of a strict local minimum is unexcelled; this
performance represents in ideal toward which other algorithms strive. The Newton-Raphson algorithm attains
the exact (except for numerital round-off errors) minimum of any positive-definite quadratic function in a %
single iteration. Convergence within 5 to 10 Iterations is common on some practical nonquadratic problems
with several dozen dimensions; direct and gradient methods typically count iterations in hundreds and thousands A
for such problems and settle for less accurate answers. See the references for analysis of convergence
characteristics.

Three negative features of the Newton-Raphson algorithm balance its excellent convergence near the mini-
mum. First is the behavior of the algorithm far from the minimum. If the initial estimate is far from the
minimum, the algorithm often converges erratically or even diverges. Such problems are often associated with
second gradient matrices that are not positive definite. Because of this problem, it is common to use special
start-up procedures to get within the area where Newton-Raphson performs well. One such procedure is to start
with a gradient method, switching to Newton-Raphson near the minimum. There are many other start-up proce-
dures, and they play a key role in successful applications of the Newton-Raphson algorithm.

The second negative feature of the Newton-Raphson method is the computational cost and complexity of eval-
uating the second gradient matrix. The magnitude of this difficulty varies widely among applications. In some
special cases the second gradient is little harder to compute than the first gradient; Newton-Raphson, perhaps
with a start-up procedure, is a good choice for such applications. If, at the other extreme, you are reduced
to finite-difference computation of the second gradient, Davidon-Fletcher-Powell (Section 2.4.4) is probably
a more appropriate algorithm. In evaluating the computational burden of New on-Raphson and other methods,
remember that Newton-Raphson requires no one-dimensional searches. Equation (2.4-4) constitutes the entire
algorithm. The one-dimensional searches required by most other algorithms can account for a majority of their
computational cost.

The third ntegative feature of the Newton-Raphson algorithm is the necessity to invert the second gradient
matrix (or at least to solve the set of linear equations involving the matrix). The computer time required
for the inverson is seldom an issue; this time is typically small compared to the time required to evaluate

* the second gradient. Furthermore, the algorithm converges quickly enough that if one linear system solution
per iteration is a large fraction of the total cost, then the total cost must be low, even if the linear system
is on the order of 100-by-100. The crucial issue concerning the inversion of the second gradient is the Iossi-
"bility that the matiix could be singular or ill-conditioned. We will discuss singularities in Section 2.4.3.;-

2.4.2 Invariance

The Newton-Raphson algorithm has far less difficulty with long narrow valleys of the cost function than
does the steepest-descent method. This difference is related to an invariance property of the Newton-Raphson
algorithm. Invariance of minimization algorithms is a useful concept which many texts mention briefly, if at
all. We will therefore elaborate somewhat on the subject.

The examples in the section on steepest descent illustrate a strong link between scaling and narrow
valleys. Scaling changes can easily create such valleys. Therefore we can generally state that minimization
methods that are sensitive to scaling changes are likely to behave poorly in narrow valleys.

This reasoning suggests a simple criterion for evaluating optimization algorithms: a good optimization
algorithm should be invariant under scaling changes. This principle is almost so self-evident as to be
unworthy of mention. The user of a program would be justifiably disgruntled if an algorithm that worked in
the English Gravitational System (Imperial System) of units failed when applied to the same problem expressed
in metric units (or vice versa). Someone trying to duplicate reported results would be perplexed by data
published in metric units which could be duplicated only by converting to English Gravitational System units, 0.

in which the computation was really done. Nonetheless, many common algorithms, including the steepest descent
method, fail to exhit it invariance under scaling.

The criterion is neither necessary or sufficient. It is easy to construct ridiculous algorithms that are r.0
invariant to scale changes (such as the algorithm that always returns the value zero),and scale-sensitive algo-
rithms like the steepest descent method have achieved excellent results in some applications. It is safe to
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state, however, that you can usually improve a good scale-sensitive algorithm by making it scale-invariant. L-, "
An initial step that rescales the problem can effectively make the steepest-descent method scale-invariant •<*..- w
(although such a step destroys a different invariance property of the steepest-descent method: invariance
under rotation of coordinates). Rescaling a problem can be done manually by the user, or it can be an auto-
matic part of an algorithm; automatic rescaling has the obvious advantage of being easier for the user, and a , .
secondary advantage of allowing dynamic scaling changes as the algorithm proceeds.

We can extend the idea of invariance beyond scale changes. In general, we would like an algorithm to be
invariant under the largest possible set of transformations. A justification for this criterion is that
almost any complicated minimization problem can be expressed as some transformation (possibly quite compli-
cated) of a simpler problem. We can sometimes use such transformations to simplify the solution of the origi- C :4C
nal problems. Often it is more difficult to do the transformation than to solve the original optimization
problem. Even if we cannot do the transformations, we can use the concept to conclude that an optimization
algorithm invariant over a large class of transformations is likely to work on a large class of problems.

The Newton-Raphson algorithm is invariant under all invertible linear transformations. This is the widest
invariance property that we can usually achieve.

The scale-invariance of the Newton-Raphson algorithm can be partially nullified by poor choice of matrix
inversion (or linear system solution) algorithms. We have assumed exact arithmetic in the preceding discussion ;.. "..
of scale-invariance. Some matrix inversion routines are sensitive to scaling effects. Inversion based on
Cholesky factorization (Wilkinson, 1965, and Acton, 1970) is a good, easily implemented method for synnetric
matrices (the second gradient is always symmetric), and is insensitive to scaling. Alternatively, we can pre-
scale the matrix by using its diagonal elements.

2.4.3 Singularities

The second gradient matrix used in the Newton-Raphson algorithm is positive definite in a region near a
strict local minimum. Ideally, the start-up procedure will reach such a region, and the Newton-Raphson algo-
rithm will then converge without needing to contend with singularities. This viewpoint is overly optimistic;
singular or ill-conditionad matrices (the difference is largely academic) arise in many situations. In the
following discussion, we discount the effects of scaling. Matrices that have large condition numbers because
of scaling do not represent intrinsically ill-conditioned problems, and do not require the techniques dis- .".

cussed in this section.

In some situations, the second gradient matrix is exactly singular for all values of x; two columns (andL.. '
rows) are identical or a column (and corresponding row) is zero. These simple singularities occur regularly
even in complex nonlinear problems. They often result from errors in the problem formulation, such as minimiz-
ing with respect to a parameter that is irrelevant to the cost function. T

In the more general case, the second gradient is singular (or ill-conditioned) at some points but not at - w \

others. Whenever we use the term singular in the following discussion, we implicitly mean singular or ill-
conditioned. Because of this definition, there will be vaguely defined regions of singularity rather than
isolated points. The consequences of singularities are different depending on whether or not they are near .,,.

the minimum.

Singularities far from the minimum pose no basic theoretical difficulties. There are several practical
methods for handling such singularities. One method is to use a gradient algorithm (or any other algorithm - .
unaffected by such singularities) until x is out of the region of singularity. We can also use this method
if the second gradient matrix has negative elgenvalues, whether the matrix is ill-conditioned or not. If the
matrix has negative elgenvalues, the Newton-Raphson algorithm is likely to behave poorly. (It could even con-
verge to a local maximum.) The second gradient is always positive semi-definite in a region around a local
minimum, so negative elgenvalues are only a consideration away from the minimum.

Another method of handling singularities is to add a small positive definite matrix to the second gradient
before inversion. We can: also use this method to handle negative eigenvalues if the added matrix is large
enough. This method is closely related to the previous suggestion of using a gradient algorithm. If the added
matrix is a large constant times an identity matrix, the Newton-Raphson algorithm, so modified, gives a small
step in the negative gradient direction. For small constants, the algorithm has characteristics between those k_' "
of steepest descent and Newton-Raphson. The computational cost of this method is high; in essence, we are
getting performance like steepest descent while paying the computational cost of Newton-Raphson. Even small
additions to the second derivative matrix can dramatically change the convergence behavior of the Newton-
Raphson algorithm. We should therefore discontinue this modification when out of the region of singularity.
The advantage of this method is its simplicity; excluding the test of when the matrix is ill-conditioned, this -
modification can be done in two short lines of FORTRAN code. - .

The last method is to use a pseudo-inverse (rank-deficient solution). Penrose (1955), Aoki (1967),
Luenberger (1969), Wilkinson and Reinsch (1971), Moler and Stewart (1973), and Garbow, Boyle, Dongarra, and
Moler (1977) discuss pseudo-inverses in detail. The basic idea of the pseudo-inverse method is to ignore the
directions in the x-space corresponding to zero elgenvalues (within some tolerance) of the second gradient.
In the parameter estimation context, such directions represent parameters, or combinations of parameters, about
which the data give little information. Lacking any information to the contrary, the method leaves such param-
eter combinations unchanged from their initial values.

The pseudo-inverse method does not address the problem of negative eigenvalues, but it is popular in a
large class of applications where negative elgenvalues are impossible. The method is easy to implement, being
only a rewrite of the matrix-inversion or linear-system.-solution subroutine. It also has a useful property
absent from the other proposed methods; it does not affect the Newton-Raphson algorithm when the matrix is
well-conditioned. Therefore one can freely apply this method without testing whether it is needed. (It is
true that condition tests in some form are part of a pseudo-inverse algorithm, but such tests are at a lower
level contained within the pseudo-inverse subroutine.)
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Singularities near the minimum require special consideration. The exrellent convergence of Newton-
Raphson near the minimum is the primary reason for using the algorithm. If we significantly slow the conver-
gence near the minimum, there is little argument for using Newton-Raphson. The use of a pseudo-inverse can
handle singularities while maintaining the excellent convergence; the pseudo-inverse is thus an appropriate
tool for this purpose.

Although pseudo-inverses handle the computational problems, singularities near the minimum also raise L, .
theoretical and application issues. Such a singularity indicates that the minimum point is poorly defined.
The cost function is essentially flat in at least one direction from the minimum, and the minimum value of the
cost function might be attained to machine accuracy by widely separated points. Although the algorithm con-
verges to a minimum point, it might be the wrong minimum point if the minimum is flat. If the only goal is to
minimize the cost function, any minimizing point might be acceptable. In the applications of this book, mini- .. ,.
mizing the cost function is only a means to an end; the desired output is the -value of x. If multiple solu-
tions exist, the problem statement is incomplete or faulty. ýV

We strongly advise avoiding the routine use of pseudo-inverses or other computational (,rchinations to
"solve" uniqueness problems. If the basic problem statement is faulty, no numerical trick will solve it. The
pseudo-inverse works by changing the problem statement of the inversion, adding the stipulation that the
inverse have minimum norm. The interpretation of this stipulation is vague in the context of the optimization
problem (unless the cost function is quadratic, in which case it specifies the solution nearest the starting
point). If this stipulation is a reasonable addition to the problem statement, then the pseudo-inverse is an
appropriate tool. This decision can have significant effects. For a nonquadratic cost function, for example,
there might be large differences in the solution point, depending on small changes in the starting point, the n_-data, or the algorithm.. .. .

The pseudo-inverse can be a good diagnostic tool for getting the information needed to revise the problem
statement, but one should not depend upon it to solve the problem autonomously. The analyst's strong point is
in formulating the problem; the computer's strength is in crunching numbers to arrive at the solution. A
failurd in either role will compromise the validity of the solution. This statement is but a rephrasing of
the computer cliche "garbage in, garbage out," which has been said many more times than it has been heard.

2.4.4 Quasi-Newton Methods

Quasi-Newton methos are intended for problems where explicit evaluation of the second gradient of the
cost function is complicated or costly, but the performance of the Newton-Raphson algorithm is desired. Thesemethods form approximations to the second-gradient matrix using the first-gradient values from several itera-

tions. The approximation to the second gradient then substitutes for the exact second gradient in Equa-
tion (2.4-4). Some of the methods directly form approximations of the inverse of the second-gradient matrix,
avoiding the cost and some of the problems of matrix inversion.

Note that as long as the approximation to the second-gradient matrix is positive definite, Equa-
tion (2.4-4) can never converge to any point with a nonzero first gradient. Therefore approximations to the
second gradient, no matter how poor, cannot affect the solution point. The approximations can greatly change
the speed of convergence and the area of acceptable starting values. Approximations to the first gradient ,•,A. ?
would affect the solution point as well.

The steepest descent method can be considered as the crudest of the quasi-Newton methods, using a constant
times the identity matrix as the approximation to the second gradient. The performance of the quasi-Newton
methods approaches that of Newton-Raphson as the approximation to the second gradient improves. The
Davidon-Fletcher-Powell method (variable metric method) is the most popular quasi-Newton method. See the

references for discussions of these methods.

2.5 SUMS OF SQUARES 9

The algorithms discussed in the previous sections are generally applicable to any minimization problem.
By tailoring algorithms to special characteristics of specific problem classes, we can often achieve far
better performance than by using the general purpose aIgorithms.

Many of the cost functions arising in estimation problems have the form of sums of squares. The generel
sums-of-squares form is

N
J(x) 2 [fi(x)]*Wi~fi(x)] (2.5-1) *

The fi are vector-valued functions of x, and the Wi are weightings. To simplify some of the formulae,
we assume that the Wi are symmetric. This assumption does not really restrict the application because we can
always substitute 1/2(Wi + W!) for a nonsymmetric Wi without changing the function values. In most appli-
cations, the Wi are positive semi-definite; this is not a requirement, but we will see that it helps ensure 7.7,
that the statiunary points encountered are local minima. The form of Equationi (2.5-1) is common enough to
merit special study.

The summation sign in Equation (2.5-2) is somewhat superfluous in that any function in the form of Equa-
tion (2.5-1) can be rewritten in an equivwlent form without the summation sign. This can be done by concate-
nating the N different fi(x) vectors into a single, longer f(x) vector and making a corresponding large
W matrix with the Wi matrices on diagonal blocks. The only difference is in the notation. We choose the I
longer notation with the summation sign because it more directly corresponds with the way many parameter ..
estimation problems are naturally phrased. -L

-; . *'.:°,,
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Several of the algorithms discussed in the previous two sections work well with the form of Equa-
tion (2.b-1). For any reasonable fi functions, Equation (2.5-1) defines a cost function that is well-

approximated by quadratics over fairly large regions. Since many of the general minimization schemes are
based on quadratic approxitations, application of these schemes to Equation (2.5-1) is natural. This statement
does not imply that there are never problems minimizing Equation (2.5-1); the problems are sometimes severe,
but the odds of success with reasonable effort are much better than they are for arbitrary cost function forms.Although the general methods are usable, we can exploit the problem structuv-e to do better..•

2.5.1 Linear Case

If the fi functions in Equation (2.5-1) are linear, then the cost function is exactly quadratic and we
can express the minimum point In closed form. In particular, let the fj be the arbitrary linear functions

fi(x) Aix + bi (2.5-2)

Equation (2.5-1) then becomes ,

N
J(x) * ([Aix + bil*Wi[Aix + bi] (2.5-3), .

J.u ..

Equating the gradient of Equation (2.5-3) to zero gives

N
2 E[Aix + bi]*WiAi 0 (2.5-4)

Jul

Solving for x gives

x= [ A-WiAi AWib (2.5.5)

assuming that the inverse exists.

If the inverse exists, then Equation (2.5-5) gives the only stationary point of Equaticn (2.5-31. This
stationary point must be a minimum if all tne Wj are positive semi-definite, and it must be a maximixn if all
the Wj are negative semi-definite. (We leave the straightforward proofs as an exercise.) If the Wi meet
neither of these conditions, the stationary point can be a minimum, a maximum, or a saddle point.

If the inverse in Equation (2.5-5) does not exist, then there is a line (at least) of solutions to Equa- r.-
tton (2.5-4). All of these pcints are stationary points of the cost function. Use of a pseudo-inverse will
produce the solution with minimum norm, but this is usually a poor idea (see Section 2.4.3).

2.5.2 Nonlinear Case

If the fj are nonlinear, there is no simple, closed-form solution like Equation (2.5-5). A natural
question in such situations, in which there is an easy method to handle lirear equations, is whether we can
merely linearize the nonlinear equations and use the linear methodology. Such linearization does not give an
acceptable closed-form solution to the current problem, but it does form the basis for an iterative method.

Define the linearization of fj about any point xj as

f(J)(x) A(J~ + 0) (2.5-6)

where ...

AM -xfi(x (2.5-7a) a

Sfi(x - A(J)x (2.5-7b)

Equation (2.5-5), with the A~j) and bjj) substituted for Ai and bi, gives the stationary point of the cost ..'.

with the linearized ti functions. This point is not, in general, a solution to the nonlinear problem. If,
however, xi is close to the solution, then Equation (2.5-5, should give a point closer to the solution,
because the linearization will give a good representation of the cost function in the region around xi.

The iterative algorithm resulting from this concept is as follows: First, choose a starting value xo.
The closer x, is to the correct solution, the better the algorithm is likely to work. Then define revised
xj values by

. -J ... . .,

x j+1 = xj -f [Vxfi(xi)]*WiEVxfi(xi)J}{ZVxfi(xi))*Wifi(xi} (2.5-8)

i--I '
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This equation comes from substituting Equation (2.5-7) into Equation (2.5-5) and simplifying. Iterate Equa- ' "
tion (2.5-8) until it converges by some criterion, or until you give up. This method is often called quasi-
linearization because It is based on linearization not of the cost function itself, but of factors in the L "
cost function.

We made several vague, unsupported statements in the process of deriving this algorithm. We now need to
analyze the algorithm's performance and compare It with the performance of the algorithms discussed in the
pravious sections. This task is greatly'simplified by noting that Equation (2.5-8) defInes a quasi-Newton
algorithm. To she this, we can write the first and second gradients of Equation (2.5-1):

vxJ(x) 2 NVx x) (2.5-9)

I, N N

(We have not previously introduced the definition of the second gradient of a vector, as in the Vxfi(x)
above. The result is technically a tensor, but we will not need to consider it in detail here.) fomparing
Equation (2.5-8) with Equations (2.4-4), (2.5-9), and (2.5-10), we see that the only difference between quasi-
linearization and Newton-Raphson is that quasi-linearization has dropped the second term in Equation (2.5-10).
Quasi-linearization is thus a quasi-Newton method using

N
V1 () a2XIVxfi(x)J%i."Vxfi(x))

as an approximation for the second gradient. The algorithm in this form is also known as Gauss-Newton, the
term we will adopt in this book. ,.

Near the solution, the neglected term of the second gradient is generally small. Section 5.4.3 outlines *..,

this argument as it applies to the parameter estimation problem. Therefore, Gauss-Newton approaches the excel- .-
lent performance of Newton-Raphson near the solution. Such approimation is the main goal of quasi-Newton
methods.

Accurately approximating the performance of Newton-Raphson far from the minimum is not of great concern
because Newton-Raphson does not generally perform well in regions far from the minimum. We can even argue that
Gauss-Newton sometimes performs better than Newton-Raphson far from.the minimum. The worst problems with
Newton-Raphson occur when the second gradient matrix has negative 3tgenvalues; Newton-Raphson can then go in '

the wrong direction) possibly converging to a local maximum or diverging. If all of the Wi are positive
scini-definite (which is usually the case), then the second gradient approximation given by Equation (2.5-11)
is positi~te semi-definite for all x. A positive semi-definite second gradient approximation does not guaran-
tee good behavior, but it surely helps; negative eigenvalues virtually guarantee problems. Thus we can heuris-
tically argue that Ga-iss-Newtun should perform better than Newton-Raphson. We will not attempt a detailed
support of this general argument in this book. In several specific cases the improvement of Gauss-Newton over
Newton-Raphson is easily demonstrable. .'

Although Gauss-Newton sometimes performs better than Newton-Raphson far from the solution, it has many of
the same basic start-up problems. Both algorithms exhibit their best performance near the minimum. Therefore,
we will often need to begin with some other, more stable algorithm, changing to Gauss-Newton as we near the
minimum. 'S

The real argument in favor of Gauss-Newton over Newton-Raphson is the lower computational effort and com- , ..
plexity of Gauss-Newton. Any performance improvement is a coincidental side benefit. Equation (2.5-11)
involves only first derivatives of fi(x). These first derivatives are also used in Equation (2.5-9) for the- "'
first gradient of the cost. Therefore, after computing the first gradient of J, the only significant computa-"-' -..
tion remaining for the Gauss-Newton approximation is the matrix multiplication in Equation (2.5-11). The com-
putation of the Gauss-!iewton approximation for the second gradient can sometimes take less time than the compu- ' •
tation of the first gradient, depending on the system dimensions. For complicated fi functions, evaluation lo
of the v~ft(x) ir Equation (2.5-10) is a major portion of the computation effort of the full Newton-Raphson
algorithm. Gauss-Newton avoids this extra effort, obtaining the performance per iteration of Newton-Raphson
(if not better in some areas) with computational effort per iteration comparable to gradient methods.

Considering the cost of the one-dimensional searches required by gradient methods, Gauss-Newton can even .,.•
be cheaper per iteration than gradient methods. The exact trade-off depends on the relative costs of evaluat-
ing the fi and their gradients, and on the typical number of evaluations required in the one-dimensional
:-earches. Gauss-Newton is at its best when the cost of evaluating the fj is nearly as much as the cost of
evaluating both the ft and their gradients due to high overhead costs common to both evaluations. This is
exactly the case in some aircraft applications, where the overhead consists largely of dimensionalizing the
derivatives ard building new system matrices at each time point.

The other quasi-Newton methods, such as Davidon-Fletcher-Powell, also approach Newton-Raphson performance
without evaluiting the second derivatives of the fi. These methods, however, do require one-dimensional
searches. Gauss-Newton stands almost alone in avoiding both second derivative evaluations and one-dimensional -
searches. This performance is difficult to match in general algorithms that do not take advantage of the
special structure of the cost function.

_ _4.---;:•
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-~ Some analysts (Foster, 1983) introduce one-dimensional line searches into the Gauss-Newton algorithm to
improve its performance. The utility of this idea depends on how well the Gauss-Newton method is performing. ~:
In most of our experience, Gauss-Newtun works well enough that the one-dimensional line searches cannot ma- ~ *
surably improve performance; the total computation time can well be larger with the line searches. When the "''\

Gauss-Newton algorithm is performing poorly, however, such line searches could help stabilize it.

For cost functions in the form of Equation (2.5-1), the cost/performance ratio of Gauss-Newton is so much
better than that of most other algorithms that Gauss-Newton Is the clearly preferred algorithm. You may went .-

0 to modify Gauss-Newton for specific problems, and you will almost surely need to use some special start-up
algorithm, but the best methods will be based on Gauss-Kewton. .*

. -is

2.6 CONVERGENCE IMPROVEMENT

Second-order methods tend to converge quite rapidly in regions where they work well. There is usually
such a region around the minimum point; the size of the region is problem-dependent. The price paid for this
region of excellent convergence is that the second-order methods often converge poorly or diverge in regions
far from the minimum. Techniquel to detect and remdy such convergence problems are an important part of the ~ ~
practical implementation of second-order methods. In this section, we briefly list a few of the many conver-
gence Improvement techniques.

Modifications to improve the behavior of second-order methods in regions far from the minimum almost
inevitably slow the convergence in the region near the minim.m. This reflects a natural trade-off between
speed and reliability of convergence. Therefore, effective implementation of convergence-improvement tech-

In regions far from the minimum, the second-order methods are modified or abandoned in favor of more con-
servative algorithms. In regions near the minimum, there is a transition to the fast second order methods.
The means of determining when to make such transitions vary widely. Transitions can be base6 on a simple
iteration count. on adaptive criteria which examine the observed convergence behavior, or on other principles.41
Transitions can be either gradual or step changes.

* ~~Some convergence improvement techniques abandon second-order methods in the regions far from the minimum,.*-
adopting gradient methods instead. In our experience, the pure gradient method is too slow for practical use
on most parameter estimation problems. Accelerated gradient methods such as PARTAN and conjugate gradient are & \~

reasonable possibilities.

Other convergence improvement techniques are modifications of the second-order methods. Many convergence
problems relate te ill-conditioned or nonpositive second gradient matrices. This suggests such modifications
as adding positive definite matrices to the second gradient or using rank-deficient solutions.

Constraints on the allowable range of estimates or on the change per iteration can also have stabilizing .-
effects. A particularly popular constraint is to fix some of the ordinates at constant values. thus reducing

* the dimension of the optimization problem; this is a form of axial iteration, and its effectiveness depends on
a wise (or lucky) choice of the ordinates to be constrained. ~

Relaxation methods, which reduce the indicated parameter changes by some fixed percentage, can sometimes
stabilize oscillating behavior of the algorithm. Line searches in the indicated direction extend this concept
and should be capable of stabilizing almost any problem, at thie cost of additional function evaluations.

The above list of convergence improvement techniques is far from complete. It also omits mention of
numerous important implementation details. This list serves only to call attention to the area of convergence

improvement. See the references for more thorough treatments.

U LOCAL MINIMA

/ *D GLOBAL MINIMUM

i..
1

'

* Figure (2.0-1). Illustration of local and global minima.
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CHAPTER 3

3.0 BASIC PRINCIPLES FROM PROBABILITY

In this chapter we will review some basic definitions and results from probability theory. We presume
that the reader has had previous exposure to this mterial. Our &is here is to review and serve as a refer-
ence for those concepts that are used extensively in the folloing chapters. The treatment, thetelfore, is
quite abbreviated, and devotes little tin to motivating the field of study or philosophizing about the
results. Proofs of several of the statements are omitted. Some of the other proofs are merely outlined, with
same of the more tedious steps omitted. Apostol (1969), Ash (1970), and Papoulis (1965) give more detailed • .
treatment.

3.1 PROBABILITY SPACES

3.1.1 Probability Triple

A probability space is formally defined by three items (ao,P), sometimes called the probability triple.
a is called the saele space, and the elements v of a are called outcomes or realizations. s is a set of . .. ,

sets defined on a, closed under countable set operations (union, Intersection, and cnplement). Each set
B i * is called an event. In the current discussion, we will not be concarned with the fine details of the
definition of a. s is referred to as the class of measurable sets and is studied in measure theory (Royden,
1968; Rudin, 1974). P is a scalar valued function defined on o, and is called the probability function or
probability measure. For each set B in o, the function P(B) defines the probability that u will be in B. .
P must satisfy the following axioms: -

.1 ." .s .. ...-

1) 0 S P(B) S I for all B S""

2) P(a) - 1

3 ) .2Coi B) P(Bi) for all countable sequences of disjoint B1 e o

3.1.2 Condtional Probabilities

If A and are two events and P(B) 0i , the conditional probability of A given B is defined as &...

P(AIB) - P(AIB)/P(B) (3.1-1)

where AIB is the set intersection of the events A and B.
L

The events A and B are statistically independent if P(AIB) - P(A). Note that this condition Is sym- ..

metric; that is, if P(AIB) - P(A), then P(BIA) P(a), provided that P(AIB) and P(BIA) are both defined. -..--..'5... . . .

3.2 - LAR RANDOM VARIABLES c a m b tt

A scalar real-valued function X(w) defined on a is called a random variable if the set -w:X(w) < x) is
in for all real x.

Distribution and Density Functions .. " .

iry random variable has a distribution function defined as follows: .

Fx(X) - P({w:X(w) - x)) (3.2-1)

It follo directly from the properties of a probability measure that FX(x) must be a nondecreasing function
of x, , .h FX'--) -0 and FX(-) - 1. By the Lebesque decomposition lamn (Royden, 1968, p. 240; Rudin,
1974, p. 129), any distribution function can always be written as the sum of a differentiable comp3nent and a .... .
coq-o. which is piecewise constant with a countable number of discontinuities. In many cases, we will be
concernti with variables with differentiable distribution functions. For such random variables, we define a
function, PX(S)) called the probability density function. to be the derivative of the distribution function:

PXx() - -FXx() (3.2-2)"''':?..'

We have also the inverse relationship ".F;(x).(3.2-2)..5

Fx(X) f pX's)ds (3.2-3)

A probability density function must be nonnegative, and its integral over the real line must equal 1. For
simplicity of notation, we will often shorten px(s) to p(x) where the meaning is clear. Where confusion is
possib'e, we will retain the longer notation.

A probability distribution can be defined completely by giving either the distribution function or the
density function. We will work mainly with density functions, except when they are not defined.

4P . 4..
,*.J. -.. ;.=-



25

3.2.2 Expectations and Moments

The expected value of a random variable, X, is defined by

E{XM L xPx(x)dx (3.2-4)

If X does not have a density function, the precise definition of the expectation is somewhat more technical,
involving a Stieltjes integral; Equation (3.2-4) Is adequate for the needs of this document. The expected
value is also called the expactation or the mean. Any (measurable) function of a random variable is also arandom variable and ,'''''•.

E~f(X)) f f(x)pX(x)dx (3.2-5)

The expected value of Xn for positive n is called the nth moment of X. Under mild conditions, knowledge '

of all of the moments of a distribution is sufficient to define the distributio, (Papoulis, 1965, p. 158).

The variance of X is defined as

var(X) N E((X - E(X))g)

- E(X'} + E(X)1 -t 2E{X}E(X}

- E(X') - E(X)' (3.2-6)

The standard deviation is the square root of the variance.

3.3 JOINT RANDOM VARIABLES

Two random variables defined on the same sample space are called joint random variables. %_ :

3.3.1 Distribution and Density Functions

If two random variables, X and Y, are defined on the same sample space, we define a joint distribution
function of these variables as

Fx,y(X.y) - P({w:X(w) < x, Y(W) - Y)) (3.3-1)

For absolutely continuous distribution functions, a joint probability density function pXy(x.y) is defined
by the partial derivative

px,y(x,y) - Fx,y(x,y) (3.3-2)

We then have also

FxylxY) - px,y(s,t)dt ds (3.3-3)

In a similar manner, joint distributions and densities of N random variables can be defined. As in the
scalar case, the Joint density function of N random variables must be nonnegative and its integral over the S
entire space must equal 1.

A random N-vector is the same as N jointly random scalar variables, the only difference being in the
"terminology.

3.3.2 Expectations and Moments

The expected value of a random vector X is defined as in the scalar case: - -

E{X)- f- XPx(x)ds (3.3-4)

The covariance of X is a matrix defined by ,. x.x-d-

cov(X) - E{([X - E(X)][X - E(X)]*•

- E(XX*} - E{X)E(X)* (3.3-5)

The covariance matrix is always sywitvic and positive semi-definite. It is positive definite if X has a
density function. Higher order moments of random vectors can be defined, but are notationally clumsy and
seldom used.

Consider a random vector Y given by.-.-.-.

Y AX + b (3.3-6)

S.. . . , , - -
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where A is ay deterministic matrix (not necessarily square), and b is an apprepriate length deterministic
vector. Then temean and covariance of Y are *

EMY - E{A + b) - AE{X + b (3.3-7)

cov(Y) - E([Y - E(Y)][Y - E(Y)J*J

-E(CAX +b - AEtX) - bJ(AX + b - AE(X) -bJ*) . N.
AEE - E(X)X[X - E(X)J*)

*A cov(X)A* (3.3-8)

3.3.3 Plargnal and Conditional Distributions

If X and Y are jointly rand=m variables with a joint distribution function given by Equation (3.3-1),
* - then X and Y are also individually random variables, with distribution functions defined as in Equa-

tion (3.2-1). The individual distributions of X and Y are called the marginal distributions, and the corre- .-

sponding density functions are called marginal density functions.

The marginal distributions of X and Y can be derived from the joint distribution. (Note that the con-p ~ ~verse is false without additional assumptions.) By comp~aring Equations (3.2-1) and (3.3-1), we obtain L..

FX(x) F.Fxy(x.-) (3.3-9a)

~TE and correspondingly
Fy (y) *FX (-.y) (3.3-9b) .... *

in terms of the density functions, using Equations (3.2-2) and (3.3-3), we obtain

PXW P.Y(XY)OY(3.3-10a)

The conditional distribution function of X given Y is defined as (see Equation (3.1-1))r

andcorespndigl fo FyX. heF onit~ionl enit fnt ion.w)x)I when:(it exists, can be expressed (33-s b

The conditional expectation is defined as

FE,(XIY) L Fxpy(x)Fy~y (3.3-15)

assuthmjing ht prbailt density function exists. sn qain(.-3, we canai writ thisu condpoition a

An3. Stedatestcaolarydusingdequton331)ieht~ Y de ntdpn ny ad pxde o

depend on x. If X and Y are independent, then f(X) and ~()are independent for any functions f and g.

Two vectors are uncorrelated if

E{XY*} E(X}E{Y*} (3.3-17)
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3.5.1 Standard Gaussian Distributions

All Gaussian distributions derive from the distribution of a standard Gaussian variable with mean 0 and
covariance 1. The density function of the standard Gaussian distribution is defined to be

p(x) - (2w)'"1 exp I x (3.5-1)

The distribution function does not have a simple closed-form expression. We will first show that Equa-
tion (3.5-1) is a valid density function with mean 0 and covariance 1. The most difficult part is showing
that its integral over the real line is 1.

Theorem 3.5-1 Equation (3.5-1) defines a valid probability density function.

Proof The function is obviously nonnegative. There remains only to show 9
th-at its integral over the real line is 1. Taking advantage of the symmetryabout 0, we can reduce this problem to proving that

exp . x)dx (3.5-2)

There is no closed-form expression for this integral over any finite range,
but for the semi-Infinite range of Equation (3.5-2) the following "trick" ..
works. Form the square of the integral:

[fexp( Y~ X2)dX]2  exp[. .1 (x' + y )dx dy (3.5-3)
• .. .. ".....

Then change variables to polar coordinates, substituting r2  for x2 + y' 9
and r dr de for dx dy, to get

r,. ~ ~ ~1/2V
eJ exp xIdx xp(- 1 rl)dr de (3.5-4)

The integral in Equation (3.5-4) has a closed-form solution: ""

r exp r dr- -exp r)" 0 - (-1) - 1 (3.5-5)

Thus, -"' "

exp 2 - W de -- (3.5-6)

Taking the square root gives Equation (3.5-2), completing the proof.

The mean of the distribution is trivially zero by synnmetry. To derive the covariance, note that

E{1 - X2) - .(1- x2)(2,).1/2 exp(- xI)dx (2w)rI/2x exp(- xa)r - 0 (3.5-9) .

* Thus,

cov(X) - E(X - EM - 1 - 0 - 1 (3.5-10)

This completes our discussion of the scalar standard Gaussian.

We define a standard multivariate Gaussian vector to be the concatenation of n independent standard
Gaussian variables. The standard multivariate Gaussian density function is therefore the product of n
marginal density functions in the form of Equation (3.5-1).

p(X) ,/2.

p .1n (2w)-/)" exp Xi)

(2w)-n/2 exp x) (3.5-11)

The mean of this distribution is 0 and the covariance is an identity matrix.

3.5.2 General Gaussian Distributions

We will define the class of all Gaussian distributions by reference to the standard Gaussian distributions
of the previous section. We define a random vector Y to have a Gaussian distribution If Y can be repre-
sented in the form

, * . o,
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V - AX + m13.5-12 "

where X Is a standard Gaussian vector, A is a.deterministic matrix ard P Is a deterministic vector. The
A matrix need not be square. Note that any deterministic vector is a special case of a Gaussian vector with
a zere A matrix.

We have defined the class of Gaussian random variables by a set of operations that can produce such 9.
variables. It now remains to determine the forms and properties of these distributions. (This is somewhat %
backwards from the most comon approach, where the forms of the distributions are first defined and Equa-,'- . ..
tion (3.5-12) is proven as a result. We find that our approach makes it somewhat easier to handle singular
and nonsingular cases consistently without introducing characteristic functions (Papoulis, 1965).

•'.*-.'- ..4.•

by Equations (3.3-7) and (3.3-8), the V defined by Equation (3.5-12) has men m and covariance AA*. *•'- '. ;
Our first major result will be to show that a Gaussian distribution is uniquely specified by its mean and
covariance; that is, if two distributions are both Gaussian and have equal mans and covariances, then the twoa
distributions are identical. Note that this does not man that the A matrices need to be Identical; the K.
reason the result is nontrivial is that an infinite number of different A matrices give the same covariance '
AA*.

Exemple 3.5-1 Consider three Gaussian vectors-.

0.707 0.70

and
'' " m,: r.. ,*

0.866 O."

where X1 and X. are standard Gaussian 2-vectors and X, is a standard
Gaussian 3-vector. We have .7.

cov( i ) -

cov(Y l) 707 -0 .701J[0 .707  0 .707] [ 0-L .7 0 0 . 0 0 . 0 . 7 0 7 J 0- " ' • , -

0
cov(Y,) 0 0.866 J0866 0 LOj'".."

Thus all three Yi have equal covariance.

The rest of this section is devoted to proving this result in three steps. First, we will consider
square, nonsingular A matrices. Second, we will consider general square A matrices. Finally, we will
consider nonsquare A matrices. Each of these steps uses the results of the previous step. -j

Theorem 3.5-2 If Y is a Gaussian n-vector defined by Equation (3.5-12) r
with a nonsingular A matrix, then the probability density function of Y
exists and is given by

p(y) 1 2,A1131 ex (y- m)*A-I(y m (3.5-13)

where A is the covariance AA*.

Proof This is a direct application of the transformation of variables for- F i :
ma Equation (3.4-1).

py(y) - px[A'1 (y - m)]iA 1I-

- ( 2 )-n1 /, exp(- 1 [A1 (y- m)]*[A"(y - m)J1AI-'

* I2VAA*PI-"/ exp[- ½ (y - m)*(AA*)'(y - m)]

Substituting A for AA* then gives the desired result.

Note that the density function, Equation (3.5-13), depends only on the mean and covariance, thus proving
the uniqueness result for the case restricted to nonsingular matrices. A particular case of interest is where -. ..
m is 0 and A is unitary. (A unitary matrix is a square one with AA* - I.) In this case, Y has a standard
Gaussian distribution.

,,-.4.-, - .,.
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Theorem 3.5-3 If Y Is a Gaussian n-vector defined by Equation (3.5-12)
With any squire A matrix, then Y can be represented as

Y S1 + m (3.5-14)

where I is a standard Gaussian n-vector and S is positive semi-definite.
Furthermore, the S in this representation is unique and depends only on
the covariance of Y.
proof The uriqueness is easy to prove, and we will do it first. The covear-
ance of the Y given in Equation (3.5-12) is PA'. The covariance of a Y
expressed as In Equation (3.5-14) is SS*. A necessary (but not sufficient)
condition for Equation (3.5-14) to be a valid representation of Y is, there-
fore, that SS* equal M*. It Is an elementary result of linear algebra
(Wilkinson, 1965; Dongarra, Molar, Bunch, and Stewart, 1979; and Strang,
1980) that * is i =s positive semi-definite and that there is one and
only one positive semi-definite matrix S satisfying SS* AA*. S is.- .
called the matrix square root of AA*. This proves the uniqueness.

The existence proof relies on another result from linear algebra: any square .
matrix A can be factored as SQ. where S is positive semi-definite and Q
is unitary. For nonsingular A, this factorization is easy-S is the matrix
square root of M* and Q is S'A. A formal proof for general A matrices
would be too long a diversion Into linear algebra for our current purposes,
so we will omit it. This factorization is closely related to, and can be
formally derived from, the well-known QR factorization, where Q is unitary
and R is upper triangular (Wilkinson, 1965; Dongarra, Moler, Bunch, and
Stewart, 1979; and Strang, 1980).

Given the SQ factorization of A, define

-QX (3.5-15)

By theorem (3.5-2), i is a standard Gaussian n-vector. Substituting into
equtiton (3.5-12) gives Equation (3.5-14), completing the proof.

Because the S in the above theorem depends only on the covarlance of Y, it immediately follows that
the distribution of any Gaussian variable generated by a square A matrix is uniquely specified by the mean
and covariance. It remains only to extend this result to rectangular A matrices.

Theorem 3.5-4 The distribution of any Gaussian vector is uniquely definedby its m an ind covariance.. 
- .. ,

Proof We have already shown the result for Gaussian vectors generated by
square A matrices. We need only show that a Gaussian vector generated by
a rectangular A matrix can be rewritten in terms of a square A matrix.
Let A be n-by-m, and consider the two cases, n > m and n < m. If n < -, '
define a standard Gaussian n-vector I by augmenting the X vector with 7.
n - m independent standard Gaussians. Then define an n-by-n matrix A by
augmenting A with n - m rows of zeros. We then have

Y AX+m

as desired.

For the case n < m, define a random m-vector • by augmenting Y with
m - n zeros. Then

• - Ax +

where i and A are obtained by augmenting zeros to m and A. Use
Theorem (3.5-3) to rewrite Y as

Y SX + m (3.5-16)

Since the last m - n elements of ? are zero, Equation (3.5-16) must be
in the form

EO -EY]1 + M1
Thus

Y*S + mn

'a which is in the required form.

Theorem (3.5-4) is the central result of this approach to Gaussian variables. It makes the practical

manipulation of Gaussian variables much easier. Once you have demonstrated that some result is Gaussian, you

OJL•'a, .:
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"need only derive the mean and covariance to specify the distribution completely. This is far easier than ,

manipulating the full density function or distribution function, a process which often requires partial differ-
ential equations. If the covariance matrix is nonsingular, then the density function exists and is given by
Equation (3.5-13). If the covariance is singular, a density function does not exist (unless you extend the ,-,
definition of density functions to include components like impulse functions). , ,

t Two properties of the Gaussian density function often provide useful computational shortcuts to evaluating
the mean and covariance of nonsingular Gaussians. The first property is that the mean of the density function

., occurs at its maximum. The mean is thus the unique solution of
4 4X

Vy zn p(y) - 0 (3.5-17) .

The logarithm in this equation can be removed, but the equation is usually most useful as written. The second
property is that the covariance can be expressed as

cov(Y) - -[v2 in p(y)]3' (3.5-18) .,..
y

Both of these properties are easy to verify by direct substitution into Equation (3.5-13).

3.5.3 Properties

In this section we derive several useful properties of Gaussian vectors. Most of these properties relate
to operations on Gaussian vectors that give Gaussian results. A major reason for the wide use of Gaussian
distributions is that many basic operations on Gaussian vectors give Gaussian results, which can be character-
ized completely by the mean and covariance.

Theorem 3.5-5 If Y is a Gaussian vector with mean m and covariance A,
and tf Z is given by

Z BY + b

then Z is Gaussian with mean Bm + b and covariance BAB*.

Proof By definition, Y can be expressed as .
Y -AX + m

where X is a standard Gaussian. Substituting Y into the expression for
Z gives

Z = B(AX + m) + b = BAX + (Bin + b)
4.-

proving that Z is Gaussian. The mean and covariance expressions for linear
operations on any random vector were previously derived in Equations (3.3-7)
and (3.3-8).

Several of the properties discussed in this section involve the concept of jointly Gaussian variables.
Two or more random vectors are said to be jointly Gaussian if their joint distribution is Gaussian. Note that
two vectors can both be Gaussian and yet not be jointly Gaussian.

Example 3.5-2 Let Y be a Gaussian random variable with mean 0 and
variance 1. Define Z as -

ZfY -1 1Y %1Z i-Y elsewhere

The random variable Z is Gaussian with mean 0 and variance 1 (apply Equation (3.4-1) to show this),
but Y and Z are not jointly Gaussian.

Theorem 3.5-6 Let Y, and Y be jointly Gaussian vectors, and let the mean .*. /.-.-
and covariance of the joint distribution be partitioned as

21A 1  A

%, .%

Then the marginal distributions of Y, and Y2 are Gaussian with

E{Y1) = m1  cov(Y,) = All ,' -N

EIY2 ) = M2  cov(Y2) - A22

Proof Apply theorem (3.5-5) with B - [1 0] and B = [0 1].

The following two theorems relate to independent Gaussian variables:

Theorem 3.5-7 If Y and Z are two independent Gaussian variables, then Y and Z are jointly
Gaussian.
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Proof For nonsingular distributions, this proof is easy to do by writing out
-product of the density functions. For a more general proof, we can

proceed as follows: write Y and Z as

Y - AIX, + m

Z -A2X2 + M2
where X1 and Xs are standard Gaussian vectors. We can always construct the
X, and X, in these equations to be independent, but the following argument
avoids the necessity to prove that statement. Define two independent standard V.-.
Gaussians, X, and X2, and further define

V - IR + MI.

2 - AR, + m2

Then V and have the same joint distribution as Y and Z. The concatenation .' .
of X. and X2  is a standard Gaussian vector. Therefore, V and 2 are jointly .
Gaussian because they can be expressed as

Xi

jointloGauss an. [;
Since Y and Z have the same joint distribution as Y and Z, Y and Z are alsojointly Gaussian. 

) .. /•

Theorem 3.5-8 If Y and Z are two uncorrelated jointly Gaussian variables,
then Y and Z are independent and Gaussian.

Proof By theorem (3.5-3), we can express

[1=SX + M

where X is a standard Gaussian vector and S is positive semi-definite. ,
Partition S as

By the definition of "uncorrelated," we must have S * = 0. Therefore,
partitioning X into X, and X2 , and partitioning m into m, and i 2 , we
can write

V S*X1 + mI-

Z =S22X + M"2

Since Y and Z are functions of the independent vectors X, and X2, Y and Z
are independent and Gaussian.

Since any two independent vectors are uncorrelated, Theorem (3.5-8) proves that independence and lack of
correlation are equivalent for Gaussians.

We previously covered marginal distributions of Gaussian vectors. The following theorem considers condi-
tional distributions. We will directly consider only conditional distributions of nonsingular Gaussians.
Since the results of the theorem involve inverses, there are obvious difficulties that cannot be circumvented
by avoiding the use of probability density functions in the proof.

Theorem 3.5-9 Let Y. and Y2 be jointly Gaussian variables with a nonsingu-
lar joint distribution. Partition the mean, covariance, and inverse covariance
of the joint distribution as -

mx11 A l . 11 1r. 
•,'' %.I,;.

mu ' Au and r A-'

Gausia with A2J Iiz I 'a1 .Ij
Then the conditional distributions of YV given Y2 , and of Y2 given Y., are
Gaussian with means and covariances

E(Y 1 YI} i MI + A 22A-(y' - M2 ) (3.5-18a)

cov{Y1 IY2 } u All - AI2AjA 2 = (rl)- (3.5-18b)

E{V 21YI} 0 M2 + A2 1AII(y1 - mi) (3.5-19a)

cov{VYl2 V} 0 A22 - A21AIA 12 u (r2 2)" (3.5-19b)
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Proof The joint probability density function of Y1 and Ya is

P(YIY2) " C exp l -n(3.5-20)

I m2r Cy 2 m

where c is a scalar constant, the magnitude of which we will not need to
compute. Expanding the exponent, and recognizing that r21 - r1 2*, gives 1 -2

21 r iesi
p(yIy2) ,c exp ½ (y, - .-

T (Y2 - m2)*r,(y - ma) " (y, "m)*r,(yY2 "M.

Completing squares results in

p(y1,y,) * c expf- 1 [yl - m1 + r;lr,2 (y2 - n2)]*rTjy, - I1 + r;-'r,(y 2 - M2)]

(y2 - mi)*(r. 2 - r•21•;r 12 )(y2 - M2)j (3.5-21)

Integrating this expression with respect to y, gives the marginal density
function of Y2. The second term in the exponent does not involve yX, and
we recognize the first term as the exponent in a Gaussian density function
with mean mi - r,•r (y - mi) and covariance r1 1- Its integral with
respect to Yl isttereore a constant independent of y.. The marginal
density function of Y2  is therefore

p(y2 ) = cY exp[- (y - m2 )*(r22 - r2 r 2)(y (3.5-22)

where c2  is a constant. Note that because we know that Equation (3.5-22)
must be a probability density function, we need not compute the value of c.;
this saves us a lot of work. Equation (3.5-22) is an expression for a
Gaussian density function with mean M2 and covariance (r2, - r 1 ,rlr, 2 )-."
The partitioned matrix inversion lemma (Appendix A) gives us

(r 2 2 - r- 1 rlr 12 ) 1 
m Aa2

thus independently verifying the result of Theorem (3.5-6) on the marginal
distribution.

The conditional density of Y, given Y2 is obtained using Bayes' rule, by
dividing Equation (3.5-21) by Equation (3.5-22)

i p(y,,y,)

P(Y1 IY2 ) = 2T

C1 exp{- + r:•1 11 -Y2M (3.5-23)

where c1  is a constant. This is an expression for a Gaussian density
function with a mean m r - 1j(r2(Y2 - m2) and covariance rjl. The parti-
tioned matrix inversion lemnia (Appendix A) then gives

r4r, = A11 -'

1" 2= - ~., .\.-~

Thus the conditlonal distribution of Y, given Y2  is Gaussian with mean
and covariance A11 - A A-'A as we desired to prove.ST6e conliflonal distribution of Y2 gi'e'n Y,. fo'11o's by symmetry. F

The final result of this section concerns sums of Gaussian variables.

Theorem 3.5-10 If Y. and Y are jointly Gaussian random vectors of equal
length and their joint distribution has mean and covariance partitioned as '"- -

in ~12. A[12:

Then Y. + Y. is Gaussian with mean ml + m, and covariance
All + A 2 2 + A 1 2 + A 2 1 .

Proof Apply Theorem (3.5-5) with B -[I I] and b = 0. 0 1Z

A simple suminary of this section is that linear operations on Gaussian variables give Gaussian results. This _ .
principle is not generally true for nonlinear operations. Therefore, Gaussian distributions are strongly
associated with the analysis of linear systems. %

S........... ~.....L ,,( :'•
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3.5.4 Central Limit Theorem --

"The Central Limit Theorem is often used as a basis for justifying the assumption that the distribution
of some physical quantity is approximately Gaussian.

Theorem 3.5-11 Let Y., Y2 ... be a sequence of independent, identically distributed random
vectors with finite mean m and covariance A. Then the vectors

N
N. 1 (Yt m)

converge in distribution to a Gaussian vector with mean zero and covariance A.

Proof See Ash (1970, p. 171) and Apostol (1969, p. 567).

Cramer (1946) discusses several variants on this theorem, where the Yi need not be independent and iden-
tically distributed, but other requirements are placed on the distributions. The general result is that sums
"of random variables tend to Gaussian limits under fairly broad conditions. The precise conditions will not
concern us here. An implication of this theorem is that macroscopic behavior which is the result of the
summation of a large number of microscopic events often has a Gaussian distribution. The classic example is
Brownian motion. We will Illustrate the Central Limit Theorem with a simple example.

Example 3.5-3 Let the distribution of the Yi in Theorem (3.5-11) be unifor .- .
on the interval (-1,1), Then the mean is zero and the covariance is 1/3. -- -
Examine the density functions of the first few Zi. -.- -.

The first function, ZI , is equal to YI , and thus is uniform on (-1,1).
Figure (3.5-1) compares the densities of Z, and the Gaussian limit. The
Gaussian limit distribution has mean zero and variance 1/3.

"For the second function we have

(y = (Y1 + Y2)

and the density function oi Z2  is given by

P(zF =g(v7 IzI) for IzI s

Figure (3.5-2) compares the density of Z2  with the Gaussian limit. :.':,'

The density function of Z3 is given by

-- z(1 - z-)Izl
"3a Z2)..

r_. I <I l <S ":"""'

p(Zl) 31 (z, - 2IzI + 3) 1- Izi S

Fgr (3l3coar IZI ? a
Figure (3.5-3) compares density of Z9 with the Gaussian limit. By the time
N is 3, ZN is already becoming reasonably close to Gaussian.

-7.
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-2.-16 -. 2-.8 -.4 0 .4 .8 1.2 1.6 2.0

Figure (3.5-1). Density ftunctious of 71 and the limit Gaussian.

.8 .8

.6 .6

P (Z)AP(Z 3) .A

.2 /..2

o L-2.0 -1.6 -1.2 -. A -.4 0 .4 .8 1.2 1.6 2.0 -2.0 -1.6 -1.2 -.8 -.4 0 .4 .8 1.2 1.6 2.0 .
Z2  Z3

Figure (3.5-2). Density functions of 12 and Figure (3.5-3). Density functions of Z3  and
the limit Gaussian. the limit Gaussian.
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CHAPTER 4

4.0 STATISTICAL ESTIMATORS

In this chapter, we introduce the concept of an estimator. We then define some basc measures of esti-
mator performance. We use these measures of performance to introduce several commn statistical estimators.
The definitions in this chapter are general. Subsequent chapters will treat specific forms. For other "
treatments of this and related material, see Sorenson (1980), Schweppe (1973), Goodwin and Payne (1977), and 0

Eykhoff (1974). These books also cover other estimators that we do not mention here.

4.1 DEFINITION OF AN ESTIMATOR

The concept of estimation is central to our study. The statistical definition of an estimator is as
follows:

Perform an experiment (input) U, taken from the set Q of possible experiments on the system. The system
response is a random variable:

Z a Z(M,U,) (4.1-1).

where C e HE is the true value of the parameter vector and i e a is the random component of the system.

An estimator is any function of Z with range in E. The value of the function is called the estimate
c. Thus

i - im )- E C.om(4.1-2) "t..

This definition is readily generalized to multiple performances of the same experiment or to the performance
of more than one experiment. If N experiments U1  are performed, with responses Z1, then an estimate
would be of the form

• W(ZUs, ... Z(c,UN,wN) ,Us.. .UN) (4.1-3)

where the wt are independent. The N experiments can be regarded as a single nsuper-experiment"
eT x•jx ... x( the response to which is the concatenated vector (Z1... ZN) eC(Z)x()x ... x(" -

The ran om element is (w ... wN) E 0 x 0 x ... x a. Equation (4.1-3) is then simply a restatement of
Equation (4.1-2) on the larger space. ..-.

For simplicity of notation, we will generally omit the dependence on U from Equations (4.1-1) and ,\ '.
(4.1-2). For the most part, we will be discussing parameter estimation based on responses to specific, known
inputs; therefore, the dependence of the response and the estimate on the input are irrelevant, and merely
clutter up the notation. Formally, all of the distributions and expectations may be considered to be implic- '.''
itly conditioned on U.

Note that the estimate C is a random variable because it is a function of Z, which is a random varia- ,
ble. When the experiment is actually performed, specific realizations of these random variables will be
obtained. The true parameter value t is not usually considered to be random, simply unknown. '.

In some situations, however, it is convenient to define 4 as a random variable instead of as an unknown .
parameter. The significant difference between these approaches is that a random variable has a probability -. .
distribution, which constitutes additional information that can be used in the random-variable approach.w..o --
Several popular estimators can only be defined using the random-variable approach. These advantages of the
random-variable approach are balanced by the necessity to know the probability distribution of c. If this
distribution is not known, there are no differences, except in terminology, between the random-variable and
unknown-parameter approaches.

A third view of c involves ideas from information theory. In this context, t is considered to be an
unknown parameter as above. Even though c is not random, it is defined to have a "probability distribution."
This probability distribution does not relate to any randomness of C, but reflects our knowledge or informa-
tion about the value of E. Distributions with low variance correspond to a high degree of certainty about
the value of &, and vice versa. The term "probability distribution" is a misnomer in this context. The terms
"information distribution" or "information function" more accurately reflect this interpretation.

In the context of information theory, the marginal or prior distribution p(c) reflects the information
about ý prior to performing the experiment. A case where there is no prior information can be handled as alimit of prior distributions with less and less information (variance going to infinity). The distribution of

the response Z is a function of the value of g. When t is a random variable, this is called p(ZIE), the
conditional distribution of z given C. We will use the same notation when C is not random in order to
emphasize the dependence of the distribution on ý, and for consistency of notation. When p(t) is defined,
the joint probability density is then

p(ZO •p(ZlOp( (4.1-4) ,'.-".'

The marginal probability density of Z is

p(Z) fP(Zg)dijI (4.1-5) 777-7-.
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The conditional density of t given Z (also called the posterior density) is

p(CIZ) .pig k. i10.LLI (4.1-6)

In the information theory context, the posterior distribution reflects information about the value of C after
the experiment is performed. It accounts for the information known prior to the experiment, and the Informs-
tion gained by the experiment.

The distinctions among the random variable, unknown parameter, and information theory points of view are ,., ,.
largely academic. Although the conventional notat~ions differ, the equations used are equivalent in all three .. .j.
cases. Our presentation uses the probability density notation throughout. We see little benefit in repeating ~
identical derivations, substituting the term "Information function" for "likelihood function" and changing
notation. We derive the basic equations only once, restricting the distinctions among the three points of view
to discussions of applicability and interpretation. LA

4.2 PROPERTIES OF ESTIMATORS

We can define an infinite numbcr of estimators for a given problem. The definition of an estimator pro- r-
vides no means of evaluating these estimators, some of which can be ridiculously poor. This section will . *

describe some of the properties used to evaluate estimators and to select a good estimator for a particular
problem. The properties are all expressed in terms of optimality criteria.

4.2.1 Unbiased Estimators

A bias is a consistent or repeatable error. The parameter estimates from any specific data set will
always be imperfect. It is reasonable to hope, however, that the estimate obtained from a large set of
maneuvers would be centered around the true value. The errors in the estimates might be thought of as consist- .

ing of two components- consistent errors and random errors. Random errors are generally unavoidable. Consis- *. .

tent or average errors might be removable.

Let us restate the above ideas more precisely. The bias b of an estimator j(.) is defined as

b(c) - E{jIt) - 9aE{Q(Zc~w))IU) - E(4.2-1)

The Z in these equations is a random variable, not a specific realization. Note that the bias is a function
of the true value. It averages out (by the E(.)) the random noise effects, but there is no averaging amongIthe different true values. The bias is also a function of the input U, but this dependence is not usually Amade explicit. All discussions of bias are implicitly referring to some given Input.

An unbiased estimator is defined as an estimator for which the bias is identically zero: ..

b(t) - 0 (4.2-2)

This requirement is quite stringent because it must be met for every value of C~. Unbiased estimators may not
exist for some problems. For other problems, unbiased estimators may exist, but may be too complicated for
practical computation. Any estimator that is not unbiased is called biased.

Generally, it is considered desirable for an estimator to be unbiased. This Judgment, however, does not
apply to all situations. The bias of an estimator measures only the average of its behavior. It is possible
for the individual estimates to be so poor that they are ludicrous, yet average out so that the estimator is
unbiased. The following example is taken from Ferguson (1967, p. 136).

Exaple4.-1 A telephone operator has been working for 10 minutes and won-
desIf he Would be missed if he took a 20 minute coffee break. Assume that
calls are coming in as a Poisson process with the average rate of X calls
per 10 minutes, x being unknown. The numb~er Z of calls received in the
first 10 minutes has a Poisson distribution with parameter X.

-X Z
P(ZIA) e X Z 0,1...

On the basis of Z, the operator desires to estimate o, the probability of
r eceiving no calls in the next 20 minutes. For a Poisson process, B *C 2 A'.
If the estimator A(Z) is to be unbiased, we must have

E{A(Z(B,.w))IB} 0 for all Be (0,1)

Thus

X (Z) ez9  B e for all Xc e(0,-)

Multiply by eA, giving

77 Z0
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Expend the right-hand side as a power series to get ,.. -Z

SZ Z:,

Zoo ZUG •

The convergent power series ere l for all € [0,-) if the coefficients
are identical. Thus 8(Z) * (-1) is the only unbiased estimator of A for
this problem. The operator would estimate the probebility of missing no
calls as +1 Itf he had received an evwi numbr of calls and -1 if he had
receivd an odd n -er of calls. Thit: estimator is the only unbiased estimator.--
for the problem, but It is a ridiculously poor one. If the estimates are
required to lie in the meaningful range of [0,o], then there is no unbiased
estimator, but some quite reasonable biased estimators can be easily constructed.

The bias is a useful tool for studying estimators. In general, it is desirable for the bias to be zero,
or at least small. However, because the bias measures only the average properties of the estimates, it cannot
be used as the sole criterion for eveluating estimators. It is possible for a biased estimator to be clearly
superior to all of the unbiased estimators for a problem.

4.2.2 Minimum Variance Estimators

The variance of an estimator is defined as

var(t) - E{(( - E{(IC))(j - E{tU)'Ic1 (4.2-3)
"Note that the variance, like the bias, is a function of the Input and the true value. The variance alone is
not a reasonable measure for evaluating an estimator. For instance, any constant estimator (one thet always
returns a constant value, ignoring the data) has zero variance. These are obviously poor estimators in most
situations.

A more useful measure Is the men square error:

mse(t) - E((Q - c)*IC) (4.2-4)

The mean square error and variance are obviously identical for unbiased estimators (E{VIOc) ). An estimator
is uniformly minimum men-square error if, for every value of c, its man square error is less than or equal
to the mean square error of any other estimator. Note that the mean-square error is a smmetric matrix. •ne
symmetric matrix is less than or equal to another if their difference is positive semi-definite. This defini- . .. ,
tion is somewhat academic at this point because such estimators do not exist except in trivial cases. A con-
stant estimator has zero mean-square error when c is equal to the constant. (The performance is poor at '
"other values of C.) Therefore, in order to be uniformly minimum man-square error, an estimator would have
to have zero mean-square error for every C; otherwise, a constant estimator would be better for tt h .a

The concept of minimum man-square error becomes more useful if the class of estimators allowed is
restricted. An estimator is uniformly minimum mean-square error unbiased if it is unbiased nd, for every
value of C, its mean-square error is less than or equal to that of an other unbiased as" tor. Such esti-
nators do not exist for every problem, because the requirement must hold for every value of C. Estimators
optimum in this sense exist for many problems of interest. The mean-square error and the variance are identi- :. "''
cal for unbiased estimators, so such optimal estimators are also called uniformly minimu variance unbiased
estimators. They are also often called simly minimum variance estimators. This term should be regarded as
an abbreviation, because it is not meaningful in itself.

4.2.3 Cramr-Rao L,,.oi,,ity (Efficient Estimators)

The Cramer-Rao inequality is one of the central results used to evaluate the performance of estimators.
The inequality gives a theoretical limit to the accuracy that is possible, regardless of the estimator used.
In a sense, the Cramer-Rao inequality gives a measure of the information content of the data.

Before deriving the Cramer-Rao inequality, let us prove a brief lemma.

Lemma 4.2-1 Let X and Y be two random N-vectors. Then

E{XX*) z E{XY*)[E{YY*)]'E{YX*1 (4.2-5)' '.

assuming *hat tt.' ýrse exists.
Pr•.. [he prof: is done by completing the square. Let A be any nonrandom
jN matrix. Then

E{(X - AY)(X - AY)*} t 0 (4.2-6) '-."

because it is a covy .•nce matrix. Expanding

A AE{YX*} + E{XY*}A* - AE{YY*}A* (4.2-7)

choose
A E{XY*}EE{YY*})]- (4.2-8)

,..-.....---.:.
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Then %I*t.

E{XX*) a EXY*)[E(YY*)]'LE(YX*) + E(XY*)[E(YY*}])'E(YX*)
- rE{xy*IEEIYY**]vE{YY*I[EiYY*.]-ErYX*) (4.2-9)

or J

E(XX*) a E(XY*)[EIYY*)] 1E(YX*) (4.2-5)

completing the lem.

We now seek to find a bound on E{(Q - c)(t - C)*Jc), the mean square error of the estimate.
Theore 4.2-2 (Cramer-Rao) Assume that the density p(ZIC) exists and is
smooth enough to allow the operations below. (See Creamr (1946) for details.) 16

This assumption proves adequate for most cases of interest to us. Pitman (1979)
discusses same of the cases where p(Z14) is not as smooth as required here.
Then

E((C(Z) - C)(E(Z) - 9)1&) [ + V C b(f))(•)'•[I + V b(c)J* (4.2-10)

where

M( - E[(v• in p(Zlc))(v IM PlZI))tc) (4.2-11)

Proof Let X and Y from lemma (4.2-1) be t(Z)- c and v* an PZIO),
respectively, and let all of the expectations in the leim b conditioned
on c. Concentrate first on the term

E{XY*1V) E E(((Z) - c)(v 4 in p(ZIC))14)

f- i(Z) - C)(v, in p(ZIc))p(ZjC)dIZI (4.2-12)

where dIZI is the volume element in the space Z. Substituting the
relation

V4 in p(ZOW) a (4.2-13)

gives

E{XY*J4 } f (m(Z) - o)(V'P(Z1,))dIZ'

If•(Z)(vlpr(zI))dzI -"(V IP(Zlc))dIlZl (4.2-14)
" NOW M is not a function of c. Therefore, assuming sufficient smoothness
". of o( ) as a function of t, the first term becomes

o Z f(Z)Vp(ZI4 )dZl - vC f (z)p(zJCdjZ.

* E;(z)IC) (4.2-15)

Using the definition (Equation (4.2-1)) of the bias, obtain

V E{E(Z)IF.) V [tL 4 b(C)J I + v b(c) (4.2-16)

In the second term of Equation (4.2-14). i is not a function of Z, so '7

Vf vP(ZlIdlZl " CVfP(ZjI)dIZ,

* vI a 0 (4.2-17)

Using Equations (4.2-16) and (4.2-17) in Equation (4.2-14) gives

E(XY*I} I + V 4 (& (4.2-18)
Define the Fisher Information matrix .. .:,

M(E) E{YY*lc} El(vi in p(ZRI))(!v an p(zlEW))l4 (4.2-19) -

They by lemma (4.2-1)

E{(M(Z) - E)(M(Z) - )*1} it [I + vblb(,)]M(E)-i 4 v (b(,)J* (4.2-10) %

"which is the desired result.,, ' -~.'•,•

Equation (4.2-10) is the Cramer-Rao inequality. Its specialization to unbiased estimators is of particular
interest. For an unbiased estimator, bW() is zero so

E{(E(Z) - 4)(E(Z) - 4)*I4} a M(C)-" (4.2-20)
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This gives us a lower bound, as a function of C, On the achievable variance of anubisdetaor A I-
unbasd stmotor which attains the equality in Equation (4.22)iscle an efficiedt estimator. Ano-

estiato ca aciev a owe vaiane tan n eficient estimator except by introducing a bias in the esti-
mae.In this sense, An efficient estimator makes the most use of th ifmaonviabenthe data.

*The Above development gives no guarantee that an efficient estimator exists for every problem. When an 6
efficient estimator does exist, it is Also a uniformly minimum variance unisdetm or It is much easier-

* ~to check for equality in Equation (4.2-20) than to directly prove that no other unbiased estimator has a
smeller variance than a given estimator. The Cramer-Roo inequality is therefore useful as a sufficient (but
not necessary) check that an estimator is uniformly minimum variance unbiasPA.

A useful alternative expression for the information matrix M can be obtained if p(ZIE) is sufficiently L'%*-
smooth. Applying Equation (4.2-13) to the definition of N (Equation (4.2-19)) gives .~ttf

Mit) E{ I Pir (4.2-21)

Then examine

tEh~il -' EI V 
. ft

The second term is equal to H(c), as shown in Equation (4.2-21). Evaluate the first term as

f(l~ll-v~pZtd~ (4.2-23)

V 1 - 0(4.2-23)

Thus an alternate expression for the information matrix is

M(C) -E(v~ in p(ZIc)Icl (4.2-24)

4.2.4 Bayesian Optimal Estimators

* The optimality conditions of the previous sections have been quite restrictive in that they must hold S

simultaneously for every possible value of E. Thus for some problems, no estimators exist that are optimal
by these criteria. The Bayesian approach avoids this difficulty by using a single, overall, optimality *

criterion which averages the errors made for different values of C~. With this approach, an optimal estimator
may be worse than a nonoptimal one for specific values of c, but the overall averaged performance of the
Bayesian optimal estimator will be better.

The Bayesian approach requires that a loss function (risk function, optimality criterion) be defined as a
function of the true value 4 and the estimate k. The most com'mon loss function is a weighted square error o

Qt)- (E - E)*R(C - t) (4.2-25)
where R is a weighting matrix. An~ estimator is considered optimal in the Bayesian sense if it minimizes the
a posteriori. expected value of the loss function:

E(J(Ct(Z))IZ} - JJ(t,tUZ))p(4IZ)djCI

An optimal estimator mast minimize this expected value for each Z. Since P(Z) is not a function of 1, it
does not affect the minimization of Equation (4.2-26) with respect to t. Thus a Bayesian optimal estimator
also minimizes the expression

fJ(C,j(Z))p(ZIC)p(c)djcI (4.2-27)

Note that 00C, the probability density of C, is required in order to define Bayesian optimality. For this
purpose, p(t) can be considered simply as a weighting that is part of the loss function, if it cannot .

appropriately be interpreted as a true probability density or an information function (Section 4.1).

4.2.5 Asymptotic Properties

Asymp~totic properties concern the characteristics of the estimates as the amount of data used increasesF
toward infinity. The amount of data used can increase either by repeating experiments or by increasing the
time slice analyzed in a single experiment. (The latter is pertinent only for dynamic systems.) Since only -

a finite amount of data can be used in practice, it is not immediately obvious why there is any interest in
asymptotic properties.
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This interest arises primarily from considerations of simplicity. It is often simpler to compute a&smp- .. ,.,
totic properties and to construct asymptotically optimal estimtors than to do so for finite amounts of data. , -
We can then use the asymptotic results as good approximations to the more difficult finite data results if the
amount of data used Is large enough. The finite data definitions of unbiased estimators and efficient esti- -"

mrtors have direct asyptotic analoquas of interest. An estimator is asymptotically unbiased if the bias goes
to zero for all C as the amount of data goes to infinity. An estimator is asymptotically efficient if it is
as)ymptotically unbiased and if

S- -- I (4.2-28)

as the amount of data approaches infinity. Equation (4.2-28) is an asymptotic expression for equality in
Equation (4.2-20)., -

One important asymptotic property has no finite data analogue. This is the notion of consistency. An
estimator is consistent if t + C as the amount of data goes to infinity. For strong consistency, the con-
vergence is required to be with probability one. Note that strong consistency is defined in terms of the
convergnce of individual realizations of the estimates, unlike the bias, variance, and other properties which
ate defined in terms of average properties (expected values).

Consistency is a stronger property then asymptotic unbiasedness; that is, all consistent estimators are
asymptotically unbiased. This is a basic convergence result-that convergence with probability one implies
convergence In distribution (and thus, specifically, convergence in moan). We refer the reader to Lipster and
Shiryayev (1977), Cramdr (1946), Gooduin and Payne (1977), Zacks (1971), and Mehra and Lainiotis (1976) for
this and other results on consistency. Results on consistency tend to involve careful mathematical arguments

* relating to different types of convergence.

We will not delve deeply into asymptotic properties such as consistency in this book. We generally feelthat asymptotic properties, although theoretically intriguing, should be played down in practical application.
Application of infinite-tim results to finite data is an approximation, one that is sometimes useful, but
sometimes gives completely misleading conclusions (see Section 8.2). The inconsistency should be evident in
books that spend copious tim arguing fine points of distinction between different kinds of convergence and

* then pass off application to finite data with cursory allusions to using large data samples.

,. Although we de-emphasize the "rigorous" treatment of asymptotic properties, somn asymptotic results are
crucial to practical implementation. This is not because of any improved rigor of the asymptotic results, but
because the asymptotic results are often simpler, sometimes enough simpler to make the critical difference In
usability. This is our primary use of asymptotic results: as simplifying approximations to the finite-time
results. Introduction of complicated convergence arguments hides this essential role. The approximations work
well In meny cases and, as with most approximations, fail in some situations. Our emphasis in asymptotic
results wil center on justifying when they are appropriate and understanding when they fail.

4.3 COMM ESTIMATORS

This section will define some of the coamonly used general types of estimators. The list is far from
complete; we mention only those estimators that will be used in this book. We also present a few general
results characterizing the estimators.

4.3.1 A ,ntepioww Expected Value

One of the most natural estimates is the a posterori. expected value. This estimate is defined as the "
mean of the posterior distribution. ,,

U(Z) ,, M{ ID - p(CjZ)d jt • .. ..

•o(Zl•)({)dl~i(4.3-1) 7"1" "'

This estimator requires that p(c). the prior density of c, be known.

4.3.2 Bayesian Minimum Risk " "

BSyesian optimality was defined in Section 4.2.4. Any estimator which minimizes the a posteriori
expected value of the loss function is a Bayesian minimum risk estimator. (In general, there can be more than
one such estimator for a given problem.) The prior distribution of t must be known to define Bayesian
estimators.

Theorem 4.3-1 The a posteriori expected value (Section 4.3.1) Is the unique

rayesian minimu risk estimator for the loss function
,) (• - •)*R(E - •) (4.3-2)

where R is any positive definite symmetric matrix.

Proof A Bayesian minimum risk estimator must minimize

E(JIZ) - E{(( - t(Z))*R(c - E(Z))IZ} (4.3-3)

i z , , , , i
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Since R is symmetric, the gradient of this function is

YEE(JIZ} - -2E{R(c - E(Z))IZ1* (4.3-4)

Setting this expression to zero gives

0 - R E{! - t(Z)IZ) - R[E{cIZ} - MA(Z) (4.3-5) ?

Therefore I-.,. "fi.'. -,'...-

(z) -ElZ) (4.3-6) . -

is the unique stationary point of E(JIZ}. The second gradient is

VIE{JIZ} - 2R -0 (4.3-7)

so the stationary point is the global minimum. Z.

Theorem (4.3-1) applies only for the quadratic loss function of Equation (4.3-2). The following very
similar theorem applies to a much broader class of loss functions, but requires the assumption that p(cIZ) is
symmetric about its mean. Theorem (4.3-1) makes no assumptions about p(&IZ) except that it has finite mean
and variance.

Theorem 4.3-2 Assume that p(EjZ) is symmnetric about its mean for each Z; i.e.,

PCIz(i(z) + WIz) - Pwiz(+(z) - &1z) (4.3-8)

where E(Z) is the expected value of C given Z. Then the a poastriori expected value is the
unique Bayesian minimum risk estimator for any loss function of the form

-(tZ) - J1(t - 0) (4.3-9)

where J, is symmetric about 0 and is strictly convex.

Proof We need to demonstrate that

0(a) - E{J(t.j(Z)+aIZ} - E{J(E,Z(Z)IZ} > 0 (4.3-10)

for all a 0 0. Using Equation (4.3-9) and the definition of expectation

0(a) - IP(clZ)[J,(t - j(Z) - a) - J,(t - Z(Z))]dll (4.3-11) -. "

Because of the symmetry of p(fiZ), we can replace the integral in Equa-
tion (4.3-11) by an integral over the region

S - {•:( t - •(Z),a) 0) O (4.3-12)

giving

O(a) - P(OIZ)FJ 1(C - &(Z) - a) + J1 (E(z) - - a)

- JI(C - ZM)) - J,(Z(Z) - E)]dljl (4.3-13)

Using the symmetry of J, gives .

D(a) = P(tiZ)EJ,(& - j(Z) - a) + J,(c - Z(Z) + a)
B S

- 2J,(& - Z(Z)]dl~j (4.3-14)

By the strict convexity of Jr -I .

J(4- U(Z) - a)+ J2(Q - Z(Z) +a) >2 1( -2(Z)) (4.3-15)

for all a t 0. Therefore D(a) > 0 for all a t 0 as we desired to show.

Note that if J, is convex, but not strictly convex, theorem (4.3-2) still holds except for the unique-
ness. Theorems (4.3-1) and (4.3-2) are two of the basic results in the theory of estimation. They motivate
the use of a poeterio-i expected value estimators.

4.3.3 Maximum a poseriori Probability

The maximum a posteriori probability (MAP) estimate is defined as the mode of the posterior distribution
(i.e., the value of c which maximizes the posterior density function). If the distribution is not unimodal,
the MAP estimate may not be unique. As with the previously discussed estimators, the prior distribution of .. '. ,.
C must be known in order to define the MAP estimate.

The MAP estimate is equal to the a posteriori expected value (and thus to the Bayesian minimum risk for S
loss functions meeting the conditions of Theorem (4.3-2)) if the posterior distribution is symmetric about its
mean and unimodal, since the mode and the mean of such distributions are equal. For nonsymmetric distribu- .. .
tions, this equality does not hold. . V.



43

The MAP estimate is generally much easier to calculate than the a posteriori expected value. The
a posterio.r expected value is (from Equation (4.3-1))

* p_(.Z)p( )d. (4.3-16) ." ",, •(z)" •-(z~Ic)p(•)dkIj '""

This calculation requires the evaluation of two integrals over E. The MAP estimate requires the maxi-
mization of

:• p(Zl()pCIZ) (4.3-17),.,., ,,,

with respect to C. The p(Z) is not a function of c, so the MAP estimate can also be obtained by

t(Z) - arg max p(Zjc)p(c) (4.3-18)

The "arg max" notation indicates that i is the value of C that maximizes the density function p(Zjc)p(C).
The maximization in Equation (4.3-18) is generally much simpler than the integrations in Equation (4.3-16).

4.3.4 Maximam Likelihood

The previous estimators have all required that the prior distribution of E be known. When C is not
random or when its distribution is not known, there are far fewer reasonable estimators to choose from. Maxi-
mum likelihood estimators are the only type that we will discuss.

The maximum likelihood estimate is defined as the value of C which maximizes the likelihood functional
p(ZIE); in other words,

j(Z) * arg max p(Zlc) (4.3-19)

The maximum likelihood estimator is closely related to the MAP estimator. The MAP estimator maximizes p(cjZ);
heuristically we could say that the MAP estimator selects the most probable value of E, given the data. The
maximum likelihood estimator maximizes p(Z/c); i.e., it selects the value of t which makes the observed data
most plausible. Although these may sound like two statements of the same concept, there are crucial differ-
ences. One of the most central differences is that maximum likelihood is defined whether or not the prior
distribution of C is known. 6

Comparing Equation (4.3-18) with Equation (4.3-19) reveals that the maximum likelihood estimate is iden-
tical to the MAP estimate if p(&) is a constant. If the parameter space E has finite size, this implies
that p(t) is the uniform distribution. For infinite E, such as Rn, there are no uniform distributions, so
a strict equivalence cannot be established. If we relax our definition of a probability distribution to allow
arbitrary density functions which need not integrate to 1 (sometimes called generalized probabilities), the
equivalence can be established for any w. Alternately, the uniform distribution for infinite size E can be
viewed as a limiting case of distributions with variance going to infinity (less and less prior certainty about
the value of •).

The maximum likelihood estimator places no preference on any value of t over any other value of t; the
estimate is solely a function of the data. The MAP estimate, on the other hand, considers both the data and
the preference defined by the prior distribution.

Maximum likelihood estimators have many interesting properties, which we will cover later. One of the
most basic is given by the following theorem:

Theorem 4.3-3 If an efficient estimator exists for a problem, that estimator
is a maximum likelihood estimator.

Proof (This proof requires the use of the full notation for probability
den-sTty functions to avoid confusion.) Assume that t(Z) is any efficient
estimator. An estimator will be efficient if and only if equality holds ',
in lemma (4.2-1). Equality holds if and only if X AY in Equation (4.2-6).
Substituting for A from Equation (4.2-8) gives -, .%% ---., , .. ,.

X - E{XY*}E{YY*)- 1 Y (4.3-20)
Substituting for X and Y as in the proof of the Cramer-Rao bound, and using :, .,

Equations (4.2-18) and (4.2-19) gives

t(Z) - D- I + Vb(E)3M(t)' 1 C• ,n pzIC(ZIC) (4.3-21)

Efficient estimators must be unbiased, so b(t) is zero and

-(Z) - Cz- M(()-1v .n pZ-(Z-C) (4.3-22)

For an efficient estimator. Equation (4.3-22) must hold for all values of Z
and t. In particular, for each Z, the equation must hold for t -(Z).
The left-hand side is then zero, so we must have

VA in pZI(ZI(Z)) * 0 (4,3-23)

,n, , m n i i
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The estimate is thus at a stationary point of the likelihood functional.
Taking the gradient of Equation (4.3-22)

-I - M(,) 1V in pzIc(zI) - M(0) 1(M ( in pZI (ZcI) (4.3-24)

Evaluating this at C - (Z), and using Equation (4.3-23) gives
-1 • M(U(z))' 1VY In PzIC(zIR(z)) (4.3-24)

Since N is positive definite, the stationary point is a local maximum.
In fact, It is the only local maximum, because a local maximum at any point
other than . C •(Z) would violate Equation (4.3-22). The requirement for ..

JpZj4(ZjC)dIZI to be finite implies that pziT(Zj•) .0 as IZ/ .- , so
that the local maximum will be a global mxi'mi. Therefore (Z) is a .
maximum likelihood estimator.

Corollary All efficient estimators for a problem are equivalent (i.e., if
an efficient estimator exists, it is unique).

This theorem and its corollary are not as useful as they might seem at first glance, because efficient

estimators do not exist for many problems. Therefore, it is not always true that a maximum likelihood esti-
mator is efficient. The theorem does apply to some simple problems, however, and motivates the more widely
applicable asymptotic results which will be discussed lator.

Maximum likelihood estimates have the following natural invariance property: let t be the maximum
likelihood estimate of t; then f(M) is the maximum likelihood estimate of f(t) for any function f. The
proof of this statement is trivial if f is invertible. Let LC(C,Z) be the likelihood functional of c for
a giverr Z. Define

x -f(c) (4.3-26)

Then the likelihood function of x is Lx'''Z)

L x(,Z) -LC(f'Z(x),Z) (4.3-27)

This is the crucial equation. By definition, the left-hand side is maximized by x i •, and the right-hand .
side is maximized by f-1 (x) = .Therefore

- f(c) (4.3-28)

The extension to noninvertible f is straightforward-rsimply realize that f'(x) Is a set of values, rather
than a single value. The same argument then still holds, regarding Lx(x,Z) as a one-to-many function (set-
valued function).

Finally, let us emphasize that, although maximum likelihood estimates are formally Identical to MAP esti-
mates with uniform prior distributions, there is a basic theoretical difference in interpretation. Maximum
likelihood makes no statements about distributions of C, prior or posterior. Stating that a parameter has a
uniform prior distribution is drastically different from saying that we have no information about the param-
eter. Several classic "paradoxes" of probability theory resulted from ignoring this difference. The para-
doxes arise in transformations of variable. Let a scalar C have a uniform prior distribution, and let f r
be any continuous invertible function. Then, by Equation (3.4-1), x = f(4) has the density function

Px(X) - pE(f'(x))If'(x)I (4.3-29)

which is not a uniform distribution on x (unless f is linear). Thus if we say that there is no prior
information (uniform distribution) about &, then this gives us prior information (nonuniform distribution)
about x, and vice versa. This apparent paradox results from equating a uniform distribution with the idea
of "no information."

Therefore, although we can formally derive the equations for maximum likelihood estimators by substituting
uniform prior distributions in the equations for MAP estimators, we must avoid misinterpretations. Fisher

(1921, p. 326) discussed this subject at length:

There would be no need to emphasize the baseless character of the assumptions
made under the titles of inverse probability and BAYES' Theorem in view of
the decisive criticism to which they have been exposed.... I must indeed plead
guilty in my original statement of the Method of Maximum Likelihood (9) to
having based my argument upon the principle of inverse probability; in the
same paper, it is true, I emphasized the fact that such inverse probabilities
were relative only. That is to say, that while one might speak of one value S
of p as having an inverse probability three times that of another value of p,
we might on no account introduce the differential element dp, so as to be
able to say that it was three times as probable that p should lie in one
rather than the other of two equal elements. Upon consideration, therefore, I
perceive that the word probability is wrongly used in such a connection:
probability is a ratio of frequencies, and about the frequencies of such values
we can know nothing whatever. We must return to the actual fact that one value
of p, of the frequency of which we know nothing, would yield the observed
result three times as frequently as would another value of p. If we need a
word to characterize this relative property of different values of p, I suggest



that we may speak without confusion of the likelihood of one value of p • .t
being thrice the likelihood of another, bearing always in mind that likeli-

hodis not hrusdloosely asasynonym ofprobabiliti. but simply to
express the relative frequencies with Wich such values of the hypothetical
quantity p would in fact yield the observed sample.

S~~.,.', %"
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CHAPTER 5

5.0 THE STATIC ESTIMATION PROBLEM

In this chapter begins the application of the general types of estimators defined in Chapter 4 to
specific problems. The problems discussed in this chapter are static estimation problems; that is, problems
where time is not explicitly involved. Subsequent chapters on dynamic systems draw heavily on these static %
results. Our treatment is far from complete; it is easy to-spend an entire book on static estimation alone -
(Sorenson, 1980). The material presented here was selected largely on the basis of relevance to dynamicsystems. • -. •,

We concentrate primarily on linear systems with additive Gaussian noise, where there are simple, closed-
form solutions, We also cover nonlinear systems with additive Gaussian noise, which will prove of major
importance in Chapter 8. Non-Gaussian and nonadditive noise are mentioned only briefly, except for the special
problem of estimation of variance.

We will initially treat nonsingular problems, where we assume that all relevant distributions have density
functions. The understanding and handling of singular and ill-conditioned problems then receive special , •.
attention. Singularities and ill-conditioning are crucial issues in practical application, but are insuffi- ..
ciently treated in much of the current literature. We also discuss partitioning of estimation problems, an
important technique for simplifying the computational task and treating some singularities.

The general form of a static system model is
Z = Z(E,U,w) (5.0-1)

We apply a known specific input U (o., a set of inputs) to the system, and measure the response Z. The
vector w is a random vector contaminating the measured system response. We desire to estimate the value_..
of g.

The estimators discussed in Chapter 4 require knowledge of the conditional distribution of Z given • *. .. "

and U. We assume, for now, that the distribution is nonsingular, with density p(Zl,U). If t is con-
sidered random, you must know the joint density p(Z,EJU). In some simple cases, these densities might be .'
given directly, in which case Equation (5.0-1) is not necessary; the estimators of Chapter 4 apply directly.
More typically, p(ZI{,U) is a complicated density which is derived from Equation (5.0-1) and p(wlt,U). It is
often reasonable to assume quite simple distributions for w, independent of 4 and U. In this chapter, we,", "
will look at several specific cases.

5.1 LINEAR SYSTEMS WITH ADDITIVE GAUSSIAN NOISE

The simplest and most classic results are obtained for linear static systems with additive Gaussian noise.The system equations are assumed to have the form,.. .* ."

z = C(U)g + D(U) + G(U)w (5.1-1)

For any particular U, Z is a linear combination of &, w, and a constant vector. Note that there are no
assumptions about linearity with respect to U; the functions C, D, and G can be arbitrarily complicated.
Throughout this section, we omit the explicit dependence on U from the notation. Similarly, all distribu-
tions and expectations are implicitly understood to be conditioned on U.

The random noise vector w is assumed to be Gaussian and independent of t. By convention, we will
define the mean of w to be 0, and the covariance to be identity. This convention does not limit the gener-
ality of Equation (5.1-1), for if w has a mean m and a finite covariance FF*, we can define G2 = GF
and D2 = D + m to obtain

Z = Cý + D2 G2W, (5.1-2) - .

where • has zero mean and identity covariance.

When E is considered as random, we will assume that its marginal (prior) distribution is Gaussian with
mean mý and covariance P.

p(0 = 12,p0-I/1 exp (• - m{)*P'({ - m} (5.1-3) -

Equation (5.1-3) assumes that P is nonsingular. We will discuss the implications and handling of singular ,. .'
cases later. , ".. •.

5.1.1 Joint Distribution of Z and t

Several distributions which can be derived from Equation (5.1-1) will be required in order to analyze this
system. Let us first consider p(Zl), the conditional density of Z given &. This distribution is defined
whether E is random or not. If c is given, then Equation (5.1-1) is simply the sum of a constant vector
and a constant matrix times a Gaussian vector. Using the properties of Gaussian distributions discussed in
Chapter 3, we see that the conditional distribution of Z given g is Gaussian with mean and covariance.

E{ZI4} = Cý + D (5.1-4)

cov{Zl J - GG* (5.1-5)
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Thus, assuming that GG* is nonsingular,

p(Z14) -I2lrGG*1-1/a exp (Z -(Z D)*(GG*)1'(Z Ct D (5.1-6)
If c is random, with marginal density given by Equation (5.1-3), we can also meaningfully define the

joint distribution of Z and E, the conditional distribution of c given Z, and the marginal distribution

of Z.

For the marginal distribution of Z, note that Equation (5.1-1) is a linear combination of independent
Gaussian vectors. Therefore Z is Gaussian with mean and covariance .#

E{Z - CmE + D (5.1-7) - %

cov(Z) - CPC* + GG* (5.1-8)

For the joint distribution of t and Z, we now require the cross-correlation

E([Z - E(Z)][E - E(c)]*} = CP (5.1-9)

The joint distributioa of [ and Z is thus Gaussian with mean and covariance .

E['] (15.1-10)

covy. . . 511 );'". ';Lz C P cc G*J'

N =m 1

Note that this joint distribution could also be derived by multiplying Equations (5.1-3) and (5.1-6) according 46'.
to Bayes rule. That derivation arrives at the same results for Equations (5.1-10) and (5.1-11), but is much
more tedious.

Finally, we can derive the conditional distribution of g given Z (the posterior distribution of &) from
the joint distribution of c and Z. Applying Theorem (3.5-9) to Equations (5.1-10) and (5.1-11), we see that
the conditional distribution of t given Z is Gaussian with mean and covariance

E{tIZ}"= m, + PC*(CPC* + GG*) 1'(Z - Cm, - D) (5.1-12)

cov(ýIZ) = P - PC*.(CPC* + GG*)lICP (5.1-13)

Equations (5.1-12) and (5.1-13) assume that CPC* + GG* is nonsingular. If this matrix is singular, the .- "
problem is ill-posed and should be restated. We will discuss the singular case later.

Assuming that P, GG*, and (C*(GG*)-'C + P-1 ) are nonsingular, we can use the matrix inversion lemmas,
(lemmas (A.1-3) and (A.1-4)), to put Equations (5.1-12) and (5.1-13) into forms that will prove intuitively

"* useful.

E{flZ} me + (C*(GG*)-IC + P-')-'C*(GG*)-'(Z CmE D) (5.1-14)

"cov(OIZ) = (C*(GG*)-'C + P')- (5.1-15)

We will have much occasion to contrast the form of Equations (5.1-12) and (5.1-13) with the form of
Equations (5.1-14) and (5.1-15). We will call Equations (5.1-12) and (5.1-13) the covariance form because they
are in terms of the uninverted covariances P and GG*. Equations (5.1-14) and (5.1-15) are called the infor-
mation form because they are in terms of the inverses P0 and (GG*)-, which are related to the amount of
information. (The larger the covariance, the less information you have, and vice versa.) Equation (5.1-15)
has an interpretation as addition of information: P-1  is the amount of prior information about E, and
C*(GG*) 1'C is the amount of information in the measurement; the total information after the measurement is
the sum of these two terms.

5.1.2 A Poateriori Estimators

Let us first examine the three types of estimators that are based on the posterior distribution p(tjZ).
These three types of estimators are a poeteriori expected value, maximum a poeteriozri probability, and
Bayesian minimum risk.

We previously derived the expression for the a posterior! expected value in the process of defining the
posterior distribution. Either the covriance or information form can be used. We will use the information
form because it ties in with other approaches as will be seen below. The a poste•-eoxi expected value
estimator is thus

= mE + (C*GG*) 1'C + P-l)-'C*(GG*)-'(Z - Cm{ - D) (5.1-16)

The maximum a poeteroiori probability estimate is equal to the a potatxio2'i expected value because the
posterior distribution is Gaussian (and thus unimodal and symmetric about its mean). This fact suggests an
alternate derivation of Equation (5.1-16) which is quite enlightening. To find the maximum point of the
posterior distribution of t given Z, write
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in p(•:Z) -n p(ZIC) + in p(C) -n p(Z) (5.1-17) ,''

Expanding this equation using Equations (5.1-3) and (5.1-6) gives

,n p(CIZ) - - ! (Z - c{ - D)*(GG*)--(Z - CC - D) 4 m)*P - m,) + a(Z) (5.1-18)

where a(Z) is a function of Z only. Equation (5.1-18) shows the problem in its "least squares" form. We
are attempting to choose 4 to minimize (k - mg) and (Z - CC - D). The matrices P- and (GG*)-l are .. I.

"V weightings used in the cost functions. The larger the value of (GG*)"•, the more importance is placed on r..
minimizing (Z - Cc - D), and vice versa.

Obtain the estimate { by setting the gradient of Equation (5.1-18) to zero, as suggested by Equa-" ~~~tion (3.5-17). •:-•J'
t (3.5-17). - CE - D) - P1(Q - m (5.1-1g)

Write this as

0 = C*(GG*)- 1 (Z - Cm4 - D) - P m(• - mn) - C*(GG*)-'C(e - m4) (5.1-20)

and the solution is

= mE + (C*(GG*) 1'C + P1')-'C*(GG*) 1'(Z - Cm{ - D) (5.1-21) 0

assuming that the inverses exist. For Gaussian distributions, Equation (3.5-18) gives the covariance as
cov({Iz) = -[v• An p({Z)]"' - (C(GG*)- 1 C + P')' (5.1-22)

Note that the second gradient is negative definite (and the covariance positive definite), verifying that the
solution is a maximum of the posterior probability density function. This derivation does not require the use
of matrix inversion lemmas, or the expression from Chapter 3 for the Gaussian conditional distribution. For ! ,.
more complicated problems, such as conditional distributions of N jointly Gaussian vectors, the alternate
derivation as in Equations (5.1-17) to (5.1-22) is much easier than the straightforward derivation as in
Equations (5.1-10) to (5.1-15). s-., -

Because of the symmetry of the posterior distribution, the Bayesian optimal estimate is also equal to."
the a posteriori expected value estimate if the Bayes loss function meets the criteria of Theorem (4.3-1).

"We will now examine the statistical properties of the estimator given by Equation (5.1-16). Since the

"estimator is a linear function of Z, the bias is easy to compute. I..-,.

"* b(E) = HtI - -

"= E{m{ + (C*(GG*)-'C + P-l)-'C*(GG*)-'(Z - Cm{ - D)j{} - C

= m{ + (C*(GG*)-'XC + P-l)-lC*(GG*)-l[E{ZIl} - Cm{ - D] - C.. .

= m• + (C*(GG*)-'C + P-l)-'C*(GG*)-l(Cc + D - Cm{ - 0) -

= [l - (C*(GG*) 1'C + Pl')-lC*(GG*)-lC](m• C) (5.1-23)

The estimator is biased for all finite nonsingular P and GG*. The scalar case gives some insight into this
bias. If t is scalar, the factor in brackets in Cquation (5.1-23) lies between 0 and 1. As GG* decreases
and/or P increases, the factor approaches 0, as does the bias. In this case, the estimator obtains less
information from the initial guess of g (which has large covariance), and more information from the measure-
ment (which has small covariance). If the situation is reversed, GG* increasing and/or P decreasing, the I':..
bias becomes larger. In this case, the estimator shows an increasing predilection to ignore the measured ,, ,
response and to keep the initial guess of {.

The variance and mean square error are also easy to compute. The variance of e follows directly from

Equations (5.1-16) and (5.1-5):

cov(Qj1) = (C*(GG*) 1'C + P-l)-1 C*(GG*)'lGG*(GG*)-lC(C*(GG*)-lC + p-')-"

= (C*(GG*)- 1 C + P-1 )-lC*(GG*)-1 C(C*(GG*)- 1 C + P-1)- 1  (5.1-24)

The mean square errbr is then

mse(C) = cov(Zlt) + b(C)b(t)* (5.1-25)

which is evaluated using Equations (5.1-23) and (5.1-24).

The most obvious question to ask in relation to Equations (5.1-24) and (5.1-25) is how they compare with
other estimators and with the Cramer-Rao bound. Let us evaluate the Cramer-Rao bound. The Fisher information
matrix (Equation (4.2-19)) is easy to compute using Equation (5.1-6):

M = E{C*(GG*) 1'(Z - CC - D)(Z - CC - D)*(GG*)'C} , .

- C*(GG*)-lGG*(GG*) 1'C = C*(GG*)'C (5.1-26)
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Thus the Cramer-Rao bound for unbiased estimators is -" X
S~~~~mse(f;lt) z (C*(GG*)-'LC" (5.1-27) •'' '•" L"

Note that, for some values of E, the a poseri'ori expected value estimator has a lower mean-square error than
the Cramer-Rao bound for unbiased estimators; naturally, this is because the estimator is biased. To compute
the Cramer-Rao bound for an estimator with bias given by Equation (5.1-2ý), we need to evaluate

"I + V b(c) " I + (C*(GG*)'lC + P1')-'C*(GG*)-'C - I

(C*(GG*) 1'C + P-')-'C*(GG*)-lC (5.1-28)

The Cramer-Rao bound is then (from Equation (4.2-10))

mse(tit) ; (C*(GG*)- 1 C + P-')l'C*(GG*)-'C(C*(GG*)-lC + P-1 )-1  (5.1-29)

Note that the estimator does not achieve the Cramer-Rao bound except at the single point Zt; mL. At every
other point, the second term in Equation (5.1-25) is positive, and the first term is equal to t•ebound; .
therefore, the mse is greater than the bound. .7:

For a single observation, we can say in summary that the a posteriori estimator is optimal Bayesian for
a large class of loss functions, but it is biased and does not achieve the Cramer-Rao lower bound. It remains
to investigate the asymptotic properties. The asymptotic behavior of estimators for static systems is defined
in terms of N independent repetitions of the experiment, where N approaches infinity. We must first'define
the application of the a posteriori estimator to repeated experiments. ,7

Assume that the system model is given by-Equation (5.1-1), with & distributed according to Equa-
tion (5.1-3). Perform N experiments U,...UN1 . It does not matter whether the U1 are distinct.) The ' *

corresponding system matrices are CI, Di, and GjG1 , and the measurements are Zi. The random noise Wi is an ,
independent, zero-mean, identity covariance, Gaussian vector for each I. The maximum a posteriori estimate of
Sis given by

= m• + Ct(GiG*)-jCi + P- Cj(GiGtI'1(Zi - Cim( - Di) (5.1-30) -.

assuming that the inverses exist.

The asymptotic properties are defined for repetition of the same experiment, so we do not need the full
"generality of Equation (5.1-30). If Ut = Uj, C - Cj, Di a Dj, and Gi " Gj for all i and J, Equa--'4
tion (5.1-30) can be written

N
"= m, + LNC*(GG*)-lC + P-)-'lC*(GG*)-l • (Z, - Cm¢ - D) (5.1-31)

is

Compute the bias, covariance, and mse of this estimate in the same manner as Equations (5.1-23)
to (5.1-25): ...- ;.

b(O) [I - (NC*(GG*)-'C + P-r)'lNC*(GG*)l'C](m• - 0) (5.1-32) %. -,.

cov(Q10) = [NC*(GG*)- 1 C + P-1l'ZNC*(GG*)'lCCNC*(GG*)-'C + P-1)-1  (5.1-33)

mse(E14) = cov(kj&) + b(c)b(4)* (5.1-34)

The Cramer-Rao bound for unbiased estimators is

mse(•IO) a (NC*(GG*)-'C)- 1  (5.1-35)

As N increases, Equation (5.1-32) goes to zero, so the estimator is asymptotically unbiased. The effect of .
increasing N -s exactly comparable to increasing (GG*)'; as we take more and better quality measurements,
the estimator depends more heavily on the measurements and less on its initial guess.

The estimator is also asymptotically efficient as defined by Equation (4.2-28) because

NC*(GG*)'C cov(tI&) ---+ I (5.1-36)
N

NC*(GG*)'C b(ý)b(4)* -- + 0 (5.1-37)

5.1.3 Maximum Likelihood Estimator

The derivation of the expression for the maximum likelihood estimator is similar to the derivation of the
maximum a postereior probability estimator done in Equations (5.1-17) to (5.1-22). The only difference is
that instead of An p(EIZ), we maximize

tn p(ZIE) = - y- (Z - Ct - D)*(GG*)-'(Z - Cý - D) + a(Z) (5.1-38)

r.°.*.,-
SII~ml I I .. . . . . .. . . .. I I I /
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The only relevant difference between Equation (5.1-38) and Equation (5.1-18) is the inclusion of the term based .

on the prior distribution of C in Equation (5.1-18). (The a(z) are also different, but this is of no con-
sequence at the moment.) The maximum likelihood estimate does not make use of the prior distribution; indeed
it does not require that such a distribution exist. We will see that many of the NLE results are equal to the
MAP results with the terms from the prior distribution omitted.

Find the maximum point of Equation (5.1-38) by setting the gradient to zero.

"0 * C*(GG*)'(Z - CE - D) (5.1-39)

The solution, assuming that C*(GG*)-C is nonsingular, is given by --.

- (C*(GG*)-'C)-'C*(GG*)-l(Z - D) (5.1-40)

This is the same form as that of the MAP estimate, Equation (5.1-21), with P-1  set to zero.

A particularly simple case occurs when C - I and D - 0. In this event, Equation (5.1-40) reduces to
-Z.

Note that the expression (C*(GG*)-'C)'3C*(GG*)" 1  is a left-inverse of C; that is
[(C*(GG*)-'C)-'C*(GG*)-']C - 1 (5.1-41)

We can view the estimator given by Equation (5.1-40) as a pseudo-inverse of the system given by Equa-

tion (5.1-1). Using both equations, write
(C*(GG*) -C)lC*(GG*) (C4 + D + w - D)

a g + (C*(GG*)-'C)-lC*(GG*)l''"

a 4 + (C*(GG*) 1'C) 1'C*G*Iw (5.1-42)

Although we must use Equation (5.1-40) to compute E because C and w are not known, Equation (5.1-42)
is useful in analyzing and understanding the behavior of the estimator. One interesting point is immediately
obvious from Equation (5.1-42): the estimate Is simply the sum of the true value plus the effect of the con- .. .-
taminating noise w. For the particular realization w a 0, the estimate is exactly equal to the true value.
This property, which is not shared by the a poer-ziori estimators, is closely related to the bias. Indeed,
the bias of the maximum likelihood estimator is immediately evident from Equation (5.1-42).

b(g) - E(lt}- - t- 0 (5.1-43)

"The maximum likelihood estimate is thus unbiased. Note that Equation (5.1-32) for the MAP bias gives the same L.-.

result if we substitute 0 for P-'.

Since the estimator is unbiased, the covariance and mean square error are equal. Using Equation (5.1-42),

they are given by = -(C*(GG*)-XC)-lC*G*-lG-rC(C*(GG*)- 1 C)",

- (C*(GG*)-'C)- 1  (5.1-44) .**

We can also obtain this result from Equations (5.1-33) and (5.1-34) for the MAP estimator by substituting 0
for P-1•..''..;''

We previously computed the Cramer-Rao bound for unbiased estimators for this problem (Equation 5.1-27)). •
The mean square error of the maximum likelihood estimator is exactly equal to the Cramer-Rao bound. The maxi-
mum likelihood estimator is thus efficient and is, therefore, a minimum variance unbiased estimator. The
maximum likelihood estimator is not, in general, Bayesian optimal. Bayesian optimality may not even be
defined, since & need not be random.

The MLE results for repeated experiments can be obtained from the corresponding MAP equations by substi-
tuting zero for P-1 and mt. We will not repeat these equations here.

5.1.4 Comparison of Estimators

We have seen that the maximum likelihood estimator is unbiased and efficient, whereas the a posteriori
estimators are only asymptotically unbiased and efficient. On the other hand, the a posteriori estimators are . ,.

Bayesian optimal for a large class of loss functions. Thus neither estimator emerges as an unchallenged
favorite. The reader might reasonably expect some guidance as to which estimator to choose for a given
"problem.

The roles of the two estimators are actually quite distinct and well-defined. The maximum likelihood
estimator does the best possible job (in the sense of minimum mean square error) of estimating the value of .
based on the measurements alone, without prejudice (bias) from any preconceived guess about the value. The

maximum likelihood estimator is thus the obvious choice when we have no prior information. Having no prior
information is analogous to having a prior distribution with infinite variance; i.e., P-1  0 0. In this regard,
examine Equation (5.1-16) for the a pos•.rio•i estimate as P-1  goes to zero. The limit is (assuming that
C*(GG*) IC is nonsingular)



0 + (C*(BG*)- 1 C)-1C*(eG*)- 1 (z -CM~ D) UI

i - (C*(GG**lIC)lIC*(GG*)ICmg + (C*(66*)IC)I'C*(GG*)'I(Z- D)

(C*(GG*)'c)-'c*(GG*) 1'(z - D) (5.1-45) .........

which is equal to the maximum likelihood estimate. The maximum likelihood estimate is thus a limiting case
of an a posteriori estimator as the variance of the prior distribution approaches infinity.

The a posteri.or estimate combines the information from the measurements with the prior information to
obtain the optimal estimate considering both sources. This estimator makes use of more information and thus
can obtain more accurate estimates, on the average. With this improved average accuracy comes a bias in favor
of the prior estimate. If the prior estimate is good, the a posterioi estimate will generally be more accu- '.' ',

rate than the maximum likelihood estimate. If the prior estimate is poor, the a posteriori estimate will be •, •
poor. The advantages of the a poseriori estimators thus depend heavily on the accuracy of the prior estimate, .
of the value.

The basic criterion in deciding whether to use an MAP or MLE estimator is whether you want estimates based
only on the current data or based on both the current data and the prior information. The MLE estimate is
based only on the current data, and the MAP estimate is based on both the current data and the prior
distribution.

The distinction between the MLE and MAP estimators often becomes blurred in practical application. The
estimators are closely related in numerical computation, as well as in theory. An MAP estimate can be an
intermediate computational step to obtaining a final MLE estimate, or vice versa. The following paragraphs
describe one of these situations; the other situation is discussed in Section 5.2.2.

It is quite common to have a prior guess of the parameters, but to desire an independent verification of
the value based on the measurements alone. In this case, the maximum likelihood estimator is the appropriate
tool in order to make the estimates independent of the initial guess.

A two-step estimation is often the most appropriate to obtain maximum insight into a problem. First, use *

the maximum likelihood estimator to obtain the best estimates based on the measurements alone, ignoring any ,, :..
prior information. Then consider the prior information in order to obtain a final best estimate based on both
the measurements and the prior information. By this two-step approach, we can see where the information is
coming from-the prior distribution, the measurements, or both sources. The two-step approach also allows the
freedom to independently choose the methodology for each step. For instance, we might desire to use a maximum
likelihood estimator for obtaining the estimates based on the measurements, but use engineering judgment to
establish the best compromise between the prior expectations and the maximum likelihood results. This is oftenI the best approach because it may be difficult to completely and accurately characterize the prior information
"in terms of a specific probability distribution. The prior information often includes heuristic factors such
as the engineer's judgment of whrt would constitute reasonable results.

The theory of sufficient statistics (Ferguson, 1967; Cramer, 1946; and Fisher, 1921) is useful in the
two-step approach if we desire to use statistical techniques for both steps. The maximum likelihood estimate
and its covariance form a sufficient statistic for this problem. Although we will not go into detail here,
if we know the maximum likelihood estimate and its covariance, we know all of the statistically useful informa-
tion that can be extracted from the data. The specific application is that the a poe.triori estimates can be
written in terms of the maximum likelihood estimate avid its covariance instead of as a direct function of the
data. The following expression is easy to verify using Equations (5.1-16), (5.1-40), and (5.1-44):

ea = mi + (Q-1 + p--)-'Q-I(L m ) (5.1-46)

where Ea is the a posteriori estimate (Equation (5.1-16)), i is the maximum likelihood estimate (Equa-
tion (5.1-40)), and Q is the covariavice of the maximum likelinood estimate (Equation (5.1-44)). In this S
form, the relationship between the a posteriori estimate and the maximum likelihood estimate is plain. The
"prior distribution is the only factor which enters into the relationship; it has nothing directly to do with ."
the measured data or even with what experiment was performed.

Equation (5.1-46) is closely related to the measurement-partitioning ideas of the next section. Both
"relate to combining data from two different sources.

5.2 PARTITIONING IN ESTIMATION PROBLEMS

Partitioning estimation problems has some of the same benefits as partitioning optimization problems. A
problem half the size of the original typically takes well less than half the effort to solve. Therefore, we ,..,
can often come out ahead by partitioning a problem into smaller subproblems. Of course, this trick only works
if the solutions to the subproblems can easily be combined to give a solution to the original problem.

Two kinds of partitioning applicable to parameter estimation problems are measurement partitioning and
parameter partitioning. Both of these schemes permit easy combination of the subproblem solutions in some
situations.

I.'.,..:

5.2.1 Measurement Partitioning " -

A problem with multiple measurements can often be partitioned into a sequence of subproblems processing
the measurements one at a time. The same principle applies to partitioning a vector measurement into a series
of scalar (or shorter vector) measurements; the only differen..e is notational. S

K j-.j
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The estimators under discussion are all based on p(ZIc) or, for a postovow,. estimators, p(CIZ). We *'." '

will initially consider measurement partitioning as a problem in factoring these density functions.

Let the measurement Z be partitioned into two measurements, Z and Z&. (Extensions to more than two
partitions follow the same principles.) We would like to factor dp(ij) into separate factors dependent on
Z, and Z1. By Bayes' rule, we can always write

p(ZIU ) - p(Z, Z1 ,c)p(l 1Il) (5.2-1)

This form does not directly achieve the required separation because p(Z 1IZ1 ,g) involves both Z, and Z&. To.- .

achieve the required separation, we introduce the requirment that - -- "-

plZlZj,•) - plZ, lO (5.2-2) ,.-'.-.

We will call this the Markov criterion.

Heuristically, the Narkov criterion assures that p(Z 1 Ic) contains all of the useful information we can
extract from Z4. Therefore, having computed p(Z It) at the measured value of Z,, we have no further need ,
for Z,. If the Merkov criterion does not hold, then there are interactions that require Z4 and Z. to be
considered together instead of separately. For systems with additive noise, the Markov criterion implies that
the noise in Z, is independent of that in Z4. Note that this does not man that Z, is independent of Z4.

For systems where the Markov criterion holds, we can substitute Equation (5.2-2) into Equation (5.2-1)
to get

p(ZI•)" p(Z'I0)p(Z1Ic) (5.2-3)

which is the desired factorization of p(ZIC).

When & has a prior distribution, the factorization of p(CIZ) follows from that of p(ZIC).

'PV) p(Z) (5.2-4) • Y'..

The mixing of Z and Z, in the p(Z) in the denominator is not important, because the denominator is merely

a normalizing constant, independent of c. It will prove convenient to write Equation (5.2-4) in the form .. .

p(CIZ) - p(Z'0p(CIZj) (5.2-5) _pZ1Z17

Let us now consider measurement partition of an MAP estimator for a system with p(flZ) factored as in
Equation (5.2-5). The MAP estimate is

- arg max p(Z,1)p(CIZd) (5.2-6)

This equation is identical in form to Equation (4.3-18), with p(clZiZ) playing the role of the prior distribu-
tion. We have, therefore, the following two-step process for obtaining the MAP estimate by measurement
partitioning:

First, evaluate the posterior distribution of C given Z This is a function of t, rather than a single
value. Practical application demands that this distribution .e easily representable by a few statistics but ";. . :.
we put off such considerations until the next section. Then use this as the prior distribution for an ;AP
estimator with the measurement Z2. Provided that the system meets the Mmrkov criterion, the resulting esti- ,
mate should be identical to that obtained by the unpartitioned MAP estimator.

Measurement partitioning of MLE estimator follows similar lines, except for some issues of interpretation.
The MLE estimate for a system factored as in Equation (5.2-3) is ..-.

- arg max p(Z2 lC)p(Z' 1~) (5.2-7)

This equation is identical in form to Equation (4.3-18), with p(Z 1 l) playing the role of the prior distribu-
tion. The two steps of the partitioned PLE estimator are therefore as follows: first, evaluate p(Zll&) at -

the measured value of Z4, giving a function of E. Then use this function as the prior density for an MAP
estimator with measurement Z2. Provided that the system meets the Markov criterion, the resulting estimate
should be identical to that obtained by the unpartitioned PILE estimator.

The partitioned MLE estimator raises an issue of interpretation of p(ZjIC). It is not a probability
density function of E. The vector c need not even be random. We can avoid the issue of t not being
random by using information terminology, considering p(Z,1|) to represent the state of our knowledge of &
based on Z instead of being a probability density function of t. Alternately, we can simply consider
p(z 11) to le a function of E that arises at an intermediate step of computing the MLE estimate. The process
described gives the correct MLE estimate of t, regardless of how we choose to interpret the intermediate
steps.

The close connection between MAP and MLE estimators is illustrated by the appearance of an MAP estimator I.
as a step in obtaining the MLE estimate with partitioned measurements. The result can be interpreted either as S
an MAP estimate based on the measurement Z2 and the prior density p(Z 1 IC), or as an PLE estimate based on
both Z, and Z2.

L .*S
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5.2.2 A lication to Linear Gaussian Systems

We now consider the application of measurement partitioning to linear systems with additive Gaussian
noise. We will first consider the partitioned 1AP estimator, followed by the partitioned NLE estimator.

Let the partitioned system be

Z, U CIE + D, + Glo, (5.2-Ga) .

Z2 a C2E + D2 + G2W2  (5.2-8b)

where w, and w, are independent Gaussian random variables with mean 0 and covariance 1. The Markov criterion
requires that w, and w, be Independent for measurement partitioning to apply. The prior distribution of E '.6
is Gaussian with man mE and covariance P, and is independent of w, and w,.

The first step of the partitioned MAP estimator is to compute p(c/z ), We have previously seen that this
is a Gaussian density with man and covariance given by Equations (5.1-121 and (5.1-13). Denote the mean and
covariance of p(IZI.) by m, and P,. Then, Equations (5.1-12) and (5.1-13) give

m- m + PC*(C PC* + G1Gt)'(Z 1 - CmE - D) (5.2-9)ME

P1 *P- PC*(C 1 PC* + G1G*) 1'Clp (5.2-10)

The second step is to compute the MAP estimate of c using the measurement Z, and the prior density
p(tIZj). This step is another application of Equation (5.1-12), using m, for mE and P, for P. The
result is

m2 = mI + P C*(C 2PC* + GGt)'(Z, - C~m, - D2) (5.2-11)

The k defined by Equation (5.2-11) is the MAP estimate. It should exactly equal the MAP estimate
obtained by direct application of Equatien (5.1-12) to the concatenated system. You can consider Equa-
tions (5.2-9) through (5.2-11) to be an algebraic rearrangement of the original Equation (5.1-12); indeed, they
can be derived in such terms.

Example 5.2-1 Consider a system

Z- +

where w is Gaussian with mean 0 and covariance 1, and c has a Gaussian
prior distribution with mean 0 and covariance 1. We make two independent
measurements of Z (i.e., the two samples of w are independent) and desire
the MAP estimate of &. Suppose the Z, measurement is 2 and the Z2
measurement is -1.

Without measurement partitioning, we could proceed as follows: write the
concatenated system [Z2 [Ill [.1
Directly apply E uation (5.1-12) with mE 0, P = 1, C = [1 1J*, D = 0, ..
G = 1, and Z = ?2, -1]*. The MAP estimate is then r

1 .ri-. ['.Ii',
(Z' +Z 2 ) 1.

Now consider this same problem with measurement partitioning. To get p(IZ1),
apply Equations (5.2-9) and (5.2-10) with mn = 0, P 1, C1 = 1, D, 0,
G= 1, and Z, 2.

m, = (2)-'Zlz= Z, 1 ".:...:.

P1. 1 - 1(2)1-i

For the second step, apply Equation (5.2-11) with m, 1, P1  1/2, Ca 1,

D2  0, G2 = 1, and Z2 = -1.

I) I Z'+2  1
t +½ Uz. -'''-'''

We see that the results of the two approaches are identical in this example,
as claimed. Note that the partitioning removes the requirement to invert a
2-by-2 matrix, substituting two 1-by-1 inversions.
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The computational advantages of using the partitioned form of the WAP estimator vary dependin9 on
numerous factors. There are numerous other rearrangements of Equations (5.1-12) and (5.1-13). The Informtion
form of Equations (5.1-14) and (5.1-15) is often preferable if the required inverses exist. The information
form can also be used in the partitioned estimator, replacing Equations (5.2-9) through (5.2-11) with corre-
sponding information forms. Equation (5.1-30) is another alternative, which is often the most efficient. ..- ' .,

There is at least one circumstance in which a partitioned form is mandatory. This is when the data
comes in two separate batches and the first batch of data must be discarded (for any of several reasons-per- %
haps unavailability of enough computer memory) before processing the second batch. Such circumstances occur
regularly. Partitioned estimators are also particularly appropriate when you have already computed the esti-
mate based on the first batch of data before receiving the second batch. A

Let us now consider the partitioned MLE estimator. The first step is to compute p(Z|I,). Equa-
tion (5.1-38) gives a formula for p(Zs1C). It Is inmediately evident that the logarithm of p(Z Ic) is a
quadratic form in g. Therefore, although p(Z Il) need not be interpreted as a probability density function
of C, it has the algebraic form of a Gaussian density function, except for an irrelevant constant multiplier.
Applying Equations (3.5-17) and (3.5-18) gives the mean and covariance of this function as

mI a PIC*(G1G,) 1'(Z 1 - DI) (5.2-12)

P1 * -a v ,.n p(Zzlt)]J1 - [Cz*(G,G*) 1'C 1]J
1  (5.2-13) "

The second step of the partitioned MLE estimator is identical to the second step of the partitioned MAP .
estimator. Apply Equation (5.2-11), using the m1 and P1  from the first step. For the partitioned 1LE
estimator, it is most natural (although not required) to use the information form of Equation (5.2-11),
which is

- m1 + PIC*(GGf) 1'(Z, - C~m1 - D) (5.2-14)

p, [C:(BGI:*)-1C2 + Pj'J 1' (5.2-15)

This form is more parallel to Equations (5.2-12) and (5.2-13).
Example 5.2-2 Consider a maximum likelihood estimator for the problem of , '.-

Example 5.2-1, ignoring the prior distribution of C. To get the MLE .-.. .-*-
estimate for the concatenated system, apply Equation (5.1-40) with
C - [1 1*, D- 0, G- 1, and Z - [2, -1]V.

- 2- 1Z 1Z

Now consider the same problem with measurement partitioning. For the first
step, apply Equations (5.2-12) and (5.2-13) with C1  1, D1 -0, G, - 1, L.-
and Z, - 2.

P1 *[- 1~- - 1

m- P,(1)'(Zj - 0) Z , 2

For the second step, apply Equations (5.2-14) and (5.2-15) with C2 = 1"
D2 - 0, G2  1, and Z2 -- 1.

P2 - [1(1)'i + (1)-'J =2 1 "

- 2 + (1)-(Z 2  -2 0) = 1 + Z Z2  .

The partitioned algorithm thus gives the same result as the original
unpartitioned aligorithm. . -.

There is often confusion on the issue of the bias of the partitioned MILE estimator. This is an MLE esti-
mate of ý based on both Z, and Z,. It is, therefore, unbiased like all MLE estimators for linear systems
with additive Gaussian noise. On the other hand, the last step of the partitioned estimator is an MAP estimate
based on Z2, with a prior distribution described by m. and P.. We have previously shown that MAP estimators
are biased. There is no contradiction in these two viewpoints. The estimate is biased based on the meas',re- .' ""
ment Z2  alone, but unbiased based on Z, and Z2.

Therefore, it is overly simplistic to universally condemn MAP estimators as biased. The bias is not ..-...
always so clear an issue, but requires you to define exactly on what data you are basing the bias definition.
The primary basis for deciding whether to use an MAP or MLE estimator is whether you want estimates based only
on the current set of data, or estimates based on the current data and prior information combined. The bias
merely reflects this decision; it does not give you independent help in deciding. S.- '

5.2.3 Parameter Partitioning'... .

In parameter partitioning, we write the parameter vector • as a function of two (or more-the general-
izations are obvious) smaller vectors E, and .2.

= f(E1,c) (5.2-16) S
5• .•... -•

g',-. ' . - .
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The function f must be invertible to obtain 11 and 1 from c~or the solution to the partitioned prbe
will not be unique. The simplest kind of partitos are those in which C, and c, are partitions of the **

c vector.

With the parameter c partitioned into C. and c , we have a partitioned optimization problem. Two
possible solution methods appkly. The best method, if Itcan be used, is generally to solve for c, in terms
of t, (or vice versa) and substitute this relationship into the original problem. Axial iteration is another
reasonable method if solutions for t, and C, are nearly independent so that few iterations are required.

5.3 LIMITING CASES AND SINGULARITIES

In the previous discussions, we have simply assumed that all of the required matrix inverses exist. We
made this assumption to present some of the basic results without getting sidetracked on fine points. We will
now take a comprehensive look at all of the singularities and limiting cases, explaining both the circumstances
that give rise to the various special cases, and how to handle such cases when they occur. .

The reader will recognize that most of the specisl cases are idealizations which are seldom literally. -

true. We almost never know any value perfectly (zero covariance). Conversely, it is rare to have absolutely *5.

no information about the value of a parameter (infinite covariance). There are very few parameters that would
not be viewed with suspicion if an estimate of, say, loss. were obtained. These idealizations are useful in
practice for two reasons. First, they avoid the necessity to quantify statements such as "virtually perfect'
when the difference between virtually perfect and perfect is not of measurable consequence (although one must
be careful: sometimes even an extremely small difference can be crucial). Second, numerical problems with
finite arithmetic can be alleviated by recognizing essentially singular situations and treating them specially
as though they wre exactly singular.

We will address two kinds of singularities. The first kind of singularity involves Gaussian distributions
with singular covariance matrices. These are perfectly valid probability distributions conforming to the usual
definition. The distributions, however, do not have density functions; therefore the maximum a poeterior-i
probability and maximuim likelihood estimates cannot be defined as we have done. The singularity implies that
the probability distribution is entirely concentrated on a subspace of the originally def'ined probability
space. If the problem statement is redefined to include only the subspace. the restricted problem is nonsingu-
lar. You can also address this singularity by looking at linits as the covariance approaches the singular
matrix, provided that the limits exist.

The second kind of singularity involves Gaussian variables with infinite covariance. Conceptually, the
meanin~g of infinite covariance is easily stated-we have no information about the value of the variable (but
we muist be careful about generalizing this idea, particularly in nonlinear transformations- see the discussion
at the end of Section 4.3.4). Unluckily, infinite covariance Gaussians do not fit within the strict defini- ~
tion of a probability distribution. (They cannot meet axiom 2 in Section 3.1.1.) For current purposes, we
need only recognize that an infinite covariance Gaussian distribution can be considered as a limiting case (in
some sense that we will not precisely define here) of finite covariance Gaussians. The term "generalized
probability distribution" is sometimes used in connection with such limiting arguments. The equations which
apply to the infinite covariance case are the limits of the corresponding finite covariance cases, provided .. X
that the limits exist. The primary concern in practice is thus how to compute the appropriate limits.

We could avoid several of the singularities by retreating to a higher level of abstraction in the mathe-
matics. The theory can consistently treat Gaussian variables with singular covariances by replacing the con-
cept of a probability density function with the more general concept of a Radon-Nikodym derivative. (A
probability density function is a specific case of a Radon-Nikodym derivative.) Although such variables do
not have probability density functions, they do have Radon-Nikodym derivatives with respect to appropriate
measures. Substituting the morm general and more abstract concept of a-finite measures in place of probabil-
ity measures allows strict definition of infinite covariance Gaussian variables within the same context.

r
This level of abstraction requires considerable depth of nat'iematical background, but changes little in

the practical application. We can derive the identical computational methods at a lower level of abstraction.
The abstract theory serves to place all of the theoretical results in a commoon framework. In many senses the
general abstract theory is simpler than the more concrete approach; there are fewer exceptions and special
cases to consider. In implementing the abstract theory, the same computational issues arise, but the simpli-
fied viewpoint can help indicate how to resolve these issues. Simply knowing that the problem does have a
well-defined solution is a major aid to finding the solution.

The conceptual simplification gained by the abstract theory requires significantly more background than
we assume in this book. Our emphasis will be on the computations required to deal with the singularities,
rather than on the abstract theory. Royden (1968), Rudin (1974), and 1, and Shlryayev (1977) treat such
subjects as a-finite measures and Radon-Nikodym derivatives.

We will consider two general computational methods for treating singularities. The first method is to
use alternate forms of the equations which are not affected by the singularity. The covariance form (Equa-
tions (5.1-12) and (5.1-13)) and the information form (Equations (5.1-14) and (5.1-15)) of the posterior
distribution are equivalent, but have different points of singularity. Therefore, a singularity in one form
can often be handled simply by switching to the other form. This simple method fails if a problem statement
has singularities in both forms. Also, we may desire to stick with a particular form for other reasons.

The second method is to partition the estimation problem into two parts: the totally singular part and
the nonsingular part. This partitioning allows us to use one means of solving the singular part and another
means of solving the nonsingular part; we then combine the partial solutions to give the final result.
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5.3.1 Singular P

The first case that we will consider is singular P. A singular P matrix indicates that some parameter
or linear combination of parameters is known perfectly before the experiment is performed. For instance, we
might know that C, U,2 + 3, even though E, and C, are unknown. In this case, we know the linear combina-
tion Ei " 5E. exactly. The singular P matrix creates no problems if we use the covariance form instead of
the infomation form. If we specifically desire to use the information form, we can handle the singularity as A
follows.

Since P is always symmetric, the range and the null space of P form an orthogonal decomposition of the
space s. The singular eigenvectors of P span the null space, and the nonsingular eigenvectors span the .,., ....
range. Use the elgenvectors to decompose the parameter estimation problem into the totally singular subproblem . ,
and the totally nonsingular subproblem. This is a parameter partitioning as discussed in Section 5.2. The
totally singular subproblem is trivial because we know the exact solution when we start (by definition). Sub-
stitute the solution of the singular problem in the original problem and solve the nonsingular subproblem in ,.
the normal manner. .... <..-

A specific implementation of this decomposition is as follows: let XS be the matrix of orthonormal ,,..',
singular elgenvectors of P, and XNS be the matrix of orthonormal nonsingular eigenvectors. Then define

C " X~C (5.3-1a)

ENS = (5.3-1b)

The covariances of 4S and 4NS are

coy (CS) = X•PXS 0 (5.3-2a)
cov(CNS) " X*sPXNs " PNS (5.3-2b)

where PNS is nonsingular. Write

C X + XsCS (5.3-3)

Substitute Equation (5.3-3) into the original problem. Use the exactly known value of CS. and restate the
problem in terms of C45 as the unknown parameter vector. Other decompositions derived from multiplying
Equation (5.3-1) by nonsingular transformations can be used if they have advantages for specific situations.

We will henceforth assume that P is nonsingular. It is unimportant whether the original problem
statement is nonsingular or we are working with the nonsingular subproblem.

The implementation above is defined in very general terms, which would allow it to be done as an auto-
matic computer subroutine. In practice, we usually know the fact of and reason for the singularity beforehand
and can easily handle it more concretely. If an equation gives an exact relationship between two or more
variables which we know prior to the experiment, we solve the equation for one variable and remove that
variable from the problem by substitution.

Examle 5.3-I Assume that the output of a system is a known function of the
applied force and moment

Z - f(F,M)

An unknown point force is applied at a known position r referred to the
origin. We thus know that

M r x F

If F and M are both considered as unknowns, the P matrix is singular.
But this singularity is readily removed by substituting for M in terms of
F so that F is the only unknown.

Z f(F,r x F) = f2(F)

5.3.2 Singular GG*

The treatment of singular GG* is similar in principle to that of singular P. A singular GG* matrix
implies that some measurement or combination of measurements is made perfectly (i.e., noise-free). The
covariance form does not involve the inverse of GG*, and thus can be used with no difficulty when GG* is
singular.

An.alternate approach involves a sequential decomposition of the original problem into totally singular
(GG* - 0) and nonsingular subproblems. The totally singular subproblem must be handled in the covariance form;
the nonsingular subproblem can then be handled in either form. This is a measurement partitioning as
described in Section 5.2. Divide the measurement into two portions, called the singular and the nonsingular
measurements, ZS and ZNS. First ignore Zj and find the posterior distribution of C given only ZNS. Then
use this result as the distribution prior to ZS. We specifically implement this decomposition as fo11ows:

For the first step of the decomposition let XNS be the matrix of nonsingular eigenvectors of GG*.
Multiply Equation (5.1-1) on the left by XAS giving . . -, .
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(53)-Cc + X + .... (-34

Define

ZNS XASZ -2t

* CNS a(5.3-5)

DN XASD

Equation (5.3-4) then becomes

ZNS CN$S4 4 DHS + GNSD (5.3-6)

Note that GNjBS is nonsinjular. Using the information form for the posterior distribution, the distribution
. of t conditioned on ZNS is

e," ECIZ~s} " , + (CAS(GsGS) 'CNs + P-1)1'CAS(GSG)-(ZA S Csm• ) (5.- Na)O
p _%CS + P1) (53-7b

PNS cov{cjIZNs) a (CAs(6,sG~s)" CNs + p-)- (5.3-7b) "'>"". -

For the second step, let XS be the matrix of singular eigenvectors of GG*. Corresponding to
Equation (5.3-6) is ;.A ..

ZS CS4 + DS + GSW (5.3-8)

* where

z X~z

(5.3-9)
s X. G 0D -' *-,.i:-:

N *-*. ,,..'

Use Equation (5.3-7) for the prior distribution for this step. Since GS is 0. we must use the covariance
form for the posterior distribution, which reduces to

E{IIZ} - NS + PNSC9(CSPNSC.*)' 1 (Zs " CSmNS - DS) 15.3-lOa)

cov{ Z PNS + PNSC*(CsPNsC )'CsPNs.(5.3-10b)

Equations (5.3-4), (5.3-6), (5.3-8), and (5.3-10) give an alternate expression for the posterior distribution
of ý given Z which we can use when GG* Is singular. It does require that CSPNSCf be nonsingular.
This is a special case of the requirement that CPC* + GG* be nonsingular, which we discuss later. It is
interesting to note that the covariance (Equation (5.3-10b)) of the estimate is singular. Multiply
Equation (5.3-10b) on the right by C9 and obtain

NS NSCS(CsPNS )CSPNSC PNS PNS C*= 0 (5.3-11) - -

Therefore the columns of C9 are all singular eigenvectors of the covariance of the estimate.

5.3.3 Singular CPC* + GG*

The next special case that we will consider is when CPC* + GG* is singular. Note first that this can
happen only when G6* is also singular, because CPC* and GG* are both positive semi-definite, and the sum ...'..,
of two such matrices can be singular only if both terms are singular. Since both GG* and CPC* + GG* are
singular, neither the covariance form nor the information form circumvents the singularity. In fact, there is .-

no way to circumvent this singularity. If CPC* + GG* is singular, the problem is intrinsically ill-posed.
The only solution is to restate the original problem.

Lf we examine what is implied by a singular CPC* + GG*, we will be able to see why it necessarily means
that the problem is ill-posed, and what kinds of changes in the problem statement are required. Referring to
Equation (5.1-8), we see that CPC* + GG* is the covariance of the measurement Z. GG* is the contribution .. .'* .
of the measurement noise to this covariance, and CPC* is the contribution due to the prior variance of .. .
If CPC* + GG* is singular, we can exactly predict some part of the measured response. For this to occur,
there must be neither measurement noise nor parameter uncertainty affecting that particular part of the
response.

.. • 6. % -°
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Clearly, there are serious mathsmatical difficulties In saying that we know exactly what the measured
value will be before taking the measurement. At best, the measurement can agree with what we predicted, which ' ..
adds no new information. If, however, there is any disagreement at all, even due to rounding error in the
computations, there is an irresolvable contradiction- e said that we knew exactly what the value would be and ;. .
we were wrong. This is one situation where the difference between almost perfect and perfect is extremoly .* L".
important. As CPC* + GG* approaches singularity, the corresponding estimators diverge; we cannot talk about
the limiting case because the estimators do not converge to a limit in any meaningful sense.

*;. . .- 7,-:

5.3.4 Infinite P

Up to this point, the special cases considered have all involved singular covariance matrices, correspond- . ...-..
ing to perfectly known quantities. The remaining special cases all concern limits as eigenvalues of a covar-
lance matrix approach infinity, corresponding to total ignorance of the value of a quantity.

The first such special case to discuss is when an eigenvalue of P approaches infinity. The problem is
much easier to discuss in terms of the information matrix P-1 . As an eigenvalue of P app-oaches infinity,
the corresponding eigenvalue of P'- approaches zero. At the limit, P-1 is singular. To be cautious, we $. .

should not speak of P- being singular but only of the limit as P-1 goes to a singularity, as it is not
meaningful to say that P'- is singular. Provided that we use the information form everywhere, all of the
limits as P-1 goes to a singularity are well-behaved and can be evaluated simply by substituting the singular ;..
value for P". Thus this singularity poses no difficulties in practice, as long as we avoid the use of
expressions involving a noninverted P. As previously mentioned, the limit as P'- goes to zero is particu-

Sarly interesting and results in estimates identical to the maximum likelihood estimates. Using a singular
p-1 is paramount to saying that there is no prior information about some parameter or set of parameters (or
that we choose to discount any such information in order to obtain an independent check). There is no con-
venient way to decompose the problem so that the covariance form can be used with singular P-1  matrices.

The meaning of a singular P-1 is most clearly illustrated by some examples using confidence regions. A .
confidence region is the area where the probability density function (really a generalized probability density .-
function here) is greater than or equal to some given constant. (See Chapter 11 for a more detailed discussion
of confidence regions.) Let the parameter vector consist of two elements, c, and •. Assume that the prior
distribution has mean zero and

[-1
The prior confidence regions are given by

p(d) k C,

or equivalently

which reduces to

&2 Cwher C, nd cnstats 1 S 2
where C and CC are constants depending on the level of confidence desired. For current purposes, we are
interested only in the shape of the confidence region, which is independent of the values of the constants.
Figure (5.3-1) is a sketch of the shape. Note that this confidence region is a limiting case of an ellipse
with major axis length going to infinity while the minor axis is fixed. This prior distribution gives infor- -
mation about E,, but none about €..

Now consider a second example, which is identical to the first except that

p-i . (. .

In this case, the prior confidence region is

&I E 1 C2 71.: ... :.: .

or

2 + - 2 • C.

or

S- C2

Figure (5.3-2) is a sketch of the shape of this confidence region. In this case, the difference between E.
and t is known with some confidence, but there is no information about the sum • + . The singular
eigenvectors of P'- correspond to directions in the parameter space about which there is no prior knowledge.
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5.3.5 Infinite GG*

Corresponding to the case where P'- approaches a singular point is the similar case where (SG*I'l
approaches a singularity. As in the case of singular P', there are no computational problems. We can
readily evaluate all of the limits simply by substituting the singular matrix for (GG*)l. The information
form avoids the use of a noninverted GG*. A singular (GG*)- 1  matrix would indicate that some measuremert or
linear combination of measurements had infinite noise variance, which is rather unlikely. The primary use of
singular (GG*)"l matrices in practice is to make the estimator ignore certain measurements if they are worth-
less or simply unavailable. It is mathematically cleaner to rewrite the system model so that the unused
measurements are not included in the observation vector, but it is sometimes more conveniert to simply use a -... 5'

singular (GG*)" 1 matrix. The two methods give the samo result. (Not having a measurement at all is equiva-
lent to having one and ignoring it.) One interesting specific case occurs when (GG*'"l approaches 0. This k... -
method then amounts to ignoring all of the measurements. As might be expected, the a poeteriori estimate is ". -
then the same as the a priori estimn.te. -.

5.3.6 Singular C*(GG*)-'C + P-1

The final special case to be discussed is when the C*(GG*) 1'C + P-1  in the information form approaches
a singular value. Note that this can occur only if P'- is also approachin? a singularity. Therefore. the
problem cannot be avoided by using the covariance form. If C*(GG*)- 1 C + P- is singular, it means that there
is no prior information about a parameter or contina'ion of parameters, and that the experiment added no such
information. The difficulty, then, is that there is absolutely no basis for estimating the value of the singu-
lar parameter or combiination. The s)stem is referred to as being unidentifiable when this singularity is
present. Identifiahility is an important issue in the theory of parameter estimation. The easiest computa-
tional solution is to restate the problem, deleting the parameter in question from the list of unknowns.
Essentially the samE result comes from using a pseudo-inverse in Equation (5.1-14) (but see the discussion in
Section 2.4.3 on the blind use of pseudo-inverses to "solve" such problems). Of course, the best alternative
is often to examine why the experiment gave no information about the parameter, and to redesign the experiment
so that a usable estimate can be obtained.

5.4 NONLINEAR SYSTEMS WITH ADDITIVE GAUSSIAN NOISE -9

The general. form of the system equations for a nonlinear system with additive Gaussian noise is

Z f(&,U) + G(U)w (5.4-1)

As in the case of linear systems, we will define by convention the mean of w to be zero and the covariance
to be identity. If ý is randc.a, we will assume that it is independent of w and has the distribution given
by Equation (5.1-3).

5.4.1 Joint Distribution of Z and c . . .•.

To defirn,. the estimators of Chapter 4, we need to know the distribution P(ZIý,U). This distribution is
easily derive; from Equation (5.4-1). The expressions f(C,U) and G(U) are both constants if conditioned on
specific values of t and U. Therefore we can apply the rules discussed in Chapter 3 for multiplication of
Gaussian vectors by constants and addition of constants to Gaussian vectors. Using these rules, we see that
the distribution of Z conditioned on r and U is Gaussian with mean f(&,U) and covariance G(U)G(U)*.

p(Zl ,U) = I ITG(U)G(U)*I"•/2 exp .1 [Z - f(E,U)-]*[G(U)G(U)*)-'[Z - f(ý,U) (5.4-2)

This is the obvious nonlinear generalization of Equation (5.1-6); the nonlinearity does not change the basic
method of derivation.

If t is random, we will need to know the joint distribution p(Z,EIU). The joint distribution is com-
puted by Bayes rule

p(Z,ýIU) = p(Zi.,U)p(CIU) (5.4-3)

Using Equations (5.1-3) and (5.4-2) gives

p(Z,ýIU) [12rPI 12nGCI]-11/2 exp -1 [Z f(c,U)]*[G(U)G(U)*]-2[Z -f(,U)]

7- [• - m ]*P"[&- n,- (5.4-4)

Note that p(Z,t1U) is not, in general, Gaussian. Although Z conditioned on & is Gaussian, and -
is Gaussian, Z and E need not be jointly Gaussian. This is one of the major differences between linear and
nonlinear systems with additive Gaussian noise.

Exima 5.4-1 Let Z and E be scalars, P =1, m= 0, G(U) =1, and

f ). Then 7

p(ZIý,U) (2a)"1/2 exp{-½ (Z- •2)2}

and

p(&jU) =(2,r)-1/2- P~~ ~2}~5

This gives S

p(Z,IU) --(21)-) expj - ½ [E2  + (Z - 2)2

P 2
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The general form of a Joint Gaussian distribution for two variables Z and t is

p(Z,E) - a exp{bt 2 + cZ' + dZc}

where a, b, c,.and d are constants. The joint distribution of Z and C
cannot be manipulated into this form because a t4 term appears in the
exponent. Thus Z and g are not jointly Gaussian, even though Z condi-
tioned on E is Gaussian and g is Gaussian.

Given Equation (5.4-4), we can compute the marginal distribution of Z, and the conditional distribution
of € given Z from the equations

p(Z) =f p(Z,&)dc (5.4-5)

and

p(&IZ) p* (5.4-6)

The integral in Equation (5.4-5) is not easy to evaluate in general. Since p(Z,C) is not necessarily
Gaussian, or any other standard distribution, the only general means of computing p(Z) is to numerically
integrate Equation (5.4-5) for a grid of Z values. If t and Z are vectors, this can be a quite formidable
task. Therefore, we will avoid the use of p(Z) and P(cIZ) for nonlinear systems.

5.4.2 Estimators

The a poter-iori expected value and Bayes optimal estimators are seldom used for nonlinear systems because
their computation is difficult. Computation of the expected value requires the numerical integration of
Equation (5.4-5) and the evaluation of Equation (5.4-6) to find the conditional distribution, and then the.. i
integration of 4 times the conditional distribution. Theorem (4.3-1) says that the Bayes optimal estimator
for quadratic loss is equal to the a poeteriori expected value estimator. The computation of the Bayes optimal
estimates requires the same or equivalent multidimensional integrations, so Theorem (4.3-1) does not provide us
with a simplified means of computing the estimates.

Since the posterior distribution of C need not be symmetric, the MAP estimate is not equal to the
a poster.ori expected value for nonlinear systems. The MAP estimator does not require the use of Equa-
tions (5.4-5) and (5.4-6). The MAP estimate is obtained by maximizing Equation (5.4-6) with respect to •.
Since p(Z) is not a function of t, we can equivalently maximize Equation (5.4-4). For general, nonlinear
systems, we must do this maximization using numerical optimization techniques.

It is usually convenient to work with the logari.im of Equation (5.4-4). Since standard optimization con- '
ventions are phrased in terms of minimization, rather than maximization, we will state the problem as mlnlmiz--
ing the negative of the logarithm of the probability density.

-Ln p(Z,{cU) = y [Z - f(c,U)]*(GG*)-EZ - f(&,U)] + & - m ]*P--1  
- m ] + z £n[12,1P I12GG*I] " r

(5.4-7)

Since the last term of Equation (5.4-7) is a constant, it does not affect the optimization. We can there-
fore define the cost functional to be minimized as

J(t)= [Z - f(&,U)]*(GG*) 1'[Z - f(&,U)] + [ - m ]*P'[E - m ] (5.4-8)

We have omitted the dependence of J on Z and U from the notation because it will be evaluated for specific
Z and U in application; e is the only variable with respect to which we are optimizing. Equation (5.4-8)
makes it clear that the MAP estimator is also a least-squares estimator for this problem. The (GG*)"• and
P-' matrices are weightings on the squared measurement error and the squared error in the prior estimate of
{, respectively.

For the maximum likelihood estimate we maximize Equation (5.4-2) instead of Equation (5.4-4). As in the
case of linear systems, the maximum likelihood estimate is equal to the limit of the MAP estimate as P-1  goes . . .
to zero; i.e., the last term of Equation (5.4-8) is omitted.

For a single measurement, or even for a finite number of measurements, the nonlinear MAP and MLE esti-
mators have none of the optimality properties discussed in Chapter 4. The estimates are neither unbiased, ,.
minimum variance, Bayes optimal, or efficient. When there are a large number of measurements, the differences :-.-Z."' .
from optimality are usually small enough to ignore for practical purposes. The main benefits of the nonlinear
MLE and MAP estimators are their relative ease of computation and their links to the intuitively attractive ,.... .•o_
idea of least squares. These links give some reason to suspect that even if some of the assumptions about the .....
noise distribution are questionable, the estimators still make sense from a nonstatistical viewpoint. The
final practical judgment of an estimator is based on whether the estimates are adequate for their intended •
use, rather than on whether they are exactly optimum.

The extension of Equation (5.4-8) to multiple independent experiments is straightforward. .-.

N '

J(w) = • [Zi - f(&,Ui)]*(GG*)-l[Zi - f(E,Ui)] + t - mC)*P" 1 [C- m] (5.4-9)

IJ1
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where N is the number of experiments performed. The maximum likelihood estimator is obtained by omitting
the last term. The asymptotic properties are defined as N goes to infinity. The maximum likelihood esti-
mator can be shown to be aýymptotically unbiased and asymptotically efficient (and thus also asymptotically ;';'-*.*' -
minimum-variance unbiased) under quite general conditions. The estimator is also consistent. The rigorous
proofs of these properties (Cramer, 1946), although not extremely difficult, are fairly lengthy and will not
be presented here. The only condition required is that

N 4
1 [V f(tUt )],(GG,)-•[v f (&,Ut)] ...,: ..:.

converge to a positive definite matrix. Cramer (1946) also proves that the estimates asymptotically approach
a Gaussian distribution.

Since the maximum likelihood estimates are asymptotically efficient, the Cramer-Rao inequality (Equa- -
tion (4.2-20)) gives a good estimate of the covariance of the estimate for large N. Using Equation (4.2-19)
for the information matrix gives

N

M(W) = = E{[v f(C,Ui)]*(GG*)-'[Z - f(&,Ui)][Z - f(c,Ui)]*(GG*)'l[vEf(t,Ui)]}

[= •i• f(F"Ui)]*(GG*)-'E{[Z - f(EUi)][Z - f(4,Ui)]*}(GG*)-'[v f(t'Ui)]
iul

N

- v vf(c,Ui)]*(GG*)-IGG*(GG*)'-[v f(&,Ui)]

!i=1
N

EV &f(ý'i)1*GG*-l[Yf~tli)](5.4-10)

The covariance of the maximum likelihood estimate is thus approximated by

cov(Q0) - [V f(ý,Ui)]*(CG*)'•Ev f(&,UI) (5.4-11)

When g has a prior distribution, the corresponding approximation for the covariance of the posterior distri-

bution of { is

cov(WIZ) [v f(&,Ui)]*(GG*)Yl[v f(g,Ui)] + P 1  (5.4-12) 7

5.4.3 Computation of the Estimates

The discussion of the previous section did not address the question of how to compute the MAP and ML
estimates. Equation (5.4-9) (without the last term for the MIE) is the cost functional to minimize. Minimi-
zation of such nonlinear functions can be a difficult proposition, as discussed in Chapter 2.

Equation (5.4-9) is in the form of a sum of squares. Therefore the Gauss-Newton method is often the best 7 7
choice of optim•ization method. Chapter 2 discussed the details of the Gauss-Newton method. The probabilistic
background of Equation (5.4-9) allows us to apply the central limit theorem to strengthen one of the arguments V
used to support the Gauss-Newton method.

For simplicity, assume that all of the Ui are identical. Compare the limiting behavior of the two terms
of the second gradient, as expressed by Equation (2.5-10). The term retained by the Gauss-Newton approximation
is N[vzf]*(GG*)-l[v6f], which grows linearly with N. At the true value of C, Zi - f(t,Ui) is a Gaussian
random variable with mean 0 and covariance GG*. Therefore, the omitted term of the second gradient is a sum
of independent, identically distributed, random variables with zero mean. By the central limit theorem, the
variance of 1/N times this term goes to zero as N goes to infinity. Since 1/N times the retained term I
goes to a nonzero constant, the omitted term is small compared to the retained one for large N. This conclu-
sion is still true if the Ui are not identical, as long as f and its gradients are bounded and the first
gradient does not converge to zero.

This demonstrates that for large N the omitted term is small compared to the retained term if ý is at
the true value, and, by continuity, if t is sufficiently close to the true value. When E is far from the
true value, the arguments of Chapter 2 apply.

.4.: I
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5.4.4 Singularities

The singular cases which arise for nonlinear systems are basically the same as for linear systems and have
similar solutions. Limits as P-1 or (GG*)-l approach singular values pose no difficulty. Singular P or GG*
matrices are handled by reducing the problem to a nonsingular subproblem as in the linear case.

The one singularity which merits some additional discussion in the nonlinear case corresponds to singular -- ,

N

SC*(GG*) 1'Ci + p-1

in the linear case. The equivalent matrix in the nonlinear case, if we use the Gauss-Newton algorithm, is
given by

N

V•J(¢) * ~ [Vf(&,Ui)]*(GG*)-l[vtf(&,Ui)) + p- (5.4-13)

If Equation (5.4-13) is singular at the true value, the system is said to be unidentifiable. We discussed the

computational problems of this singularity in Chapter 2. Even if the optimization algorithm correctly finds a
unique minimum, Equation (5.4-11) indicates that the covariance of a maximum likelihood estimate would be very
large. (The covariance is approximated by the inverse of a nearly singular matrix.) Thus the experimental
data contain very little information about the value of some parameter or combination of parameters. Note that
the covariance estimate is unrelated to the optimization algorithm; changes to the optimization algorithm
might help you find the minimum, but will not change the properties of the resulting estimates. The singular-
ity can be eliminated by using a prior distribution with a positive dafinite P-1 , b!It in this case, the esti-
mated parameter values will be strongly influenced by the prior distribution, since the experimental data is
lacking in information.

As with linear systems, unidentifiability is a serious problem. To obtain usable estimates, it is gener-
ally necessary to either reformulate the problem or redesign the experiment. With nonlinear systems, we have
the additional difficulty of diagnosing whether identifiability problems are present or not. This difficulty

*. arises because Equation (5.4-13) is a function of c and it is necessary to evaluate it at or near the minimum
to ascertain whether the system is identifiable. If the system is not identifiable, it may be difficult for
the algorithm to approach the (possibly nonunique) minimum because of convergence problems.

5.4.5 Partitioning

In both theory and computation, parameter estimation is much more difficult for nonlinear than for linear
systems. Therefore, means of simplifying parameter estimation problems are particularly desirable for non-
linear systems. The partitioning ideas of Section 5.2 have this potential for some problems.

The parameter partitioning ideas of Section 5.2.3 make no linearity assumptions, and thus apply directly
to nonlinear problems. We have little more to add to the earlier discussion of parameter partitioning except
to say that parameter partitioning is often extremely important in nonlinear systems. It can make the critical
difference between a tractable and an intractable problem formulation. ,

Measurement partitioning, as formulated in Section 5.2.1, is impractical for most nonlinear systems. For .... '

general nonlinear systems, the posterior density function p( IZ,) will not be Gaussian or any other simple
form. The practical application of measurement partitioning to linear systems arises directly from the fact
that Gaussian distributions are uniquely defined by their mean and covariance.

The only practical method of applying measurement partitioning to nonlinear systems is to approximate the
function p(EIZI) (or p(Z, 1 {) for MLE estimates) by some simple form described by a few parameters. The
obvious approximation in most cases is a Gaussian density function with the same mean and covariance. The
exact covariance is difficult to compute, but Equations (5.4-11) and (5.4-12) give good approximations for this
purpose.

5.5 MULTIPLICATIVE GAUSSIAN NOISE (ESTIMATION OF VARIANCE)

The previous sections of this chapter have assumed that the G matrix is known. The results are quite
different when G is unknown because the noise multiplies G rather than adding to it.

For convenience, we will work directly with GG* to avoid the necessity of taking matrix square roots.
We compute the estimates of G by taking the positive semidefinite, symmetric-matrix square roots of the "'"".
estimates of GG*.

The general form of a nonlinear system with unknown G is

Z = f(t,U) + G(t,U)w (5.5-1)

We will consider N independent measurements Zi resulting from the experiments Ui. The Zi are then
independent Gaussian vectors with means f(ý,Ui) and covariances G(ý,Ui)G(¢,Ui)*. We will use Equa-
tion (5.1-3) for the prior distributions of {. Bayes rule (Equation (5.4-3)) then gives us the joint distri-
butloh of t and the Zi given the Ui. Equations (5.4-5) and (5.4-6) define the marginal distribution of
Z and the posterior distribution of t given Z. The latter distributions are cumbersome to evaluate and
thus seldom used.
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Because of the difficulty of computing the posterior distribution, the a poate.i.ori expected value and
Bayes optimal estimators are seldom used. We can compute the maximum likelihood estimates minimizing the
negative of the logarithm of the likelihood functional. Ignoring irrelevant constant terms, the resulting
cost functional is -

J(o) = {[Zt - f(t)]*EG(t)G(t)*]-lEZi - f(t)] + xnIG(f)G(g)*I) (5.5-2)

or equivalently .

1,1J(W trace[GtGt*- -ý[ f(O)JZ.- + N LnIG(&)G(t)*I (5.5-3) '

mizes a cost functional equal to Equation (5.5-2) plus the extra term 1/2[t - mt]*P-l[& - mt]. The MAP esti-
mate of GG* is seldom used because the ML estimate is easier to compute and proves quite satisfactory.

We can use numerical methods to minimize Equation (5.5-2) and compute the ML estimates. In most prac-
tical problems, the following parameter partitioning greatly simplifies the computation required: assume that
the C vector can be p~rtitioned into independent vectors tG and Ef such that

GG*= GG*(G)

f =f(tf) (5.5-4)

The partition tf may be empty, in which case f is a constant (if CG is empty we have a known GG*
matrix, and the problem reduces to that discussed in the previous section). Assume further that the GG*
matrix is completely unknown, except for the restriction that it be positive semidefinite.

.• .. ,

Set the gradients of Equation (5.5-2) with respect to GG* and Ef equal to zero in order to find the
unconstrained minimum. Using the matrix differentiation results (A.2-5) and A..2-6) from Appendix A, we get

• . 4.' ...;.

0 = VGJ(f,GG*) '-.,"--
GGf -

N

=- (GG*)" E [Zi - f(tf)][Zi - f(tf)]*(GG*)"i + ½ N(GG*)" 1  (5.5-5)

1=1

N

0 = VJ(tf,GG*) = [ZI f(tf)](GG*)-l[v&ff(tf)] (5.5-6)

Equation (5.5-5) gives
*= ) [Z.i" f(-f)][Zi f(yf)]* (557) .-.-

which is the familiar sample second moment of the residuals. The estimate of GG* from Equation (5.5-7) is

always positive semidefinite. It is possible for this estimate to be singular, in which case we must use the
techniques previously discussed for handling singular GG* matrices. For a given tf, Equation (5.5-7) is a
simple noniterative estimator for GG*. This closed-form expression is the reason for the partition of • "
into tf and EG"

We can constrain GG* to be diagonal, in which case the solution is the diagonal elements of Equa-
tion (5.5-7). If we place other types of constraints on GG*, such as knowledge of the values of individual
off-diagonal elements, such simple closed-form solutions are not apparent. In practice, such constraints are
seldom required. . ..-- ,

If tj is empty, Equation (5.5-7) is the solution to the problem. If tf is not empty, we need to
combine th s subproblem solution with a solution for &f to get a solution of the entire problem. Let us
investigate the two methods discussed in Section 5.2.3.

The first method is axial iteration. Axial iteration involves successively estimating 4G with fixed
Ef, and estimating tf with fixed &G. Equation (5.5-5) gives the t estimate in closed form for fixed Ef.
To estimate f with fixed to, we must minimize Equation (5.5-2) wi respect to ¢ Unless the system is
linear, this minimization requires an iterative method. For fixed G, Equation (5.5-2) is in the form of a
sum of squares and the Gauss-Newton method is an appropriate choice (in fact this subproblem is identical to
the problem discussed in Section 5.4). We thus have an inner iteration within the outer axial iteration of
cf and EG. In such situations, efficiency is often improved by terminating the inner iteration before it , "..
converges, inasmuch as the largest changes in the Cf estimates occur on the early inner iterations. After
these early iterations, more can be gained by revising GG* to reflect these large changes than by refining
tf. Since the estimates of t and GG* affect one another, there is no point in obtaining extremely accurate
estimates of t until GG* is known to a corresponding accuracy. As Gauss (1809, p. 249) said concerning
a different proglem:.,.."..".
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It then can only be worth while to aim at the highest accuracy, when the
final correction is to be given to the orbit to be determined. But as long -,-....

as it appears probable that new observations will give rise to new correc-
tions, it will be convenient to relax, more or less, as the case may be from
extreme precision, if in this way, the length of the computations can be
considerably diminished.

Exploiting this concept to its fullest suggests using only one iteration of the Gauss-Newton algorithm for the
inner "iteration." In this case the inner iteration is no longer iterative, and the overall algorithm would
be as follows:

1. Estimate GG* using Equation (5.5-7) and the current guess of gf. .- *. ..,

2. Use one iteration of the Gauss-Newton algorithm to revise the estimate of gf.

3. Repeat steps 1 and 2 until convergence.

In general, axial iteration is a very poor algorithm, as discussed in Chapter 2. The convergence is often
extremely slow. Furthermore, the algorithm can converge to a point that is not a strict local minimum and yet
give nc hint of a problem. For this particular application, however, the performance of axial iteration
borders on spectacular.

Let us consider, for a while, the alternative to axial iteration: substituting Equation (5.5-7) into
Equation (5.5-3). This substitution gives

N

J(cf) = N trace(I} + N in [Zi - f(gf)][ZI - f(gf)]* (5.5-8)
i=i

The first term is irrelevant to the minimization, so we will redefine the cost function as

N

({f) =1½ N tn ~ [Zi - f(yf)][Zi - f(Ef)]* (5.5-9)

You may sometimes see this cost function written in the equivalent (for our purposes) form __

J(Mf) = (5.5-10)

Examine the gradient of Equation (5.5-9). Using the matrix differentiation results (A.2-3) and (A.2-6)
from Appendix A, we obtain

N " N N . .
a(j Jf = -t { [Z -1 f(*fl[Zi - f([f)] f(tf)LZi - f(cf)] (5.5-11)

i-1 f-f 

.... )

This is more compactly expressed as N

= - Xf [Zi f(W3)*(d*)_1[f(F&f] (5.5-12)

which is exactly the same as Equation (5.5-6) evaluated at G = G. Furthermore, the Gauss-Newton method used 77
to solve Equation (5.5-6) is a good method for solving Equation (5.5-12) because

VIfJ(vf) f(&f ff(tf (5.5-13) ... ,,.,,',
tff Lvf JLcfJ

Equation (5.5-13) neglects the derivative of GG* with respect to Cf, but we can easily show that the term
so neglected is even smaller than the term containing v2 f(&f), the omission of which we previously justified.

Therefore, axial iteration is identical to substitution of Equation (5.5-7) as a constraint. It seems ".- .
likely that we could use this equality to make deductions about the geometry of the cost function and thence " "
about the behavior of various algorithms. (Perhaps there may be some kind of orthogonality property buried ''''.
here.) Several computer programs, including the Iliff-Maine MMLE3 code (Maine and Illff, 1980; and Maine,
1981), use axial iteration, or a modification thereof, often with little more justification than that it seems
to work well. This is, of course, the final and most important justification, but it is best used as verifi-
cation of analytical arguments. Although Equations (5.E-12) and (5.5-13) are derived in standard texts, we
have not seen the relationship between these equations and axial iteration pursued in the literature. It is
plain that this equivalence relates to the excellent performance of axial iteration on this problem. We will
leave further inquiry along this line to the reader.

An important special case of Equation (5.5-1) occurs when f(tf) is linear" -"

f(cf) = Ctf (5.5-14)
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* with invertible C. For linear f, Equation (5.5-6) is solved exactly in a single GAuss-Newton iteration,
* and the solution is

N

4 f (C*(GG*)"'C)"-lC*(GG*)"• z (5.5-15)

If C is invertible, this reduces to

N
C-1 Z (5.5-16) ,'-

independent of GG*. This is, of course, C-1  times the sample mean. Substituting Equations (5.5-14)
and (5.5-16) into (5.5-15) gives

N [i N N *

Z ii (5.5-7),.

which is the familiar sample variance. Equation (5.5-17) can be manipulated into the alternate form

N N \ N \
= - z - • zz]-(5.5-18)

Because if is not a function of GG*, the computation of if and * does not require iteration for this
system model.

haeIn general, the maximum likelihood estimates are asymptotically unbiased and efficient, but they need
have no such properties for finite N. For linear Invertible systems, the biases are easy to compute. From
Equation (5.5-16),

N

E({fIif W E C> f -f (5.5-19)
Jul

"This equation shows that if is unbiased for finite N for linear invertible systems. From Equa-
tion (5.5-18), using the fact that EZi is Gaussian with mean NCQf and covariance NGG*,

E{GG*R1 = [NcQfg*C* +. GG*) - (NZCtf*C* + NGG*)]*!j. GG* (5.5-20)

Thus GG* is biased for finite N. Examining Equation (5.5-20), we see that the estimator defined by multi-
plying the ML estimate by N/(N- 1) is unbiased for finite N if N > 1. This unbiased estimate is often
used instead of the maximum likelihood estimate. For large N, the difference is inconsequential. , .

- In this discussion, we have assumed that both GG* and cf are unknown. If tf is known, then the maxi-
mum likelihood estimator for GG* is given by Equation (5.5-;) and this estimate is unbiased. The proof is
left as an exercise. This result gives insight into the reasons for the bias of the estimator given by
Equation (5.5-17). Note that Equations (5.5-17) and (5.5-7) are identical except that the sample mean is used
in Equation (5.5-17) in place of the true mean in Equation (5.5-7). This substitution of the sample mean for S
"the true mean has resulted in a bias.

"The difference between the estimates from Equations (5.5-17) and (5.5-7) can be written in the form ,

-I (Zt - [f({ Zi - f(ýf (5.5-21) -. .".i

As this expression shows, the estimate of GG* using the sample mean is less than or equal to the estimate
using the true mean for every realization (i.e., the difference is positive semidefinite), equality occurring
only when all of the Zi are equal to f(tf). This is a stronger property than the bias difference; the bias

" difference implies only that the expected value using the sample mean is less.

5.6 NON-GAUSSIAN NOISE

Non-Gaussian noise is so general a classification that little can be said beyond the discussion in
Chapter 4. The forms and properties of the estimators depend strongly on the types of noise distribution.
The same comments apply to Gaussian noise if it is not additive or multiplicative, because the conditional
distribution of Z given ý is then non-Gaussian. In general, we apply the rules for transformation of
"variables to derive the conditional distribution of Z given c. Using this distribution, and the prior dis- .''::'"

tribution of { if defined, we can derive the various estimators in principle.
":7
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The optimal estimators of Chapter 4 often require considerable computation for non-Gaussian noise. It is
often possible to define much simpler estimators which have adequate performance. We will examine one situa- .
tion where such simplification can occur.

Let the system model be linear with additive noise

Z - Cc + W(56-1) 9

The distribution of w must have finite mean and variance independent of 9, but is otherwise unrestricted.
Call the mean mW dnd the variance GG*. We will restrict ourselves to considering only linear estimators
of the form

K Z + D (5.6-2) ""

Within this class, we will look for minimum-variance, unbiased estimators. We will require that the variance ..
be minimized only over the class of unbiased linear estimators; there will be no guarantee that a smaller
variance cannot be attained by a nonlinear estimator.

The bias of an estimator of the form of Equation (5.6-2) is

b(t) = E{QIc} - * KCC - E + - Km, (5.6-3)

If the estimator is to be unbiased, we must have

D •Knw (5.6-4a)

KC = I (5.6-4b)

The variance of an unbiased estimato, of the given form is J
var(O) = KGG*K* (5.6-5) r .

Note that the bias and variance of the estimate depend only on the mean and variance of the noise distri-
bution. The exact noise distribution need not even be known. If the noise distribution were Gaussian, a
minimum-variance unbiased estimator would exist and be given by

= (C*(GG*)-lC)l'C*(GG*)-'(Zt - mW) (5.6-6)

This estimator is linear. Since no unbiased estimator, linear or not, can have a lower variance for the
Gaussian case, this estimator is the minimum-variance, unbiased linear estimator for Gaussian noise. Since
the bias and variance of a linear estimator depend only on the mean and variance of the noise, this is the
minimum-variance, unbiased linear estimator for any noise distribution with the same mean and variance.

The optimality of this estimator can also be easily proven without reference to Gaussian distributions
(although the above proof is complete and rigorous). Let " "

A = K- (C*(GG*)lC)-XC*(GG*)- (5.6-7)

for any K. Then

0 S AGG*A* * KGG*K* + (C*(GG*)-lC)-'C*(GG*)-lGG*(GG*) 1 'C(C*(GG*)-'C)-'

- KGG*(GG*)" C(C*(GG*)-lC)-"

- (C*(GG*)-LC)-'C*(GG*)-ILGG*K* P! _ \

= KGG*K* + (C*(GG*)'C)"-

- KC(C*(GG*) 1'C)"l - (C*(GG*)'lC)l'C*K* (5.6-8) -

Using Equation (4.6-4b) as a constraint on K, Equation (5.6-8) becomes

0 KGG*K* - (C*(GG*)-lC)" 1  (5.6-9)

or, using Equation (5.6-5)

var(j) z (C*(GG*)'1C)"l (5.6-10)

Thus no K satisfying Equation (5.6-4b) can achieve a variance lower than that given by Equation (5.6-10). L.'. ..
The variance is equal to the minimum if and only if A is zero; that is if

K - (C*(GG*)-'C)-'C*(GG*)-l (5.6-11) ,....

Therefore Equation (5.6-6) defines the unique minimum-variance, unbiased linear estimator. We are assuming

that GG* and C*(GG*) IC are nonsingular; Section 5.3 discusses the singular cases. .

In summary, if the system is linear with additive noise, and the estimator is required to be linear and
unbiased, the results for Gaussian distributions apply to any distribution with the same mean and variance.
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The use of optimal nonlinear estimators is seldom justifiable in view of the current state of the art.

Although exceptional cases exist, three factors argue against using optimal nonlinear estimators. The first
factor is the complexity and corresponding cost of deriving and implementing optimal nonlinear estimators.
For some problems, we can construct fairly simple suboptimal nonlinear estimators that give better performance
thun the linear estimators (often by slightly modifying the linear estimator), but optimal nonlinear estima-
tion is a difficult task.

i A
; ~~The second factor is that linear estimators, perhaps slightly modified, often can give quite good esti- ,.• -

mates, even if they are not exactly optimal. Based on the central limit theorem, several results show that,
under fairly general conditions, the linear estimates will approach the optimal nonlirnar estimates as the . ,

*T number of samples increases. The precise conditions and proofs of these results are beyond the scope of this
book. *..' ,

The third factor is that we seldom have precise k•nowledge of the distribution anyway. The errors from

inaccurate specification of the distribution are likely to be as large as the errors from using a suboptimal
linear estimator. We need to consider this fact in deciding whether an optimal nonlinear estimator is really ,.
worth the cost. From Gauss (1809, p. 253) .7

The investigation of an orbit having, strictly speaking, the maximum probabil- '...
ity, will depend upon a knowledge of...[the probability distribution]; but
that depends upon so many vague and doubtful considerations-physiological ...

included-which cannot be subjected to calculation, that it is scarcely, and
indeed less than scarcely, possible....

L .*

",. -.~. • ,'

r

• .

S.. ... . - , : ", "' "":'S
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Figure (5.3-1). Confidence region withante singular P-1.
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CHAPTER 6 ... '.

6.0 STOCHASTIC PROCESSES

In simplest terms, a stochastic process is a random variable that is a function of time. Thus stochastic
processes are basic to the study of parameter estimation for dyncmic systems. A complete and rigorous study : ,
of stochastic process theory requires congsiderable depth of mathematical background, particularly for
continuous-time processes. For the purposes of this book, such depth of background is not required. Our . ,..
approach does not draw heavily on stochastic process theory.

This chapter focuses on the few results that are needed for this document. Astrom (1970), Papoulis
(1965), Lipster and Shiryayev (1977), and numerous other books give more complete treatments at varying levels c,.-
of abstraction. The necessary results in this chapter are largely concerned with continuous-time models. '

Although we derive a few discrete-time equations in order to examine their continuous-time limits, the chapter
can be omitted if you are studying only discrete-time analysis.

6.1 DISCRETE TIME

A discrete-time random process x is simply a collection of random variables xt, one for each time
point, defined on the same probability space. There can be a finite or infinite number of time points. The
stochastic process is completely characterized by the joint distributions of all of the xi. This can be a
rather unwieldy means of characterizing the process, however, particularly if the number of time points is
infinite.

If the xi are jointly Gaussian, the process can be characterized by its first and second moments. Non-
Gaussian processes are often also analyzed in terms of their first two moments because exact analyses are too
complicated. The first two moments of the process x are

m(i) - E{x 1) (6.1-1)

R(OJ) - E{xtx*) (6.1-2)

The function R(i•j) is called the autocorrelation function of the process.

A process is called stationary if the joint distribution of any collection of the xI depends only on

differences of the i values, not on the absolute time. This is called strict-sense stationarity. A process
is stationary to second order or wide-sense stationary if the first moment is constant and the second moments
depend only on time differences; i.e., f if--

R(i - k,j - k) - R(ij) (6.1-3) . . .

for all i, j, and k. For Gaussian processes wide-sense stationarity implies strict-sense stationarity. The
autocorrelation function of a wide-sense stationary process can be written as a function of one variable, the "

time difference.

R(k) = R(ii + k) (6.1-4)

A process is called white if xi is independent of xj for all i ' J. Thus a Gaussian process is white
if R(ij) = 0 when i 0 J. Any process that is not white is called colored. A white process can be charac-
terized by the distribution of xj for each i. if a process is both white and stationary, the distribution
of xi is the same as that of xi for all l and j, and this distribution is sufficient to characterize the
process. r

6.1.1 Linear Systems Forced by Gaussian White Noise,.--7:7--

Our primary interest in this chapter is in the results of passing random signals through dynamic systems.
We will first look at the simplest case, stationary white Gaussian noise passing through a linear system. The
system equation is .

x = oxt + Fnt - 0,1,... (6.1-5)''-,.

where n is a stationary, Gaussian, white process with zero mean and identity covariance. The assumption of , .
zero mean is made solely to simplify the equations. Results for nonzero mean can be obtained by linear super-
position of the deterministic response to the mean and the stochastic response to the process with the mean
removed. We are also given that x0  is Gaussian with mean 0 and covariance P0 , and that x4 is independent
of the ni.

The xi form a stochastic process generated from the ni. We desire to examine the properties of the
stochastic process x. It is immediately obvious that x is Gaussian because xI can be written as a linear
combination of x0 and n , n,. .ni. In fact, the joint distribution of the xi can be easily derived by
explicitly writing this inear relation and using Theorem (3.5-5). We will leave this derivation as an exer-
cise, and pursue instead a derivation using recursion along the lines that will be used in Chapter 7. V

Assume we know that xt has mean 0 and covariance Pi. Then the distribution of xt+j follows inin-"' '''.-.

diately from Equation (6.1- ):

E~xi+d} WE~xi} + FE{n} 0 (6.2-6)0

I!
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E*x . E(xixt)xp)* + FE(nin)F* + *E{x n}F* + FE(ntxr}* .Pi#* + FF* (6.1-7) t. .. ',.

The cross terms in Equation (6.1-7) drop out because xt is a function only of x. and no, n .... ni-1 . all
of which are independent of ni by assumption. We now have a recursive formula for the covariance x.

U " #p * + FF 1 - 0.1,... (6.1-8)

where P* is a given point from which we can start the recursion.

We know that the xi are jointly Gaussian zero-mean variables with covariances given by the recursion
(6.1-8). To compl te the characterization of the Joint distribution of the xj, we need only the cross-
covariances E(xtxF} for I f J. Assume without loss of generality that i >j. Then xi can be written as .. ,.,._.

xi + ' k (6.1-9)

k-J *%

Then.,'

E(xixl) # * 1 E ~x 4 + oilkFE(n * I > J (6.1-10) 9-, -
k-J

The cross terms in Equation (6.1-10) are all zero by the same reasoning as used for Equ~ation (6.1-7). For
I < J. the same derivation (or transposition of the above result) gives .

EQxix*} a pi(#*)i1 i< j (.-1

This completes the derivation of the joint distribution of the xi. Note that x is neither stationary ior
white (except in special cases).

6.1.2 Nonlinear Systems and Non-Gaussian Noise ..

If the noise is not Gaussian, analyzing the system becomes much more difficult. Except in special cases, *..-.

we then have to work with the probability distributions as functions instead of simply using the means and
covariances. Similar problems arise for nonlinear systems or nonadditive noise even if the noise is Gaussian.
because the distributions of the xi will not then be Gaussian.

Consider the system ,'.. ..

xt+- f(xt.nt) t - 0,1,... (6.1-12)

Assume that f has continuous partial derivatives almost everywhere, and can be inverted to obtain ni
(trivial if the noise Is additive):

n f-'(xixt+1 ) (6.1-13) p.

The ni are assumed to be white and independent of x,. but not necessarily Gaussian. Then the conditional
distribution of xi+l given xt can be obtained from Equation (3.4-1)

Pxt+ 1Ixlxi~t+ixi) - Pnt(f'-(xt.xii+))Idet(J)j (6.1-14)

where J is the Jacobian of the transformation f- 1 . The joint distribution of xo....xN can then be
.obtained from

N
Px(X.. XN) " Px (xo) II Px xi-(xi Ixi. (6.1-15)

Equations (6.1-14) and (6.1-15) are, in general, too unwieldy to work with in practice. Practical work with
nonlinear systems or non-Gaussian noise usually involves simplifying approximations. ""':"

6.2 CONTINUOUS TINE

We will look at continuous-time stochastic processes by looking at limits of discrete-time processes with . .
the time interval going to 0. The discussion will focus on how to take the limit so that a useful result is
obtained. We will not get involved in the intricacies of Ito or Stratanovich calculus (Astrom, 1970;
Jazwinski, 1970; and Lipster and Shiryayev, 1977).

6.2.1 Linear Systems Forced by White Noise

Consider a linear continuous-time dynamic system driven by white, zero-mean noise

i(t) - Ax(t) + Fcn(t) (6.2-1) ' ° .
, .. .... .



71

We would like to look at this system as a limit (in some sense) of the discrete-time systems

x(t 1 + A) - (I + AA)x(ti) + AFcn(tj) (6.2-2)

as A, the time interval between samples, goes to zero. Equation (6.2-2) is in the form of Euler's method for
approximating the solution of Equation (6.2-1). For the moment we will consider the discrete n(ti) to beSGaussian. The distribution of the n(ti) is not particularly important to the end result, but our argument is b
somewhat easier if the n(ti) are Gaussian. Equation (6.2-2) corresponds to Equation (6.1-5) with I + AA ... •-.•
substituted for 4, AFc substituted for F, and some changes in notation to make the discrete and continuous .,,.,
notations more similar. ...

bS If n were a reasonably behaved deterministic process, we would get Equation (6.2-1) as a limit of Equa-
tion (6.2-2) when A goes to zero. For the stochastic system, however, the situation is quite different.
Substituting, I + AA for o and AFc for F in Equation (6.1-8) gives

P(ti + A) 0( + AA)P(ti)(I + &A)* + A2 FcFc (6.2-3)

Subtracting P(t 1 ) and dividing by A gives

P(tt + A) -P(ti) ,'''''•'t+A)- Pt AP(ti) + P(ti)A* + AAP(ti)A* + AFcF (6.2-4)"

Thus in the limit

A(t) - AP(t) + P(t)A (6.2-5)

Note that Fc has completely dropped out of Equation (6.2-5). The distribution of x does not depend on the
distribution of the forcing noise. In particular, if PO - 0, then P(t) - 0 for all t. The system simply
does not respond to the forcing noise.

A model in which the system does not respond to the noise is not very useful. A useful model would be one
that gives a finite nonzero covariance. Such a model is achieved by multiplying the noise by A-1/2 (and thus
its covariance by A'). We rewrite Equation (6.2-2) as

x(t 1 + A) - (I + AA)x(t 1 ) + A1/'Fcn(ti) (6.2-6)

The A in the AFcF* term of Equation (6.2-4) then disappears and the limit becomes

A(t) - AP(t) + P(t)A* + F F* (6.2-7)
c c

Note that only a A-' behavior of the covariance (or something asymptotic to A'•) will give a finite nonzero
result in the limit.

We will thus define the continuous-time white-noise process in Equation (6.2-1) as a limit, in some
sense, of discrete-time processes with covariances A-'. The autocorrelation function of the continuous-time 6
process is

R(t,-r) - E{n(t)n(T)*} - 6(t - T) (6.2-8)

The impulse function 6(s) is zero for x #' 0 and infinite for s a 0, and its integral over any finite range
including the oriyin is 1. We will not go through the mathematical formalism required to rigorously define
the impulse function-suffice it to say that the concept can be defined rigorously.

This model for a continuous-time white-noise process requires further discussion. It is obviously not a
faithful representation of any physical process because the variance of n(t) is infinite at every time point.
The total power of the process is also infinite. The response of a dynamic system to this process, however,
appears well-behaved.

The reasons for this apparently anomalous behavior are most easily understood in the frequency domain.

* The power spectrum of the process n is flat; there is the same power in every frequency band of the same
width. There is finite power in any finite frequency range, but because the process has infinite bandwidth,
the total power is infinite. Because any physical system has finite bandwidth, the system response to the
noise will be finite. If, on the other hand, we kept the total power of the noise finite as we originally
tried to do, the power in any finite frequency band would go to zero as we approached infinite bandwidth; thus,
a physical system would have zero response.

The preceding paragraph explains why it is necessary to have infinite power in a meaningful continuous-
time white-noise process. It also suggests a rationale for justifying such a model even though any physical
noise source must have finite power. We can envision the physical noise as being band limited, but with a ___.
band limit much larger than the system band limit. If the noise band limit is large enough, its exact value
is unimportant because the system response to inputs at a very high frequency is negligible. Therefore, we
can analyze the system with white noise of infinite bandwidth and obtain results that are very good approxima-
tions to the finite-bandwidth results. The analysis is much simpler in the infinite-bandwidth white-noise
model (even though some fairly abstract mathematics is required to make it rigorous). In summary, continuous-
time white-noise is not physically realizable but can give results that are good approximations to physical
systems..-S

-A•. ... "
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6.2.2 Additive White Measurement Noise ,.•,*J

We saw in the previous section that continuous-time white noise driving a dynamic system must have - .t.
infinite power in order to obtain useful results. We will show in this section that the same conclusion
applies to continuous-time white measurement noise.

We suppose that noise-corrupted measurements z are made of the system of Equation (6.2-1). The mea- k 9
surement equation is assumed to be linear with additive white noise: -

z(t) Cx(t) + Gcn(t) (6.2-9)

For convenience, we will assume that the mean of the noise is 0. We then ask what else must be said about .
n(t) in order to obtain useful results from this model. -

Presume that we have measured z(t) over the interval 0 t< T, and we want to estimate some character- ;_ •
istic of the system-say, x(T). This is a filtering problem, which we will discuss further in Chapter 7. For
current purposes, we will simplify the problem by assuming that A * 0 and F a 0 in Equation (6.2-1). Thus
x(t) is a constant over the interval, and dynamics do not enter the problem. We can consider this a static
problem with repeated observations of a random variable, like those situations we covered in Chapter 5.

Let us look at the limit of the discrete-time equivalents to this problem. If samples are taken every
A seconds, there are A-IT total samples. Equation (5.1-31) is the MAP estimator for the discrete-time
problem. The mean square error of the estimate is given by Equations (5.1-32) to (5.1-34). As A decreases S
to 0 and the number of samples increases to infinity, the mean square error decreases to 0. This result would
imply that continuous-time estimates are always exact; it is thus not a very useful model. To get a useful
model, we must let the covariance of the measurement noise go to infinity like A` as A decreases to 0.
This argument is very similar to that used in the previous section. If the measurement noise had finite
variance, each measurement would give us a finite amount of information, and we would have an infinite amount
of information (no uncertainty) when the number of measurements was infinite. Thus the discrete-time equiva-
lent of Equation (6.2-9) is

z(ti) * Cx(ti) + A-1/1Gcr(ti) (6.2-10)

where n(ti) has identity covariance.

Because any measurement is made using a physical device with a finite bandwidth, we stop getting much new
information as we take samples faster than the response time of the instrument. In fact, the measurement equa-
tion is sometimes written as a differential equation for the instrument response instead of in the more ideal-
ized form of Equation (6.2-9). We need a noise model with a finite power in the bandwidth of the measurements
because this is the frequency range that we are really working in. This argument is essentially the same as .. .
the one we used in the discussion of white noise forcing the system. The white noise can again be viewed as
an approximation to band-limited noise with a large bandwidth. The lack of fidelity in representing very high- ' .'
frequency characteristics is not too important, because high frequencies will tend to be filtered out when we %
operate on the data. (For instance, most operations on continuous-time data will have integrations at some
point.) As a consequence of this modeling, we should be dubious of the practical application of any algorithm
which results from this analysis and does not filter out high-frequency data in some manner.

We can generalize the conclusions in this and the previous section. Continuous-time white noise with
finite variance is generally not a useful concept in any context. We will therefore take as part of the defi-
nition of continuous-time white noise that it have infinite covariance. We will use the spectral density
rather than the covariance as a meaningful measure of the noise amplitude. White noise with autocorrelation

R(t,r) = GcG*(t - T) (6.2-11)

has spectral density GcG*.

6.2.3 Nonlinear Systems

As with discrete-time nonlinearities, exact analysis of nonlinear continuous-time systems is generally so
difficult as to be impossible for most practical intents and purposes. The usual approach is to use a linear-
ization of the system or some other approximation.

wr,
Let the system equation be

i(t) - f(xt) + g(xt)n(t) (6.2-12) . -

where n is zero-mean white noise with unity power, spectral density. For compactness of notation, let p
represent the distribution of x at time t, given that x was Ao at time to. The evolution of this
distribution is described by the following parabolic partial differential equation:

n n

axij~z a2iax P ikgjk) (6.2-13) .

a i .'.'.--.-
Jiij ,kz "I""•":

where n is the length of the x vector. The initial condition for this equation at t ti is
p * 6(x - xo). See Jazwinski (1970) for the derivation of Equation (6.2-13). This equation Is called the .". .
Fokker-Planck equation or the forward Kolmogorov equation. It is considered one of the basic equations of
nonlinear filtering theory. In principle, this equation completely describes the behavior of the system and
thus the problem is "solved." In practice, the solution of this multidimensional partial differential equa- . '
tion is usually too formidable to consider seriously.

.. ........... ............ .
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CHAPTER 7

7.0 STATE ESTIMATION FOR DYNAMIC SYSTEMS

In ttis chapter, we address the estimation of the state of dynamic systems. The emphasis is on linear
dynamic systems with additive Gaussian noise. We will initially develop the theory for discrete-time systems
and then extend it to continuous-time and mixed continuous/discrete models.

The general form of a linear discrete-time system model is

X = x + vui + Fni i = 0,1,... (7.0-la)

zi =Cxi + Du, + Gn i = 1,2,... (7.0-Ib)

The ni and ni are assumed to be independent Gaussien noise vectors with zero mean and identity covariance.
The noise n is called process noise or state noise; 1 is called measurement noise. The input vectors, uj, -- -
are assumed to ba known exactly. The state of the syste,n at the ith time point is xi. The initial condi-
tion x0  is a Gaussian random variable with mean m. and covariance P0 . (Po can be zero, meaning that the
initial condition is known exactly.)

In general, the system matrices o, T, F, C, D, and G can be functions of time. This chapter will assume "
that the system is time-invariant in order to simplify the notation. Except for the discussion of steady-state
forms in Section 7.3, the results are easily generalized to time-varying systems bý adding appropriate time
subscripts to the matrices.

Tiu state estimation problem is defined as follows: based on the measurements z1 , z2 ... zN, estimate the"state xM. To shorten the notation, we define

ZN = (z1 ,z ... zN (7.0-2)

State estimation problems are commonly divided into three classes, depending on the relationship of M and N.

If M is equal to N, the problem is cdlled a filtering problem. Based on all of the measurements taken
up to the current time, we desire to estimate the current state. This type of problem is typical of those
encountered ir rea-time applications. It is the most widely treated one, and the one on which we will
concentrate.

If M 's greater thocn N, we have a prediction problem. The data are available up to the current time
N, and we desire to predict the state at some future time M. We will see that once the filtering problem is

solved, the prediction problem is trivial.

If M is less than N, the problem is called a smoothing problem. This type of problem is most commonly
"encountered in postexperiment batch processing in which all of the data are gathered before processing begins.
In this case, the estimate of xM can be based on all of the data gathered, both before and after time M.
By using all values of h from 1 to N - 1, plus the filtered solution for M = N, we can construct the esti-
mated state time history for the interval being processed. This is referred to as fixed-interval smoothing.
Smoothing can also be used in a ,-eal-time envirormant where a few time points of delay in obtaining current
state estimates is an acceptrble price for the improved accuracy gained. For instance, it might be acceptable
to gather dasa up to time N = M + 2 before computing the estimate of xM. This is called fixed-lag smooth-
ing. A third type of swoot hing is fixed-point smoothing; in this case, it is desired to estimate xM for a
particular fixed M in a real-time environment, using new data to improve the estimate.

In all cases, xN will have a prior distribution derived from Equation (7.0-1a) and the noise distribu-
tions. Since Eqbdtion (7.0-1) is linear in the noise, and the noise is assumed Gaussian, the prior and
pcsterior distributions of xN will be Gaussian. Therefore, the a posteriori expected value, MAP, and many
Bayes' minimum risk estimators will be identical. These are the obvious estimators for a problem with a well-
defined prior distrisution. The remainder of the chapter assumes the use of these estimators.

7.1 EXPLICIT FORMULATION _

By manipulating Equation f7.0-1) into an appropriate form, we can write the state estimation problem as a
special case of the static estimation problem studied in Chapter 5. In this section, we will solve the problem . .
by such manipulatior; the fact that a dynamic system is involved will thus play no special role in the meaning
of the estimation pr.oblem. We will examine only the filtering problem here.

Our aim is to manipulate the state estimation problem into the form of Equation (5.1-1). The most obvious '"
approach to this problem is to define the t of Equation (5.1-1) to be xN, the vector which we desire to
estimate. The observation, Z, would be a Loncatenation of zi,...,zN; and the input, U, would be a concatena-
tion :f UN .. ,,uN... The noise vector, w, would then have to be a concatenation of n1,....,nN--.,n9,...nN. '- "--
The prob'. - can indeed be written in this manne'. Unfortunately, the prior distribution of xN is not inde- -.-
pendent of n nN,, (except for the case N = 0); therefore, Equation (5.1-16) is not the correct expres-
sion for the fAP est mate of xN. Of course, we could derive ar appropriate expression allowing for the corre-
lation, but we will take an alterncte approach which allows the direct use of Equation (5.1-16).

Let the unknown parameter vector be thE concatenation of the initial condition and all of the process
noise vectors. ,
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=; [x01n,no,nI... nN~l]* (7.1-1) , '.,::

The vector xN, which we really desire to estimate, can be written as an explicit function of the elements of
E, in particular, Equation (7.0-la) expands into

= N N.,N-i
xN O + +N-i-i(Tu Fn1 ) (7.1-2)

N =0

We can compute the MAP estimate of xN by using theMAP estimates of x. and ni in Equation (7.1-2). Note
that we can freely treat the ni as noise or as unknown parameters with prior distributions without changing ,''
the essential nature of the problem. The probability distribution of Z is identical in either case. The
only distinction is whether or not we want estimates of the ni. For this choice of t, the remaining items • 0P of Equation (5.1-1) must be

[z,,z 2, ..... ZNJ]*

U = [u,ul, ... ,uNlJ* (7.1-3)

W [ngT129 .. $TN]

We get an explicit formula for zi by substituting Equation (7.1-2) into Equation (7.0-1b), giving

+iC= l 1oJ(,u + Fnj) + Dui + Gni (7.1-4)

"j=0

which can be written in the form of Equation (5.1-1) with

CO CF 0 ... 0 0

C02  CoF CF ... 0 0

"C(U) = ... . (7.1-5a)

CN- cON=F CoN=F ... CF 0

"CON CNO F coN-2F ... COF CF

Of 0 ... 0 0

COY CT D ... 0 0

D(U) [. ] (7.1-5b)

CO T co •cN ... D 0
N c+N'"Y caN-Y ... N-2 0"" ~~~copy cTz cNO' ...O CT D ;"::,'••':

G 0 0 0

0 G ... 0 0

G(U) =(7.1-5c)

0 0 ... G 0I

"0 0 ... 0 G

You can easily verify these matrices by substituting them into Equation (5.1-1). The mean and covariance of
the prior distribution of c are

." `P0  0 0 ... 0"

0 0 1 0 ... 0

0 , P =0 0 0 ... 0 (7.1-6)

0 0 0 0 ... I

The MAP estimate of e is then given by Equation (5.1-16). The MAP estimate of xN, which we seek, is
obtained from that of t by using Equation (7.1-2).
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The filtering problem is thus "solved." This solution, however, is unacceptaý'iy cumbersome. If the
system state is an z-vector, the inversion of an (N + 1)t-by-(N + 1). matrix is required in order to estimate
xN. The computational costs become unacceptable after a very few time points. We coild investigate whether it
is possible to take advantage of the structure of the matrices given in Equation (7.1-5) in order to simplify
the computation. We can more sreadily achieve the same ends, however, by adopting a different approach to
solving the problem from the start.

7.2 RECURSIVE FORMULATION

To find a simpler solution to the filtering problem than that derived in the preceding section, we need to
take better advantage of the special structure of the problem. The above derivation used the linearity of the
problem and the Gaussian assumption on the noise, which are secondary features of the problem structure. The
fact that the problem involves a dynamic state-space model is much more basic, but was not used above to any
special advantage; the first step in the derivation was to recast the system in the form of a static model.
Let us reexamine the problem, making use of the properties of dynamic state-space systems.

The defining property of a state-space model is as follows: the future output is dependent only on the
current state and the future input. In other words, provided that the current state of the system is known,
knowledge of any previous states, inputs, or outputs, is irrelevant to the prediction of future system behav-
ior; all relevant facts about previous behavior are subsumed in the knowledge of the current state. This is
essentially the definition of the state of a system. The probabilistic expression of this idea is

p(zNz.. IxN) = p(zNz...IXNX..uN, . ) (7.2-1) N H--

It is this property that allows the system to be described in a recursive form, such as that of Equa-
tion (7.0-1). The recursive form involves much less computation than the mathematically equivalent explicit
form oft Equation (7.1-4).

This reasoning suggests that recursion might be used to some advantage in obtaining a solution to the
* filtering problem. The estimators under consideration (MAP, etc.) are all defined from the conditional dis-
", tribution of xN given ZN. We will seek a recursive expression for the conditional distribution, and thus

for the estimates. We will prove that such an expression exists by deriving it.

In the nature of recursive forms, we start by assuming that the conditional distribution of xN given ZN
is known for some N, and then we attempt to derive an expression for the conditional distribution of

SXN+ 1 given ZN+1. We recognize this task as similar to the measurement partitioning of Section 5.2.2, in that
we want to simplify the solution by processing the measurements one at a time. Equations (5.2-2) and (7.2-1)
express similar ideas and give the basis for the simplifications in both cases. (The xN of Equation (7.2-1)
"corresponds to the & of Equation (5.2-2).)

Our task then is to derive P(xN+1jZN+,). We will divide this task into two steps. First, derive
P(xN+,IZN) from P(XNIZN). This is called the prediction step, because we are predicting XN+i based on pre-
vious information. It Is also called the time update because we are updating the estimate to a new time point ' '
based on the same data. The second step is to derive P(XN+ IZN+i) from P(xN+1 IZN). This is called the
correction step, because we are correcting the predicted estimate of xN+j based on the new information in
zN+i-. It is also called the measurement update because we are updating the estimate based on the new
measurement.

Since all of the distributions are assumed to be Gaussian, they are completely defined by their means and
covariance matrices. Denote the (presumed known) mean and covariance of the distribution P(xNIZN) by xN and
PN, respectively. In general, xN and PN are functions of ZN, but we will not encumber the notation with this
information. Likewise, denote the mean and covariance of P(xN+1IZN) by XN+i and QN+,. The task is thus to
derive expressions for •N+ 1 and QN+X in terms of VN and P and expressions for XN+1 and PN+i in terms of "
RN+) and QN+i. 0

7.2.1 Prediction Step

The prediction step (time update) is straightforward. For iN+i, simply take the expected value of
Equation (7.0-1a) conditioned on ZN.

E{xN+lIZN} = OE{xNIZN} + TuN + FE{nNIZN} (7.2-2)

The quantities E{XN+iIZN} and E{XNIZN} are, by definition, XN+ and iN, respectively. ZN is a function ofo, nN,, and deterministic quantities; nN is indepen ent of all of these, and therefore
ind~epedn Of ZN. Ths •."".",

E{nNIZN} = E{nN} = 0 (7.2-3)

Substituting this into Equation (7.2-2) gives

XN+l = N +'uN (7.2-4)
Ni N +uN

In order to evaluate QN+i, take the covariance of both sides of Equation (7.0-1a). Since the three terms on
the right-hand side of the equation are independent, the covariance of their sum is the sum of their
covariances.

cov{xN+lIZN} = 0 cov{xNIZN}l* + cov{(uNIZN} + F cov{nNIZN}F* (7.2-5)
." Z, ... -...

' ' , • I l
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The terms CoVtxN+xIZN) and cOviXN1 N' are, by definition, QN+). and PN respectively. TuN is deterministic
and, thus, has zero covariance. By the independence of nN and ZN

cov(nNIN cov~n~4  (7.2-6)

Substituting these relationships into Equation (7.2-5) gives

QN+ P FF* (7.2-7)

Equations (7.2-4) and (7.2-7) constitute the results desired for the prediction step (time update) of the
filtering problem. They readily generalize to predicting more than one sample ahead. These equations justify
our earlier-statement that, once the filtering problem is solved, the prediction problem is easy; for suppose
we desire to estimate xM based on ZN with M > N. If we can solve the filtering problem to obtain gN, the
filtered estimate of xN, then, by a straightforward extension of Equation (7.2-4),

M-.
M-N- + Z~ N--E{xIZN} XN (7.2-8)St=MIYN .,•, =..

i-N

is the desired MAP estimate of xM. Jim

7.2.2 Correction Step

For the correction step (measurement update), assume that we know the mean, XN+i, and covariance, QN+i, of
the distribution of xN+, given ZN. We seek the distribution of XN+1 given both ZN and zN+,. From
Equation (7.0-1b)

zN+i = CXN+i + DuN+i + GnN+i (7.2-9)

The distribution of nN+i is Gaussian with zero mean and identity covariance. By the same argument as used

Sfor r.1 , nN+i is independent of ZN. Thus, we can say that (7.2 10)

P(nN+iIZN) P(nN+,)

This trivial-looking statement is the key to the problem, for now everything in the problem is conditioned in
ZN, we know the distributions of XN+X and nN+. conditioned on ZN, and we seek the distribution of XN+i .0
conditioned on ZN, and additionally conditioned on zN+.-.

This problem is thus exactly in the form of Equation (5.1-1), except that all of the distributions
involved are conditioned on ZN. This amounts to nothing nure than restating the problem of Chapter 5 on a
different probability space, one conditioned on ZN. The previous results apply directly to the new probabil-
ity space. Therefore, from Equations (5.1-14) and (5.1-15)

XN+i = XN+i + PN+iC*(GG*)'(ZN+ - CxN+1 " DuN+d) (7.2-11)

PN+'= (C*(GG*) 1'C + Q-1 (7.2-12)

In obtaining Equations (7.2-11) and (7.2-12) from Equations (5.1-14) and (5.1-15), we have identified the
following quantities:

(5.1-14),(5.1-15) (7.2-11),(7.2-12) 0

XN+.

Z zN+l.

C C
D DuN+.
,.E{IZ} XN+i

cov{EIZ1 PN+i
GG* GG*

This completes the derivation of the correction step (measurement update), which we see to be a direct appli- " ..

cation of the results Irom Chapter 5.

7.2.3 Kalman Filter

To complete the recursive solution to the filtering problem, we need only know the solution for some value
of N, and we can now propagate that solution to larger N. The solution for N - 0 is immediate from the '
initial pr3blem statement. The distribution of x0 , conditioned on Zo (i.e., conditioned on nothing because . .
Z= (z1 , ... ,zi)*), is given to be Gaussian with mean m. and covariance Po.
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Let us now fit together the pieces derived above to show how to solve the filtering problem:

Step 1: Initialization .- .

Define xo "m

P0  is given _

Step 2: Prediction (time update), starting with it-, -0-,

xt÷• - 4i + Tut (7.2-13) .

z Cit] + Dui+4  (7.2-14)

Qi+,- oPio* + FF* (7.2-15)

Step 3: Correction (measurement update) .

Pi+, (C*(GG*)-'C + Oi)•(7.2-16) ......

X xi+ 1  + C*(GG*VI(zi -i (7.2-17)

We have defined the quantity iz+l by Equation (7.2-14) in order to make the form of Equation (7.2-17) more
apparent; zi+, can easily be shown to be E{z+jl Z1}. Repeat the prediction and correction steps for

0 :, 1,...,N -1 in order to obtain •N, the MAP estimate of xN based on z1 ,...,zNj.,

Equations (7.2-13) to (7.2-17) constitute the Kalman filter for discrete-time systems. The recursive form
of this filter is particularly suited to real-time applications. Once XN has been computed, it is not
necessary, as it was using the methods of Section 7.1, to start from scratch in order to compute xN+I; we need
do only one more prediction step and one more correction step. It is extremely important to note that the
computational cost of obtaining RN+, from xN is not a function of N. This means that real-time Kalman
filters can be implemented using fixed finite resources to run for arbitrarily long time intervals. This was
not the case using the methods of Section 7.1, where the estimator started from scratch for each time point, ." •
and each new estimate required more computation than the previous estimate. For some applications, it is also
important that the Pi and Qi do not depend on the measurements, and can thus be precomputed. Such precompu- ."'". ,
tation can significantly reduce real-time computational requirements.

None of these advantages should obscure the fact that the Kalman filter obtains the same estimates as were -..
obtained in Section 7.1. The advantages of the Kalman filter lie in the easier computation of the estimates,

* not in improvements in the accuracy of the estimates.

7.2.4 Alternate Forms

The filter Equations (7.2-13) to (7.2-17) can be algebraically manipulated into several equivalent alter-
nate forms. Although all of the variants are formally equivalent, different ones have computational advantages
in different situations. Some of the advantages lie in different points, of singularity and different size ,.
matrices to invert. We will show a few of the possible alternate forms in this section.

The first variant comes from using Equations (5.1-12) and (5.1-13) (the covariance form) instead of
(5.1-14) and (5.1-15) (the information form). Equations (7.2-16) and (7.2-17) then become

P = Qi+1 - Qi+,C*(CQi+,C* + GG*)-lCQi+, (7.2-18)

xi+= xi+i + Qi+,C*(CQi+iC* + GG*)- 1(zi+1 -i+,) (7.2-19)

The covariance form is particularly useful if GG* or any of the Qj are singular. The exact conditions
under which Qi can become singular are fairly complicated, but we can draw some simple conclusions from look-
ing at Equation (7.2-15). First, if FF* is nonsingular, then Qi can never be singular. Second, a singular
P0 (particularly P0 = O) is likely to cause problems if FF* is also singular. The only matrix t- invert in
Equations (7.2-18) and (7.2-19) is CQi+iC* + GG*. If this matrix is singular the problem is ill-posed; the
situation is the same as that discussed in Section 5.3.3.

Note that the covariance form involves inversion of an t-by-x matrix, where i is the length of the -
observation vector. On the other hand, the information form involves inversion of a p-by-p matrix, where p-" "-" "-, "
"is the length of the state vector. For some systems, the difference between t and p may be significant, .. .- .

* resulting in a strong preference for one form or the other.

SIf G is diagonal (or if GG* is diagonalizable the system can be rewritten with a diagonal G),
"Equations (7.2-18) and (7.2-19) can be manipulated into a form that involves no matrix inversions. The key to
this manipulation is to consider the system to have t independent scalar observations at each time point
instead of a single vector observation of length t. The scalar observations can then be processed one at a
time. The Kalman filter partitions the estimation problem by processing the measurements one time-point at a
time; with this modification, we extend the same partitioning concept to process one element of the measurement
vector at a time. The derivation of the measurement-update Equations (7.2-18) and (7.2-19) applies without
change to a system with several independent observations at a time point. We need only apply the measurement-
update equation t times with no intervening time updates. We do need a little more complicated notation to
keep track of the process, but the equations are basically the same.
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Let C(J) and D(J) be the Jth rows of the C and D matrices, G(J'J) be the jth diagonal element of ',,

G, and zjj) be the jth element of zt+,. Define Ati.,• to be the estimate of xt+, after the Jth
scalar observation at time i + 1 has been processed, and ieftne Pt+],J to be the covariance of xt+*,j.
We start the measurement update at each time point wdth

mx (7.2-20)

Pto"t+ (7.2-21) ,'
1+' Qi+ 1

Then, for each scalar measurement, we do the update .

Pi+,j+l" Pi+1,J " Pi+ ,Jc(J)*(C(J)p i+1,c(J)* + G(JiJ)I)'1C(J)Pi+ 1, (7.2-22)

x+,J+= i+,j + Pi+1,C(J)*(C(J)pt+ ,Jc(J)* + G(J'J) 2)'(z(J+1) + i"(+)) (7.2-23)

where

(J c()+J)i+i.j + D(J+1)ui+1 (7.2-24)Z t+ 1 1 + .

Note that the inversions in Equations (7.2-22) and (7.2-23) are scalar inversions rather than matrices. None
of these scalars will be 0 unless CQi+iC* + GG* is singular. After processing all A of the scalar measure-
ments for the time point, we have

xt~ tx• (7.2-25) .-... •
+1 xi+1,A

Pt+ Pi+i,z (7.2-26

7.2.5 Innovations

A discussion of the Kalman filter would be incomplete without some mention of the innovations. The inno-
vation at sample point i, also called the residual, is

V* Z -z 1 (7.2-27)

where V" .-

= E{ziIZi-,} " i + Dui (7.2-28)

Following the notation for ZI, we define

Vi = V1 ,v2 .... *vt]* (7.2-29)

Now Vt is a linear function of Zj. This is shown by Equations (7.2-13) to (7.2-17) and (7.2-27), which give
formulae for computing the vj in terms of the zi. It may not be immediately obvious that this function is
invertible. We will prove invertibility by writing the inverse function; i.e., by expressing ZI in terms of
Vi. Repeating Equations (7.2-13) and (7.2-14):

i+ i = I + Tui (7.2-30a)

Zi+i =CRi+ + Du i+ (7.2-30b)

Substituting Equation (7.2-27) into Equation (7.2-17) gives
A

xi+1 = i+1 + P i+IC*(GG*) 'lvi+i (7.2-30c) . .. _

Finally, from Equation (7.2-27) .

zi+ = zi+ + vi+1  (7.2-30d)

Equation (7.2-30) is called the innovations form of the system. It gives the recursive formula for computing ,..-\- .- ,
the zi from the vi.

Let us examine the distribution of the innovations. The innovations are obviously Gaussian, because they
are linear functions of Z, which is Gaussian. Using Equation (3.3-10), it is immediate that the mean of the
innovation is 0. E{vt) = E~zt . E(ztIZt.).

= E{z 1 }- E{E(Zl ZiZ)} = 0 (7.2-31)

Derive the covariance matrix of the innovation by writing

v Cxi + Dui + Gni - Cii - Dui

=C(xi - +ni (7.2-32)
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The two terms on the right are independent, so
cov~~~vj). *w C .~i-i C

- CQtC* + GG* (7.2-33)

The most interesting property of the innovations is that vi is independent of vj for I 0 J. To
prove this, it is sufficient to show that vi is independent of Vi.. Let us examine E(viiVt. ,} Since ' oV1.. is obtained from Zt.. by an invertible continuous transformation, conditioning on Vp-1  is the same

- as conditioning on Z..1. If one is known, so is the other.) Therefore,

E{vilV. 1 } " E{v 1IZi}1  - 0 (7.2-34) ,.

%.'

as shown in Equation (7.2-31). Thus we haveaE(v 1IV11I) Qv (7.2-35)

Comparing this equation with the formula for the Gaussian conditional mean given in Theorem (3.5-9), we see
"that this can be true only if vi and Vi.. are uncorrelated (A,, a 0 in the theorem). Then by
Theorem (3.5-8), vi and Vi-, are independent.

The innovation Is thus a discrete-time white-noise process (i.e., each time point is independent of all
of the others). Thus, the Kalman filter is often called a whitening filter; it creates a white process (V) 6
as a function of a nonwhite process (Z).

7.3 STEADY-STATE FORM

The largest computational cost of the Kalmn filter is in the computation of the covariance matrix Piusing Equations (7.2-15) and (7.2-16) (or any of the alternate forms). For a large and important class of -- .

problems, we can replace Pj and QO by constants P and Q, independent of time. This approach significantly
lowers computational cost of the filter.

We will restrict the discussion in this section to time-invariant systems; in only a few special cases .
do time-invariant filters make sense for time-varying systems.

Equations that a time invariant filter mu-st satisfy are easily derived. Using Equations (7.2-18)
and (7.2-15), we can express Qi+1 as a function of Qi-

iQ+z " o[Qi - QiC*(CQiC* + GG*)- 1 CQi]#* + FF* (7.3-1)

Thus, for Qi to equal a constant Q. we imust have

Q = ,[Q - QC*(CQC* + GG*)-ICQ)]* + FF* (7.3-2)

This is the algebraic matrix Riccati equation for discrete-time systems. (An alternate form can be obtained
by using Equation (7.2-16) in place of Equation (7.2-18); the condition can also be written in terms of P
instead of Q).

If Q is a scalar, the algebraic Riccati equation is a quadratic equation in Q and the solution Is
simple. For nonscalar Q, the solution is far more difficult and has been the subject of numerous papers.
We will not cover the details of deriving and implementing numerical methods for solving the Riccati equation.
The most widely used methods are based on eigenvector decomposition (Potter, 1966; Vaughan, 1970; and Geyser
and Lehtinen, 1975). When a unique solution exists, these methods give accurate results with small computa- "-
tional costs.

The derivation of the conditions under which Equation (7.3-2) has an acceptable solution is more compli-
cated than would be appropriate for inclusion in this text. We therefore present the following result without
proof:

Theorem 7.3-1 If all unstable or marginally stable modes of the system are
controllable by the process noise and are observable, and if CFF*C* + GG*
is invertible, then Equation (7.3-2) has a unique positive semidefinite solu-
tion and Qi converges to this solution for all choices of the initial
covariance, P..

Proof See Schweppe (1973, p. 142) for a heuristic argument, or Balakrishnan -
T• -) and Kailath and Lyung (1976) for more rigorous treatments.

The condition on CFF*C* + GG* ensures that the problem is well-posed. Without this condition, the inverse '" '
in Equation (7.3-1) may not exist for some initial PO (particularly P. a 0). Some statements of the theorem
incorporate the stronger requirement that GG* be invertible, but the weaker condition is sufficient. Perhaps
the most important point to note is that the system is not required to be stable. Although the existence and
uniqueness of the solution are easier to prove for stable systems, the more general conditions of - .
Theorem (7.3-1) are important in the estimation and control of unstable systems.

We can achieve a heuristic understanding ot the need for the conditions of Theorem (7.3-1) by examining
one-dimennional systems, for which we can write the solutions to Equation (7.3-2) explicitly. If the system
is one-dimensional, then it is observable if C is nonzero (and G is finite), and it is controllable by the
process noise if F is nonzero. We will consider the problem in several cases. 77.-.
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Case 1: G• 0. In this case, we must have C 0 0 and F $ 0 In order for the problem to be well-posed.

Equation-(7.3-1) then reduces to Qi+. a FF*, giving a unique time-invariant covarlance satisfying ,"-''*
Equation (7.3-2).

Case 2: G 0 0, C - 0, F a 0. In this case, Equation (7.3-1) becomes Qi+1 _ *Qt. This converges to
Q - 0I #t < 1 (stable system. If 1.1 -1, Qi remains at the starting value, and thus the steady state
covariance is not unique. If It > 1, the solution diverges or stays at 0, depending on the starting value. .-.

Case 3: G $ 0, C -0, F $ 0. In this case, Equation (7.3-2) reduces to

Q _ 020 + F2  (7.3-3) 7

For lol < 1, this equation has a unique, nonnegative solution

Q F (7.3-4)
1 - -2

and convergence of Equation f7.3-1) to this solution is easily shown. If 1,o 1 1, the solution is negative,
which is not an admissible *.ovariance, or Infinite; in either event, Equation (7.3-1) diverges to infinity.

Case 4: G $ 0, C $ 0, F a 0. In this case, Equation (7.3-2) is a quadratic equation with roots zero and(€2 -._-.JYWI72. If I c< 1, the second root is negative, and thus there is a unique nonnegative root. If
j1o = 1, there is a double root at zero, and the solution is still unique. In both of these events, conver-gence of Equation (7.3-1) to the solution at 0 is easy to show. If ,l1 > 1, there are two nonnegative roots,
and the system can converge to either one, depending on whether or not the initial covariance is zero.

Case 5: G $0, C $0, F $0. In this case, Equation (7.3-2) is a quadratic equation with roots

Q % (1/2)H ± V(1/4)Hz + F7TG'CY (7.3-5)

where

H - F 2 + (02 - 1)G2 /C2  (7.3-6)

Regardless of the value of o, the square-root term is always larger in magnitude than (1!2)H; therefore, thereis one positive and one negative root. Convergence of Equation (7.3-1) to the positive root is easy to show. -.- '"-

Let us now summarize the results of these five cases. In all well-posed cases, the covariance converges
to a unique value if the system is stable. For unstable or marginally stable systems, a unique converged value
is assured if both C and F are nonzero. For one-di,,ensional systems, there is also a unique convergent solu-
tion for It] = 1, G # 0, C t 0, F = 0; this case illustrates that the conditions of Theorem (7.3-1) are not
necessary, although they are sufficient.

Heuristically, we can say that observability (C $ 0) prevents the covariance from diverging to infinity
for unstable systems. Controllability b the process noise (F $ 0) ensures uniqueness by eliminating the
possibility of perfect prediction (Q =0).

An important related question to consider is the stability of the filter. We define the corrected error
vector to be

el = Xl - xi ~(7.3-7) i.' -. • .

Using Equations (7.0-1), (7.2-15), (7.2-16), and (7.2-19) gives the recursive relationship

ei+l = (I - KC)soi + (I - KC)Fni - KGni+1  (7.3-8)

where

K =PC*(GG*)1 = QC*(CQC* + GG*)1' (7.3-9)

We can show that, given the conditions of Theorem (7.3-1), the system of Equation (7.3-8) is stable. This
stability implies that, in the absence of new disturbances, (noise) errors in the state estimate will die out
with time; furthermore, for bounded disturbances, the errors will always be bounded. A rigorous proof is not
presented here.

It is interesting to examine the stability of the one-dimensional example with G # 0, C # 0, F = 0, and
1sf = 1. We previously noted that Qi for this case converges to 0 for all initial covariances. Let us ..
examine the steady-state filter. For this case, Equation (7.3-8) reduces to

e1 +•= ei (7.3-10)

which is only marginally stable. Recall that this case did not meet the conditions of Theorem (7.3-1), so our ..-
stability guarantee does not apply. Although a steady-state filter exists, it does not perform at all like the
time-varying filter. The time-varying filter reduces the error to zero asymptotically with time. The steady-
state filter has no feedback, and the error remains at its initial value. Balakrishnan (1984) discusses the
steady-state filter in more detail.

Two special cases of time-invariant Kalman filters deserve special note. The first case is where F is -
zero and the system is stable (and GG* must be invertible to ensure a well-posed problem). In this case, the
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steady state Kalman gain K is zero. The Kalman filter simply integrates the state equation, ignoring any
available measurements. Since the system is stable and has no disturbances, the error will decay to zero.
The same filter is obtained for nonzero F If C is zero or If G is infinite. The error does not then
decay to zero, but the output contains no useful information to feed back.

The second special case is where G is zero and C is square and invertible. FF* must be invertible
to ensure a well-posed problem. For this case, the Kalman gain is C-1. The estimator then reduces to

X1 * C'I(zI - Dui) (7.3-11)

which ignores all previous information. The current state can be reconstructed exactly from the current mea-
surement, so there is no need to consider past data. This is the antithesis of the case where F is 0 and no
information from the current measurement is used. Mast realistic systems lie somewhere between these two
extremes.

7.4 CONTINUOUS TIME

The form of a linear continuous-time system model is

i(t) - Ax(t) + Bu(t) + Fcn(t) (7.4-1a)

z(t) - Cx(t) + Du(t) + Gcn(t) (7.4-1b)

where n and n are assumed to be zero-mean white-noise processes with unity power spectral density. The
input u is assumed to be known exactly. As in the discrete-time analysis, we will simplify the notation by
assuming that the system is time invariant. The same derivation applies to time-varying systems by evaluating
the matrices at the appropriate time points.

We will analyze Equation (7.4-1) as a limit of the discrete-time systems

x(t 1 + A) - (I + AA)x(ti) + aBu(tt) + A&/IFcn(ti) (7.4-2a)

z(ti) _ Cx(tt) + Du(ti) + A-Z/2Gcn(ti) (7.4-2b)

where n and n are discrete-time white-noise processes with identity covariances. The reasons for the A1/2
factors were discussed in Section 6.2.

The filter for the system of Equation (7.4-2) is obtained by making appropriate substitutions in Equa-
tions (7.2-13) to (7 2-17). We need to substitute (I + AA) in place of o, AB in. place of T, AFcFc in place
of FF*, and A-IGCGC in place of GG*. Combining Equations (7.2-13), (7.2-14), and (7.2-17) and making the
substitutions gives

i(t + A) = (I + AA)i(ti) + ABu(tI) + AP(t 1 + A)C*(GcG•)Y'Cz(ti + A) - C(I + AA)R(ti) - CABu(tI) - Du(ti + A)]

(7.4-3) ... '.-.

Subtracting i(tt) and dividing by A gives

t - t (ti(ti) + P(tI + A)C*(GcGc)' [z(t. + ) - C(I + AA)x(ti) - CABu(ti) -Du(ti)]

(7.4-4)

Taking the limit as A * 0 givws the filter equation

x(t) = Aý(t) + Bu(t) + P*i(t)C*(GcG*)-l[z(t) -Ci(t) -Du(t)] (7.4-5)

It remains to find the equation for P(t). First note that Equation (7.2-15) becomes

Q(t + A) = (I + M)P(ti)(I + AA)* + AFcF* (7.4-6) 7.
i 1cc

and thus ...-

lim Q(ti + A) = P(ti) (7.4-7)

Equation (7.2-18) is a more convenient form for our current purposes than (7.2-16). Make the appropriate sub-
stitutions in Equation (7.2-18) to get

P(ti + A) = Q(t 1 + A) - Q(ti + A)C*(CQ(ti + A)C* + AK'GcG•) 1ICQ(tI + A)

Subtract P(tj) and divide by A to give

P(t i + A) - P(tI) Q(t j + A) - P(ti) '""~t + ) (7 4 9
A " A " Q(ti+A)C*(ACQ(t 1 + A)C* + GcG•)'CQ(ti + A) (7.4-9)I -"-"' " ."

____"_________, 9 ,
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For the first term on the right of Equation (7.4-9), substitute from Equation (7.4-7) to get

Q(tt + A) - P(tt)
A - AP(t 1) + P(ti)A* + AAP(ti)A* + FcF* (7.4-10) :K.:..,....:

Thus in the limit Equation (7.4-9) becomes .

A(t) - AP(t) + P(t)A* + FcF* - P(t)C*(GCGC)-lCP(t) (7.4-11)

Equation (7.4-11) is the continuous-time Ricatti equation. The initial condition for the equation is P - 0,
the covariance of the initial state. Ps is assumed to be known. Equations (7.4-5) and (7.4-11) constitute ,.',
the solution to the continuous-time filtering problem for linear systems with white process and measurement , -
noise. The continuous-time filter requires GG* to be nonsingular..

One point worth noting about the continuous-time filter is that the innovation z(t) - 1(t) is a white-
noise process with the same power spectral density as the measurement noise. (They are not, however, the same
process.) The power spectrum of the innovation can be found by looking at the limit of Equation (7.2-33).
Making the appropriate substitutions gives

cov(v(ti)) - CQ(tt)C* + A&lGcG* (7.4-12)

The power spectral density of the innovation is then

lim A&-cov(v(ti)) GcG6* (7.4-13)
A. cc"%

The disappearance of the first term of Equation (7.4-12) in the limit makes the continuous-time filter simpler
than the discrete-time one in many ways. "

For time-invariant continuous-time systems, we can investigate the possibility that the filter reaches a
steady state. As in the discrete-time steady-state filter, this outcome would result in a significant compu-
tational advantage. If the steady-state filter exists, it is obvious that the steady-state P(t) must satisfy "
the equation

AP + PA* + F F* - PC*(G G*)-'CP - 0 (7.4-14)
c c c c

obtained by setting P to 0 in Equation (7.4-11). The eigenvector decomposition methods referenced after
Equation (7.3-2) are also the best practical numerical methods for solving Equation (7.4-14). The following
theorem, comparable to Theorem (7.3-1), is not proven here.

Theorem 7.4-1 If all unstable or neutrally stable modes of the s•stem are
controllable by the process noise and are observable, and if GcG is
invertible, then Equation (7.4-14) has a unique positive semidefinite solu-
tion, and P(t) converges to this solution for all choices of the initial
covariance Pe.

Proof See Kailath and Lyung (1976). Balakrishnan (1981), or Kalman and
iTuy(1961).

7.5 CONTINUOUS/DISCRETE TIME

Many practical applications of filtering involve discrete sampled measurements of systems with continuous- S
time dynamics. Since this problem has elements of both discrete and continuous time, there is often debate
over whether the discrete- or continuous-time filter is more appropriate. In fact, neither of these filters
is appropriate because they are both based on models that are not realistic representations of the true system.
As Schweppe (1973, p. 206) says,

Some rather interesting arguments sometimes result when one asks the question,
Are the discrete- or the continuous-time results more useful? The answer is,
of course, that the question is stupid .... neither is superior in all cases.

The appropriate model for a continuous-time dynamic system with discrete-time measurements is a continuous-time
model with discrete-time measurements. Although this statement sounds like a tautology, its point has been
missed enough to make it worth emphasizing. Some of the confusion nay be due to the mistaken impression that
such a mixed model could not be analyzed with the available tools. In fact, the derivation of the appropriate
filter is trivial, given the pure continuous- and pure discrete-time results. The filter for this class of ,•,.-: -
problems simply involves an appropriate combination of the discrete- and continuous-time filters previously
derived. It takes only a few lines to show how the previously derived results fit this problem. We will spend L
most of this section talking about implementation issues in a little more detail.

Let the system be described by

i(t) - Ax(t) + Bu(t) + Fcn(t) (7.5-1a)

z(tl) = Cx(t 1 ) + Du(ti) + Gn(t1 ) i = 1,2,... (7.5-ib)
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Equation (7.5-1a) is identical to Equation (7.4-1a); and, except for a notation change, Equation (7.5-1b) is
identical to Equation (7.0-1b). Note that the observation is only defined at the discrete points ti,
although the state is defined in continuous time.

Between the times of two observations, the analysis of Equation (7.5-1) is identical to that of Equa-
tion (7.4-1) with an infinite G matrix or a zero C matrix; either of these conditions is equivalent to "
having no useful observation. Let i(tj) be the state estimate at time ti based on the observations up to
and including z(ti). Then the predicted estimate in the interval (ti,ti+A] is obtained from

- R(tt) (7.5-2)

X(t) - Ai(t) + Bu(t) (7.5-3)

The covariance of the prediction is

Q(t*) *P(t 1) (7.5-4) 2

0(t) = AQ(t) + Q(t)A* + FcF* (7.5-5)

Equations (7.5-3) and (7.5-5) are obtained directly by substituting C - 0 in Equations (7.4-5) and (7.4-11).
The notation has been changed to indicate that, because there is no observation in the interval, these are
predicted estimates; whereas, In the pure continuous-time filter, the observations are continuously used and S
filtered estimates are obtained. Integrate Equations (7.5-3) and (7.5-5) over the interval (ti,ti + A) to
obtain the predicted estimate i(ti + A) and its covariance Q(ti + A).

In practice, although u(t) is defined continuousl', it will often be measured (or otherwise known) only
at the time points ti. Furthermore, the integration will likely be done by a digital computer which cannot
integrate continuous-time data exactly. Thus Equation (7.5-3) will be integrated numerically. The simplest
integration approximation would give

R(t + A) u (I + A)i(t+) + ABu(ti) (7.5-6)

This approximation may be adequate for some purposes, but it is more often a little too crude. If the
A matrix is time-varying, there are several reasonable integration schemes which we will not discuss here;
the most common are based on Runge-Kutta algorithms (Acton, 1970). For systems with time-invariant A
matrices and constant sample intervals, the transition matrix is by far the most efficient approach. First -defi ne

d = exp(AM) 
(7.5-7)

"f, = exp(At)dt B (7.5-8)

i(ti + A) 6 sR(t+) + MYu(t) (7.5-9)

This approximation is the exact solution to Equation (7.5-3) if u(t) holds its value between samples.
Wiberg (1971) and Zadeh and Desoer (1963) derive this solution, Moler and Van Loan (1978) discuss various
means of numerically evaluating Equations (7.5-7) and (7.5-8). Equation (7.5-9) has an advantage of being
in the exact form in which discrete-time systems are usually written (Equation (7.0-1a)).

Equation (7.5-9) introduces about 1/2-sample delay in the modeling of the response to the control input
unless the continuous-time u(t) holds its value between samples; this delay is often unacceptable. S
Figure (7.5-1) shows a sample input signal and the signal as modeled by Equation (7.5-9). A better approxima-
tion is usually

R(t + A) a OR(tT) + (1/2)Y(u(ti) + u(ti + A)) (7.5-10)

This equation models u(t) between samples as being cons+ant at the average of the two sample values.
Figure (7.5-2) illustrates this model. There is little phase lag in the model represented by Equation (7.5-10),
and the difference in implementation cost between Equations (7.5-9) and (7.5-10) is negligible. Equa-
tion (7.5-10) is probably the most commonly used approximation method with time-invariant A matrices.

The high-frequency content introduced by the jumps in the above models can be removed by modeling u(t) as -
a linear interpolation between the measured values as illustrated in Figure (7.5-3). This model adds another .
term to Equation (7.5-10) proportional to u(ti + A) - u(ti). In our experience, this degree of fidelity is
usually unnecessary, and is not worth the extra cost and complication. There are some applications where the ,
accuracy required might justify this or even more complicated methods, such as higher-order spline fits. (The
linear interpolation is a first-order spline.)

If you are using a Runge-Kutta algorithm instead of a transition-matrix algorithm for solving the differ- - .-

ential equation, linear interpolation of the input introduces negligible extra cost and is common practice.

Equation (7.5-5) does not involve measured data and thus does not present the problems of interpolating
between the measurements. The exact solution of Equation (7.5-5) is

S



"Q t+ * A) - .•(tt),* + J exp(A(a - -t))F F* exp(A*(A - t))d•t 7.111)

as can be verified by substitution. Note that Equation (7.5-11) is exactly in the form of a discrete-tim ... -.
update of the covariance (Equation (7.2-15)) if F is delined as a square root of the Integral tem. For
small A, the integral term is well approximated by AFcFc, resulting In

Q(ti + A) a ,Q(tt)* + aFcjc (.6-2)-

The errors in this approximation are usually far smaller than the uncertainty in the value of F¢, ad ca O•t
be neglected. This approximation is significantly better than the alternate aproreem"tiem

Q(ti + a). Q(t ) + AAQ(t,) + AQ(tt.)A* + A7.F13

obtained by inspection from Equation (7.5-5).

The above discussion has concentrated on propagating the estimete betwen mewmmtso I.e. o t i tm'
update. It remains only to discuss the measurement update for the discrete mumir=n t-. Ik hen i(tg a
Q (ti) at some time point. We need to use these and the measured data at the tim Pllat to e ?M1(t-
P(ti). This Is identical to the discrete-time measurement update problem solved Ik Itatlems (7.2-10 _ -
and (7.2-17). We can also use the alternate forms discussed in Section 7.2.4.

To start the filter, we are given the a priori mean i(t@) and covariance Q(t ) of am notm at time to.
Use Equations (7.2-16) and (7.2-17) (or alternates) to obtain x(te) and P(t*). Inlepete b ("7.6-) 0.-'
to (7.5-5) from to to t1  by some means (most likely Equations (7.5-10) and (7.S-12)) t le t (t) m"-,
Q(t1 ). This completes one time step of the filter; processing of subsequent tim pIats, . men the am
procedure.

The solution for the steady-state form of the discrete/continuous filter folloms 1•1ie1tly Iem t• of 'l.

the discrete-time filter, because the equations for the covariance updates are idmtntcal for t s1 to .ilm.
with the appropriate substitution of F in terms of Fc. Theorem (7.3-1) theriefore aplies.

We can summarize this section by saying that there is a continuous/discre a-time filter der t*"" -
appropriate results in the pure discrete- and pure continuous-time analyses, if the lapt v holds mIt value
between samples, then the form of the continuous/discrete filter is identical to that of the pun disret-tim
filter with an appropriate substitution for the equivalent discrete-tim prcss noise c•verie•m. Per mu
realistic behavior of u, we must adopt approximations if the analysis is done on a digitall rt1 . It Is
also possible to view the continuous-time filter equations as giving reasonable appro!Imtioms to the
continuous/discrete-time filter in some situations. In any event, we will not go " as lag, as we ..:Ias.
that we can write the exact filter equations for the continuous/discrete-tim system and that we most = r*.;
any other equations used as approximations to the exact solution. With this frame of mind we cU objectively .. '
evaluate the adequacy of the approximations involved for specific problems.

7.6 SMOOTHING

The derivation of optimal smoothers draws heavily on the derivation of the Kalman filter. Starting from
the filter results, only a single step is required to compute the smoothed estimates. In this section, we
briefly derive the fixed-interval smoother for discrete-time linear systems with additive Gaussian noise.
Fixed-interval smoothers are the most widely used. The same general principles apply to deriving fixed-point
and fixed-lag smoothers. See Meditch (1969) for derivations and equations for fixed-point and fixed-lag
smoothers and for continuous-time forms.

There are alternate computational forms for the fixed-interval smoether; these forms give mathematically
equivalent results. We will not discuss computational advantages of the various forms. See Bierman (1977)
and Bach and Wingrove (1983) for alternate forms and discussions of their advantages.

Consider the fixed-interval smoothing problem on an interval with N time points. As in the filter
derivation, we will concentrate on two time points at a time in order to get a recursive form. It is straight-
forward to write an explicit formulation for the smoother, like the explicit filter form of Section 7.1, but
such a form is impractical.

In the nature of recursive derivations, assume that we have previously computed xi+ , the smoothed esti-
mate of xi+,, and Sj+j, the covariance of xi+i given ZN. We seek to derive an expression for ii and Si.Note that this recursion runs backwards in time instead of forwards; a forward recursion will not work, for
reasons which we will see later.

The smoothed estimates, ii and Ri+x, are defined by I-. ..

= E Z (7.6-1) "...-" ,
Li+ I.i+i '

We will use the measurement partitioning ideas of Section 5.2.2, with the measurement ZN partitioned irto
Zi and

2 (zi 1 ,... ZN) (7.6-2)I~. '. -oi•. ... "•N



From the derivation of the Kalman filter, we can write the joint distribution of xj and xj+ 1  condi- ". .. *•.' "
tioned on Zj. It is Gaussian with

E Z (7.6-3)Ci+: i+4. ..

cov Z " (7.6-4)j 1'l . P1  (}i+aJ , .,d...,..

We did not previously derive the cross term in the above covariance matrix. To derive the form shown, write

- 1i)(xi+1 -i+x)*) - E{(x 1 - Ri)(#xi +Yui + Fn - #Xi - ui))*}

uPf * + 0 (7.6-5)d-t'b..'.. ")..:

For the second step of the partitioned algorithm, we consider the measurements 21, using Equa- .. 'tions (7.6-3) and (7.6-4) for the prior distribution. The measurements 21 can be written in the form

for so me vtrices C1. Di. and Gi. and som Gaussian, zero-man, identity-covariance noise vector ni.-
Although we could laboriously write out expressions for the matrices in Equation (7.6-6). this step is unneces-
sary; we need onl w that such a fore exists, The important thing about Equation (7.6-6) is that xi does
not aper to It.

Uslos Ewlltios (7.6-3) and (7.6-4) for the prior distribution and Equation (7.6-6) for the measurement
equmtien, we can suo obtain the jotnt posterior distribution of xj and x +x given Z1 . This distribution is "" ':

msisam with mma and covaripe givem by Equations (5.1-12) and (5.1-13), substituting Equation (7.6-3) for
mt. Equation (7.6-4) for P, ri for , 0g for G. and

C- [o01Cl (7.6-7)

ly definititn (Equation (7.6-1)). the men of this distribution gives the smoothed estimates ii and
* 1t,- I~tiq the substitutions into Equation (5.1-12) and expanding gives .

i•~ + 101,c ÷•• "ii-c~+ - 61) (7.6-8) ':.'-.

We can solve Equation (7.6-8) for ii in terms of !x.j, which we assume to have been computed in the previous
steop of the backwards recursion.

X A i + P -*Q (i+ "+ ) (7.6-9)

Equation (7.6-9) is the backwards recursive form sought. Note that the equation does not depend explic-
itly on the measurements or on the matrices in Equation (7.6-6). That information is all subsumed in xj+1 .
The "Initial" condition for the recursion is

XN N (7.6-10)

which follows directly from the definitions. We do not have a corresponding known boundary condition at the
beginning of the interval, which is why we must propagate the smoothing recursion backwards, instead of "
forwards.

We can now describe the complete process of computing the smoothed state estimates for a fixed time inter- ...- .-
val. First propagate the Kalman filter through the entire interval, saving all of the values xt, x, Pt, and
Qi" Then propagate Equation (7.6-9) backwards in time, using the saved values from the filter, and starting

from the boundary condition given by Equaticn (7.6-10).

We can derive a formula for the smoother covariance by substituting appropriately into Equation (5.1-13) -"-'-I
to get

L; :(C - ( i+ii + GtGQ)'* (7.6-11)
Sl+ 'P QI+J Qi+1C i i+jý":'"'"

(The off-diagonal blocks are not relevant to this derivation.) We can solve Equation (7.6-11) for Sj in
terms of Si+1 , giving
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Si P1 " Pte*Qi+l(Qt+1 " St+1 )Q-1*0P (7.6-12)

This gives us a backwards recursion for the smoother covariance. The "initial" condition

SN a PN (7.6-13)

follows from the definitions. Note that, as in the recursion for the smoothed estimate, the measurements and
the measurement equation matrices have dropped out of Equation (7.6-12). All the necessary data about the
future process is subsumed in Si+1. Note also that it is not necessary to compute the smoother covariance Si ;......
in order to compute the smoothed estimates.:''..'....

7.7 NONLINEAR SYSTEMS AND NON-GAUSSIAN NOISE

Optimal state estimation for nonlinear dynamic systems is substantially more difficult than for linear
systems. Only in rare special cases are there tractable exact solutions for optimal filters for nonlinear sys-
tems. The same comments apply to systems with non-Gaussian noise.

Practical implementations of filters for nonlinear systems invariably involve approximations. The most
common approximations are based on linearizing the system and using the optimal filter for the linearized
system. Similarly, non-Gaussian noise is approximated, to first order, by Gaussian noise with the same mean
and covariance.

Consider a nonlinear dynamic system with additive noise

i(t) - f(x(t),u(t)) + n(t) (7.7-1a)

z(ti) " g(x(tt),u(tt)) 4 ni (7.7-1b)

Assume that we have some nominal estimate, xn(t), of the state time history. Then the linearization of -
Equation (7.7-1) about this nominal trajectory is

i(t) - A(t)x(t) + B(t)u(t) + fn (t) + n(t) (7.7-2a)

z(tt) = C(ti)x(ti) + D(ti) + gn(ti) + ni (7.7-2b) ..:".'.

where

A(t) - Vxf(xn(t),u(t)) (7.7-3a) -'.

B(t) - Vuf(Xn(t),u(t)) (7.7-3b)

C(t) -xgXt)u))(7.7-3c) ,.......

D(t) = Vug(xn(t),u(t)) (7.7-3d)

fn(t) = f(xn(t),u(t)) (7.7-4a)

gn(t) = g(xn(t),u(t)) (7.7-4b)

For a given nominal trajectory, Equations (7.7-2) to (7.7-4) define a time-varying linear system. The Kalman
filter/smoother algorithms derived in previous sections of this chapter give optimal state estimates for this
linearized system.

The filter based on this linearized system is called a linearized Kalman filter or an extended Kalman
filter (EKF). Its adequacy as an approximation to the optimal filter for the nonlinear system depends on
several factors which we will not analyze in depth. It is a reasonable supposition that if the system is
nearly linear, then the linearized Kalman filter will be a close approximation to the optimal filter for the
system. If, on the other hand, nonlinearities play a major role in defining the characteristic system
responses, the reasonableness of the linearized Kalman filter is questionable.

The above description is intended only to introduce the simplest ideas of linearized Kalman filters.
Starting from this point, there are numerous extensions, modifications, and nuances of application. Nonlinear
filtering is an area of current research. See Bach and Wingrove (1983) and Cox and Bryson (1980) for a few of
the many investigations in this field. Schweppe (1973) and Jazwinskl (1970) have fairly extensive discussions
of nonlinear state estimation.

... >.:...

,")7- /".
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[ Figure (7.5-1). Hold-last-value input model.

Figure (7.5-2). Average value input model.

Figure (7.5-3). Linear interpolation input model.
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CHAPTER 8

8.0 OUTPUT ERROR METHOD FOR DYNAMIC SYSTEMS

In previous chapters, we have covered the static estimation problem and the estimation of the state of
dynamic systems. With this background, we can now begin to address the principle subject of this book, estima- 0
tion of the parameters of dynamic systems.

Before addressing the more difficult parameter estimation problems posed by more general system moe~els,
we will consider the simplified case that leads to the algorithm called output error. The simplification that ... ..
leads to the output-error method is to omit the process-noise term from the state equation. For this reason, .''.' -1
the output-error method is often described by terms like "the no-process-noise algorithm" or "the measurement- 6
noise-only algorithm."

We will first discuss mixed continuous/discrete-time systems, which are most appropriate for the majority
of the practical applications. We will follow this discussion by a brief summary of any differences for pure
discrete-time systems, which are useful for some applications. The derivation and results are essentially
identical. The pure continuous-time results, although similar in expression, involve extra complications. We ".
have never seen an appropriate practical application of the pure continuous-time results; we therefore feel -

justified in omitting them.

In mixed continuous/discrete time, the most general system model that we will seriously consider is

x(to) - xo (8.0-1a) -,.--
i(t) = f[x(t),u(t),E] (8.0-1b) ]"",

z(tI) - g[x(t 1 ),u(ti),c] + G(&)ni I 1,2,... (8.0-Ic)

The measurement noise n is assumed to be a sequence of independent Gaussian random variables with zero mean
and identity covariance. The input u is assumed to be known exactly. The initial condition x, can be
treated in several ways, as discussed in Section 8.2. In general, the functions f and g can also be explicit
functions of t. We omit this from the notation for simplicity. (In any event, explicit time dependence can
be put in the notation of Equation (8.0-1) by defining an extra control equal to t.)

The corresponding nonlinear model for pure discrete-time systems is

X(to) - x0 (8.o-2a).""

x(tl+], ) = f[x(ti),u(ti),d I - 0,1,... (8.0-2b)

z(tI) - g[x(t),U(ti),0] + G(c)ni i - 1,2,... (8.0-2c) %!

The assumptions are the same as in the continuous/discrete case.

Although the output-error method applies to nonlinear systems, we will give special att ition to the

treatment of linear systems. The linear form of Equation (8.0-1) is

x(to) = X, (8.o-3a)

i(t) = Ax(t) + Bu(t) (8.0-3b)

z(tI) = Cx(ti) + Du(tI) + GnI I 1,2,... (8.0-3c)

The matrices A, B, C, D, and G are functions of E; we will not complicate the notation by explicitly indi-
cating this relationship. Of course, x and z are also functions of t through their dependence on the
system matrices.

In general, the matrices A, B, C, D, and G can also be functions of time. For notational simplicity, we 'r __

have not explicitly indicated this dependence. In several places, time invariance of the matrices introduces
significant computational savings. The text will indicate such situations. Note that C cannot be a function
of time. Problems with time-varying c must be reformulated with a time-invariant t in order for the tech- . ..

niques of this chapter to be applicable. .',-.

The linear form of Equation (8.0-2) is . t.

x(to) = xe (8.C-4a)

x(ti+1 ) u ex(tt) + Tu(tt) i * 0,1,... (8.0-4b) r.*.

z(ti) = Cx(ti) + Du(tI) + Gn i * 1,2,... (8.0-4c)

The transition matrices o and T are functions of E, and possibly of time.

For any of the model forms, a prior distribution for C may or may not exist, depending on the particular
application. When there is no prior distribution, or when you desire to obtain an estimate independent of the
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prior distribution, use a maximum-likelihood estimator. When a prior distribution is considered, MAP estimat-
ors are appropriate. For the parameter estimation problem, a poatztoan expected-value estimates and Bayeslan
optimal estimates are impractical to compute, except in specialcases. The posterior distribution of C is
not, in general, symmetric; thus the a posteriora expected value need nnt equal the MAP estimate.

8.1 DERIVATION

The basic method of derivation for the output-error method is to reduce the problem to the static form of
Chapter 5. We will see that the dinamic system make- the models fairly complicated, but not different in any,". . '
essential way from those of Chapter 5. We first consider the case where G and the initial condition are.'.'. ..
assumed to be known.

Choose an arbitrary value of g. Given the initial condition x0  and a specified input time-history u, " '-
the state equation (8.0-1b) can be solved to give the state as a function of time. We assume that f is
sufficiently smooth to guarantee the existence and uniqueness of the solution (Brauer and Noel, 1969). For L 0
complicated f functions, the solution may be difficult or impossible to express in closed form, but that
aspect is irrelevant to the theory. (The practical implication is that the solution will be obtained using
numerical approximation methods.) The important thing to note is that, because of the elimination of the
process noise, the solution is deterministic.

For a specified Input u, the system state is thus a deterministic function of g and time. For consis-
tency with the notation of the filter-error method discussed later, denote this function by iE(t). The c
subscript emphasizes the dependence on C. The dependence on u is not relevant to the curreft discussion,
so the notation ignores this dependence for simplicity. Assuming known G, Equation (8.0-1c) then becomes

z(t 1 ) - g~x (t1),u(t 1 ),c] + Gn1  1 12,2... (8.1-1)

Equation (8.1-1) is in '.he form of Equation (5.4-1); it is a static nonlinear model with additive noise. There
are multiple experiments, one at each ti. The estimators of Section 5.4 apply directly. The assumptions
adopted have allowed us to solve the system dyramics, lea'ving an essentially static problem.

The MAP estimate is obtained by minimizing Equation (5.4-9). In the notation of this chapter, this equa.
tion becomes .

m - ½ [z(tt) - (i](G) zti) - lt(ti)l + -7M½*-~ - m' (8...2
2 1

where

Y(to) - x0  (8.1-3a)
x C(t) - f[x (t),ut),• (8.1-3b)

i[(ti) - g[ig(t1 ),u(t 1 ),&J I - 1,2,... (8.1-3c)

The quantities mC and P are the mean and covariance of the prior distribution of c, as in Chapter 5. For
the MLE estimator, omit the last term of Equation (8.1-2), giving

N
J * [z(ti) i (t)*(GG*)l[z (t)J (8.1-4) ".]

Equation (8.1-4) is a quadratic form in the difference between z, the measured response (output), and i,, the
response computed from the deterministic part of the system model. This motivates the name "output error.
The minimization of Equation (8.1-4) is an intuitively plausible estimator defeasible even without statistical
derivation. The minimizing value of E gives the system model that best approximates (in a least-squaras
sense) the actual system response to the test input. Although this does not necessarily guarantee that the
rodel response and the system response will be similar for other test inputs, the minimizing value of t is
certainly a plausible estimate.

The estimates that result from minimizing Equation (8.1-4) are sometimes called "least squares" estimates,
in reference to the quadratic form of the equation. We prefer to avoid the use of this terminology because it
is potentially confusing. Many of the estimators appticable to dynamic systems have a least-squares form, so
the term is not Aefinitive. Furthermore, tht term "least squares" is most often applied to Equation (8.1-4)
to contrast It -M other forms labeled "max.auam likelihood" (typically the estimators of Section 8.4, which
apply to unknown G, or the estimators of Chapter 9, which account for process noise). This contrast is mis-
leading because Equation (8.1-4) describes a completely rigorous, maximum-likelihood estimator for the problem
as posed. The differences between Equation (8.1-4) and the estimators of Sections 8.4 and Chapter 9 are
differences in the problem statement, not differences in the statistical principles used for solution.

To derive the output-error method foi pure discrete-time systems, substitute the discrete-time Equa-
tion (8.0-2b) in place of Equation (8.0-1b). The derivation and the result are unchanged except that Equa-
tion (8.1-3bj becomes

.(tj+pj) • C (tt),u():0 1 0,1 ... (8.1-5)
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8.2 INITIAL CONDITIONS

The above derivation of the output-error method assumed that the initial condition was known exactly.
This assumption is seldom strictly true, except when using forms where the initial condition is zero by
definition.

The initial condition is typically based on imperfectly measured data. This characteristic suggests ,

treating the initial condition as a random variable with some mean and covariance. Such treatment, however, is a~

incompatible with the output-error method. The output-error method is predicated on a deterministic solution N
of the state equation. Treatment of a random initial condition requires the more complex filter-error method
discussed later.

If the system is stable, then initial condition effects decay to a negligible level in a finite time.
If this decay is sufficiently fast and the error in the i nitial condition is sufficiently small, the initial
condition error will have negligible effect on the system response and can be ignored.

If the errors in the initial condition are too large to justify neglecting them, there are several ways to
resolve the problem without sacrificing the relative simplicity of the output-error method. One way is to
simply improve the initial-condition values. This is sometimes trivially easy if the initial-condition value
is computed from the measurement at the first time point of the maneuver (a comtmon practice): change the start
time by one sample to avoid an obvious wild point, average the first few data points, or draw a fairing through**.-
the noise and use the faired value.

When these methods are inapplicable or insufficient, we can include the initial condition in the list of
unknown parameters to estimate. The initial condition is then a deterministic function of E. The solution
of the state equation is thus still a deterministic function of c and time, as required for the output-error
method. The equations of Section 5.1 still apply, provided that we substitute

A N x.(0) (8.2-1)

for Equation (8.3-la).

It is easy to show that the initial-condition estimates have poor asymptotic properties as the time -

interval increases. The initial-condition information is all near the beginning of the maneuver, and increas- .-

ing the time interval does not add to this information. Asymptotically, we can and should ignore initial con- ~ .*

ditions for stable systems. This is one case where asymptotic results are misleading. For real data with
finite time intervals we should always carefully consider initial conditions. Thus, we avoid making the
mistake of one published paper (which wve will leave anonymous) which blithely set the model initial condition
to zero in spite of clearly nonzero data. It is not clear whether this was a simple oversight or whether the77author thought that asymptotic results justified the practice; in any event, the resulting errors were so
egregious as to render the results worthless (except as an object lesson).

8.3 COMPUTATIONS

Equations (8.1-2) and (8.1-3) define the cost function that must be minimized to obtain the MAP estimates
(or, in the special case that P-1 is zero, the MLE estimates'). This is a fairly complicated function of ~
Therefore we must use an iterative minimization scheme.

It is easy to become overwhelmed by the apparent complexity of J as a function of C; i&(ti) is itself
a complicated function of t, involving the solution of a differential equation. To get J as a function of
Swe must substitute this function for it(ti) in Equation (8.1-2). You might give up at the thought of

evaluating first and second gradients of this function, as required by most iterative orctimization methods.
The complexity, however, is only apparent. It is crucial to recognize that we do not need to develop a
closed-form expression, the development of which would b- difficult at best. We are only required to develop
a workable procedure for computing the result.0

To evaluate the gradients of J, we need only proceed one step at a time; each step is quite simple,
involving nothing more complicated than chain-rule differentiation. This step-by-step process follows the
advice from Alice in Wonderland:

The White Rabbit put on his spectacles. "Where shall I begin, please your
Majesty?" he asked.

"Begin at the beginning," the King said, very gravely, "and go on till you
come to the end: then stop."

8.3.1 Gauss-Newton Method

The cost function is in the form of a sum of squares, which makes Gauss-Newton the preferred optimization
algorithm. Sections 2.5.2 and 5.4.3 discussed the Gauss-Newton algorithm. To gather together all the impor-
tant equations, we repeat the basic equations of the Gauss-Newton algorithm in the notation of this chapter.0
Gauss-Newton is a quasi-Newton algorithm. The full Newton-Raphson algorithm is

~L~i~L -[v~J~L)]v~J(L))(8.3-1)

The first gradient is
N

V JW~ [z(t,) - %(ti)]*(GG*)lI~v (t.)] + (-m~ )*p-l (8.3-2) -9 .--
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For the Gauss-Newton algorithm, we approximate the second gradient by '*

N
vaJ(m) u z [V ( 1 )(6)E~ (ti)] + P-1  (8.3-3) .

which corresponds to Equation (2.5-11) applied to the cost function of this chapter. Equations (8.3-1)
through (8.3-3) are the same, whether the system is in pure discrete time or mixed continuous/discrete time..
The only quantities in these equations requiring any discussion are IC(tj) and V~CI(ti).

8.3.2 Systom Flsponse

The methods for computation of the system response depend on whether the system is pure discrete tin.
or mixed continuous/discrete time. The choice of method is alsu influenced by whether the system is linear
or nonlinear.

Computation of the response of discrete-time systems is simply a matter of plugging into the equations.
The general equations for a nonlinear system are

A C t)-x.(c (8.3-4a)

i t(ti+1 ) - f[I C(ti).u(ti),CJ i 0,.. (8.3-4b)

I t * gli (ti).U(t1 ),cJ i * 1,2,... (8.3-4c)

The more specific equations for a linear discrete-time system are

R C(to) X 6,(0 (8.3-5a) .

c(ti) "*(ti) + Yru(ti) i1 0.1,....(.-b

I (ti) a Ci(ti) + ha(ti) i1 1.2.... (8.3-5c)

For mixed continuous/discrete-time systems, numerical methods for approximate integration are requireo.
You can use any of numerous numerical methods, but the utility of the more complicated methods is often
limited by the available data. It makes little sense to use a high-order method to integrate the system

*equations between the time points where the input is measured. The errors implicit in interpolating the input
* ~measurements are probably larger then the errors in the integration method. For most purposes, a second-order

Runge-Kutta algorithm is probably an appropriate choice:

R ( (tt * t, ifiXt)ut) (8 .3-6a)
* .7

ic(ti+,) icj(tj) + (tj,1  ti)f[ C fi(ti).u(ti),CJ 1 ~ t 4 ),~ 1 1 ,J (8.3-6b)

I'! For linear systems, a transition matrix method is more accurate and efficient than Equation (8.3-6).

(t X() (8. 3-7a)

*~ MY(~ +' (~~ + u(ti.,)J i - 0,1,.... (8.3-7b)

whr (ti) a C~(t4) + Du(ti) i 1,2,.... (8.3-7c) ..

**exp(A(ti,1  ti)] (8.3-8) -

ti

Sectlon 7.5 discusses the form of Equation (8.3-7b). Holer and Van Loan (1978) describe several ways of
numerically evaluating Equations (8.3-8) ad i8.3-9). In this application, because tj,1 - ti is small comn-
pared to the system natural periods, simple series expansion works well.

+ I Aa + ~+ (Aa) + (8.3-10)
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+•'lF ..B (8.3-11)

where
S"ti+1 tI (8.3-12) '-,,'--

8.3.3 Finite Difference Response Gradient .

It remains to discuss the coffgutation of v~il(ti), the gradient of the system response. There are two
basic methods for evaluating this gradient: finite-difference differeaitiation and analytic differentiation. -. '. ..
This section discusses the finite difference approach, and the next section discusses the analytic approach... "

Finite-difference differentiation is applicable to any model form. The method is easy to describe and
equally easy to code. Because it Is easy to code, finite-difference differentiation is appropriate for pro-.
grams where quick results are needed or the production workload is small enough ;hat saving program develop- "...* ."
ment time is more important than improving program efficiency. Because it appliis with equal ease to all model
forms, finite-difference differentiation is also appropriate for programs that must handle nonlinear models,
for which analytic differentiation is numerically complicated (Jategaonkar and Plaetschke, 1983).

To use finite-difference differentiation, perturb the first element of the C vector by some small amount .
Recompute the system response using this perturbed c v ctor, obtaining the perturbed system response -

1p. The partial derivative of the response with respect to i( is then approximately
azt) tp' (8.3-13)

Repeat this process, perturbing each element of t in turn, to approximate the partial derivatives with

respect to eirh element of 4. The finite-difference gradient is then the concatenation of the partial
derivatives.

r _ ai)(t
(t) )(8.3-14)

Selection of the size of the perturbations requires some thought. If the perturbation is too large,
Equation (8.3-13) becomes a poor approximation of the partial derivative. If the perturbation is too small,
roundoff errors become a problem.

Some people have reported excellent results using simple perturbation-s'ze rules such as setting the
perturbation magnitude at 1% of a typical expected magnitude of the corresponding c element (assuming that
you understand the problem well enough to be able to establish such typical magnitudes). You could alterna-
tively consider percentages of the current iteration estimates (with some special provision for handling zero
or essentially zero estimates). Another reasonable rule, after the first iteration, would be to use percen-
tages of the diagonal elements of the second gradient, raised to the -1/2 power. As a final resort (it takes
more computer time and is more complex), you could try several perturbation sizes, using the results to gauge
the degree of nonlinearity and roundoff error, and adaptively selecting the best pertur-bation size. i.. ',.,

Due %o our limited experience with the finite difference approach, we defer making specific recommenda-
tions on perturbation sizes, but offer the npinion that the problem is amenable to reasonable solution. A -
little experimentation should suffice to establish an adequate perturbation-size rule for a specific class of
problems. Note that the higher the precision of your computer, the more margin you have between the boundaries
of linearity problems and roundoff problems. Yhose of us with 60- and 64-bit computers (or 32-bit computers
in double precision) seldom have serious roundoff problems and can use simple perturbation-size rules with S
impunity. If you try to get by with single precision on a 32-bit computer, careful perturbation-size selection
will be more important. ,.
8.3.4 Analytic Response Gradient

The other approach to computing the gradient of the system response is to analytically differentiate the
system equations. For linear svstems, this approach is sometimes far more efficient than finite difference
differentiation. For nonlinear systems, analytic differentiation is impractically clumsy (partially becaus'.
you have to redo it fcr each new nonlinear model form). We will, therefore, restrict our discussion of
analytic differentiation to linear systems.

We first consider pure discrete-time linear systems in the form of Equation (8.3-5). It is crucial to '.. ..
recall that we do not need a closed form for the gradient; we only need a method for computing it. A closed-
form expression would be formidable, unlike the following equation, which is the almost embarassingly obvious
gradient of Equation (8.3-5), obtained by using nothing more complicated than the chain rule:

7 R(ta) - vx W• (8.3-136)

v•(ti+1 ) - *(vi(t1 )) + (v t)i(ti) + (vT)u(ti) 1 - 0,1.... (8.3-13b)

v (tj) C(v i(ty)) + (v )q(t 1 ) + (v D)u(t 1 ) i a 1,2.,... t...3-13c)

Equation (8.3-13b) gives a recursive formula for vt.,:t 1 ), with Equation (8.3-13a) as the initial condition. -
Equation (8.3-13c) expresses vli(ti) in terms of the solution of Equation (8.3-13b). - ""
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", The quantities viC, VAT, vCC, and V7, in Equation (8.3-13) are gradients of matrices with respect to
the vector c. The results are vectors, the elements of which are matrices (if you are fond of buzz words,
these are third-order tensors). If this starts to sound complicated, you will be pleased to know that the
products like (vED)u(tj) are ordinary matrices (and indeed sparse matrices-they have lots of zero element,).
You can compute the products directly without ever forming the vector of matrices in your program. A eogram
to implement Equation (8.3-13) takes fewer lines than the explanation.

We could write Equation (8.3-13) without using gradients or matrices. Simply replace v, by a/at(J) "
throughout, and then concatenate the partial derivatives to get the gradient of z(ti). We tIan have, at .
worst, partial derivatives of matrices with respect to scalars; these partial derivatives are matrices. The ,,
only difference between writing the equations with partial derivatives or gradients is notational. We choose '.%-. .P
to use the gradient notation because it is shorter and more consiatent with the rest of the book.

Let us look at Equation (8.3-13c) in detail to see how these equations would be implemented in a program,
and perhaps to better understand the equations. The left-hand side is a matrix. Each column of the matrix is
the partial derivative of i(ti) with respect to one element of C: .'-*

1(ti) •cti , (ti) .(ti (8.3].,.

The quantity vQ(ti) is a similar matrix, computed from Equation (8.3-13b); thus C(vli(tt)) is a multiplica-
tion of a matrix times a matrix, and this is a calculation we can handle. The quantity ?CC is the vector of
matrices

[;CD, C '•C aC"". 
" +"

V C ... (8.3-15)

and the product (v&C)i(ti) is - ,

(( C)L(ti) . C[ _ (ti) 1C i(t ... xC i(t1) (8.3-16). a 0 a c(P) . -, . .

(Our notation does not indicate explicitly that this is the intended product formula, but the other conceivable
* interpretation of the notation is obviously wrong because the dimensions are incompatible. Formal tensor

notation would make the intention explicit, but we do not really need to introduce tensor notation here because
the correct interpretation is obvious).

In many cases the matrix aC/at(j) will be sparse. Typically these matrices are either zero or have only
one nonzero elemert. We can take advantage of such sparseness in the computation. If C is not a function of

t(j) (presumably c(J) affects other of the system matrices), then aC/at(J) is a zero matrix. If only the

(k,m) element of C is affected by .•1), then [aC/a•(J)]i(ti) is a vector with [ /c(kam)/;)J)(tt)(m) in the

kth element and zeros elsewhere. If more than one element of C is affected by S[, then the result is a

sum of such terms. This approach directly forms [;C/at(J)](tt), taking advantage of sparseness, instead of

forming the full ac//aS) matrix and using a general-purpose matrix multiply routine. The terms (vCD)u(ti)-
(Vrs)•(tj), and (v Y)u(ti) are all similar in form to (v{C)R(ti). The initial condition vExo is a zero .Y ."'
matrix if x0  is known; otherwise it has a nonzero element for each unknown element of x..

We now know how to evaluate all of the terms in Equation (8.4-13). This is significantly faster than
finite differences for some applications. The speed-up is most significant if ., I, C, and D are functions
of time requiring significant work to evaluate at each point; straighforward finite difference methods would
have to reevaluate these matrices for each perturbation. L

Gupta and Mehra (1974) discuss a method that is basically a modification of Equation (8.3-13) for comput-ing vO[(tt). Depending on the number of inputs, states, outputs, and unknown parameters, this method can,...+sometimes save computer time by reducing the length of the gradient vector needed for propagation in :"

Equation(841)

We now have everything needed to implement the basic Gauss-Newton minimization algorithm. Practical
application will typically require some kind of start-up algorithm and methods for handling cases where the
algorithm converges slowly or diverges. The Il1ff-Maine code, 194LE3 (Maine and Iliff, 1980; and Maine, 1981),
incorporates several such modifications. The line-search ideas (Foster, 1983) briefly discussed at the end of . " ".-
Sectiun 2.5.2 also seem appropriate for handling convergence problems. We will not cover the details of such .-
practical issues here. -

The discussions of singularities in Section 5.4.4 and of partitioning in Section 5.4.5 apply directly to
the problem of this chapter, so we will not repeat them.

8.4 UNKNOWN G %.'*- .',

The previous discussion in this chapter has assumed that the G-matrix is known. Equations (8.1-2)
and (8.1-4) are derived based on this assumption. For unknown G, the methods of Section 5.5 apply directly.
Equation (5.5-2) substitutes for Equation (8.1-4). In the terminology of this chapter, Equation (5.5-2)
becomes N

J(t) " [ (z(tI)- ((t1 )j*[G(&)G(,)*]'l[z(ti) - I (ti)] + tnlG(C)G(E)*I (8.4-1)

If G is known, this reduces to Equation (8.1-4) plus a constant.
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As discussed in Section 5.5, the best approach to minimizing Equation (8.4-1) is to partition the param-
eter vector into a part CG affecting G, and a part Cf affecting L. For each fixed G, the Gauss-Newton '-.-. '
equations of Section 3.3 apply to revising the estimate of Cf. For each fixed cf. the revised estimate of 6
is given by Equation (5.5-7), which becomes , " .

N
* - [z(t,) - 4 (ti)J[z(ti) - c(t 1)]* (8.4-2) : 0

in the current notation. Section 5.5 describes the axial iteration method. which alternately applies the
Gauss-Newton equations of Section 8.3 for cf and Equation (8.4-2) for G. -

The cost function for estimation with unknown G is often written in alternate forms. Although the above
form is usually the most useful for computation, the following forms provide some insight into the relations of .0
the estimators with unknown G versus those with fixed G. When G is completely unknown, the minimIzation
of Equation (8.4-1) Is equivalent to the minimization of

a(O• - [z(ti) - l(t )11zlt) ( !(l] 8.4-3) : '

which corresponds to Equation (5.5-9). Section 5.5 derives this equivalence by eliminating G. It is common
to restrict G to be diagonal, in which case Equation (8.4-3) becomes

J(O) n [Zti 0) 1(t )(j)], (8.4-4)-J-. 1- I I

This form is'a product of the errors in the different signals, instead of the weighted sum-of-the-errors form
of Equation (8.1-4).

8.5 CHARACTERISTICS

We have shown that the output error estimator is a direct application of the estimators derived in
Section 5.4 for nonlinear static systems. To describe the statistical characteristics of output error esti-
mates, we need only apply the corresponding Section 5.4 results to the particular form of output error.

In most cases, the corresponding static system is nonlinear, even for ;tnear dynamic systems. Therefore,
we must use the forms of Section 5.4 instead of the simpler forms of Section 5.1, which apply to linear static
systems. In particular, the output error MLE and MAP estimators are both biased for finite time. Asymptoti-
cally, they are unbiased and efficient.

From Equation (5.4-11), the covariance of the NLE output error estimate is approximated by

covQ1l0 a V•i](G)'vi(i (8.5-1)

From Equation (5.4-12), the corresponding approximation for the posterior distribution of i in an W4P esti-
mator is

cov(Ejz) v i i(t 1 ).*(GG*)l[v (ti)] + P- (8.5-2)

tA

-,S
* .~ , o
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CHAPTER 9

9.0 FILTER ERROR METHOD FOR DYNAMIC SYSTEMS

In this chapter, we consider the parameter estimation problem for dynamic systems with both process and
measurewent noise. We restrict the consideration to linear systems with additive Gaussian noise, because the 0
exact analysis of more general systems is iwpractically complicated except in special cases like output error
(no process noise).

The easiest way to handle nonlinear systems with both measurement and process noise is usually to linear-
ize the system and apply the linear results. This meth'od does not give exact results for nonlinear systems, '.
but can give adequate approximations in some cases.

In mixed continuous/discrete time, the linear system model is

x(t,) a x, (9.0-1a)

i(t) - Ax(t) + Bu(t) + Fn(t) (9.0-1b)

z(ti) - Cx(ti) + Du(t 1 ) + Gn i - 1.,2... (9.0-1c)

The measurement noise n is assumed to be a sequence of independent Gaussian random variables with zero mean
and identity covariance. The process noise n Is a zero-mean, white-noise process, independent of the
measurement noise, with identity spectral density. The initial condition x0 is assumed to be a Gaussian
random variable, independent of n and n, with mean Xo and covariance Pc. As special cases, P. can be 0,
implying that the initial condition is known exactly; or infinite, implying complete ignorance of the initial
condition. The Input u is assumed to be known exactly.

As in the case of output error, the system matrices A, B. C, D, F, and G, are functions of C and may
be functions of time.

The corresponding pure discrete-time model is

x(t') - X, (9.0-2a)

x(ti+d)- "x(t 1 ) + vu(t 1 ) + Fn1  I - 09 1 (9.0-2b)

z(t1) * Cx(t 1) + Du(ti) + Gnt I - 1,2,... (9.0-2c) "v'..

All of the same assumptions apply, except that n is a sequence of independent Gaussian random variables with ... x..
zero mean and identity covariance. . ..

9.1 DERIVATION

In order to obtain the maximum likelihood estimate of c, we r.ed to choose • to maximize
L(g,Z) - p(ZNlt) where

ZN " [z(t 1 ),z(tl)...z(tN)]* (9.1-1)

For the MAP estimate, we need to maximize p(ZNIt)p(t). In either event, the crucial first step is to find a

tractable expression for p(ZNIc). We will discuss three wkvs of deriving this density function.:op
9.1.1 Static Derivation 

n

The first means of deriving an expression for p(ZNjI) is to solve the system equations, reducing them to .
"the static form of Equation (5.0-1). This technique, although simple in principle, does not give a tractable
solution. We briefly outline the approach here in order to illustrate the principle, before considering the
"more fruitful approaches of the following sections.

For a pure discrete-time linear system described by Equ&tion (9.0-2), the explicit static expression for-" ~~z(ti) is,".".

Z(t1 ) = C9lx(t') + C + Fn) + Du(t 1 ) + Gni (9.1-2)

1.1.

This is a nonlinear static model in the general form of Equation (5.5-1). However, the separation of
into •G and Cf as described by Equation (5.5-4) does not apply. Note that Equation (9.1-2) is a nonlinear
function of c, even if the matrices are linear functions. In fact, the order of nonlinearity increases with
the number of time points. The use of estimators derived directly frm Equation (9.1-2) is unacceptably diffi-
cult for all but the simplest special cases, and we will not pursue it further.

For mixed continuous/discrete-time systems, similar principles apply, except that the w of Equa-
tion (5.0-1) must be generalized to allow vectors of infinite dimension. The process noise in a mixed

* 7continuous/discrete-time system is a function of time, and cannot be written as a finite-dimensional random
vector. The material of Chapter 5 covered only finite-dimensional vectors. The Chapter 5 results generalizea:.,:::i:i:?
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nicely to Infinite-dimnsional vector spaces (function spaces), but we will not find that level of abstraction "." .".':;
necessary. Application to pure continuous-time systems would require turther generalization to allow infinite-
dimensional observations.

9.1.2 Derivation by Recursive Factoring

We will now consider a derivation based on factoring p(ZNW•) by means of Bayes rule (Equation (3.3-12)). 0
The derivation applies either to pure discrete-time or mixed continuous/discrete-tim systems; the derivation
is identical in both cases. For the first step, write

P(ZNI) " P(z(tN)IZN,-l)P(ZN.IC) %9.1-3)

Recursive application of this formula gives

P(ZNIC)- ]I Plzlt 1)IZ 1.,•) (9.1-4) I'-"- "
NIE, ... tot-

For any particular C, the distribution of z(ti) given Zi.i is known from the Chapter 7 results; it is . ,
Gaussian with mean

i (ti) a E~z(ti)IZi_,.C)

- E(Cx(tt) + Du(tt) + GnilZj.()-

* c•(ti) + Du(ti) (9.1-5)

and covariance
R cov(z(ti)Il'o••),,•9-•

a cov(Cx(t 1 ) + Du(t,) + GnilZi.),.

* CQ(tl)C* + GG* (9.1-6)

Note that A(ti) and !E(ti) are functions of C because they arc obtained from the Kalman filter based on a
particular vi lue of c; that is. they are conditioned on c. We use the t subscript notation to emphasize
this dependence. Ri is also a function of C, although our notation does not explicitly indicate this.

Substituting the appropriate Gaussian density functions characterized by Equations (9.1-5) and (9.1-6)
into Equation (9.1-4) gives

N

L(&,ZN) =- p(ZNIC) ][ 12.Ri1"1/2 exp{- ½ [z(t 1 ) - %(ti)]*RiX[z(ti)- ic(ti)]) (9.1-7)

This is the desired expression for the likelihood functional.

9.1.3 Derivation Using the Innovation

Another derivattbn involves the properties of the innovation. This derivation also applies either to

mixed continuous/discrete-tim. or to pure discrete-time systems.

We proved in Chapter 7 that the innovations are a sequence of independent, zero-mean Gaussian variables
with covariances Ri given by Equation (7.2-33). This proof was done for the pure discrete-time case, but
extends directly to mixed continuous/discrete-time systems. The Chapter 7 results assumed that the system
matrices were known; thus the results are conditioned on E. The conditional probability density function of
the innovations is therefore

N &-

H 2wRJK exp( vtR-Ivi) (9.1-8)

We also showed in Chapter 7 that the innovations are an ',nvertible linear function of the observations.
Furthermore. it is easy to show that the determinant of the Jacobian of the transformation equals 1. (The
Jacobian is triangular with 1's on the diagonal). Thus by Equation (3.4-1). we can substitute

into Equation (9.1-8) to give, -" .

N "9.:.:-- ,.

P(ZNIC) 1 12,R1"1/1 exp{- 4 [z(t 1 ) - E(t 1 )]*Rix[z(t 1 ) - €(ti)]} (9.1-10)

which is identical to Equation (9.1-7). We see that the derivation by Bayes factoring and the derivation
using the innovation give the sam result.

I-" °, - e;,-,-'.:.¢
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9.1.4 Steady-State Form

For many applications, we can use the time steady-state Kalman filter In the cost functional, resulting in
major computational savings. This usage requires, of course, that the steady-state filter exist. We discussed
the criteria for the existence of the steady-state filter In Chapter 7. The most important criterion is
obviously that the system be time-invariant. The rest of this section assumes that a steady-state form exists.
When a steady-state form exists, two approaches can be taken to Justifying its use.-"

The first justification is that the steady-state form is a good approximation if the time interval is long
enough. The time-varying filter gain converges to the steady-state gain with time constants at least as fast
as those of the open-loop system, and sometimes significantly faster. Thus, if the maneuver analyzed is long ...
compared to the system time constants, the Filter gain would converge to the steady-state gain in a small por- %
tion of the maneuver time. We could verify this behavior by computing time-varying gains for representative
values of C. If the filter gain does cotiverge quickly to the steady-state gain, then the steady-state filter
should give a good approximation to the cost functional.

The second possible Jiustification for the use of the steady-state filter in~volves the choice of the
initial state covariance P,. The time-varying filter requires PG to be specified. It is a common practice
to set P. to zero. This practice arises more from a lack of better ideas then from any real argument that
zero is a good value. It is seldom that we know the initial state exactly as implied by the zero covariance.
One circumstance which would justify the zero initial covariance would be the case where the initial condition
is included in the list of unknown parameters. In this case, the initial covariance is properly zero because
the filter is conditioned on the values of the unknown parameters. Any pHior information about the initial
condition is then reflected in the prior distribution of C instead of in PG. Unless one has a specific need
for estimates of the initial condition, there are usually better approaches.

We suggest that the steady-state covariance is often a reasonable value for the initial covariance. In
this case, the time-varying and steady-state filters are identical, arguments about the speed of convergence
and the length of the data interval are not required. Since the time-varying form requires significantly more
computation than the steady-state form, the steady-state form is preferable except where it is clearly and * I

significantly inferior.

If the steady-state filter is used, Equation (9.1-7) becomes **.*..

N
L(IZN) -11 I2wRI/e exp([z(t 1 ) - l(ti)]*R'[z(ti) - Zc(tit)] 19.1-11

where R is the steady-state covariance of the innovation. In general, R is a function of c. The zC(ti)
in Equation (9.1-11) comes from the steady-state filter, unlike the (!(tt) in Equation (9.1-7). We use the
same notation for both quantities, distinguishing them by context. (T e I (tj) from the steady-state filter
is always associated with the steady-state covariance R, whereas the ft(ti) from the time-varying filter is
associated with the time-varying covariance Ri.)

q.1.5 Cost Function Discussion

The maximum-likelihood estimate of C is obtained by maximizing EqUation (9.1-11) (or Equation (9.1-7)
if the steady-state form is inappropriate) with respect to c.

Because of the exponential in Equation (9.1-11), it is more convenient to work with the logarithm of the
likelihood functional, called the log likelihood functional for short. The log likelihood functional is
maximized by the same value of c that maximizes the likelihood functional because the logarithm is a mono-
tonic increasing function. By convention, most optimization theory is written in terms of minimization instead
of maximization. We therefore define the negative of the log likelihood functional to be a cost functional S
which is to be minimized. We also omit the tn(2w) term from the cost functional, because it does not affect
the minimization. The most convenient expression for the cost functional is then

N
( - [z(tj) - !,(t,)]*R'Cz(ti)- l1(ti)] + N (nlRI (9.1-12)

If R is known, then Equation (9.1-12) is in a least-squares form. This is sometimes called a prediction- ..
error form because the quantity being minimized is the square of the one-step-ahead prediction error
z(ti) - (ti). The term "filter error" is also used because the quantity minimized is obtained from the
Kalman fiTter.

Note that this form of the likelihood functional involves the Kalman filter-not a smoother. There is . ..-
sometimes a temptation to replace the filter in this cost function by a smoother, assuming that this will give-" "-
improved results. The smoother gives better state estimates than the filter, but the problem considered in
this chapter is not state estimation. The state estimates are an incidental side-product of the algorithm for
estimating the parameter vector C. There are ways of deriving and writing the parameter estimation problem
which involve smoothers (Cox and Bryson, 1980), but the direct use of a smoother in Equation (9.1-12) is
simply incorrect.

For MAP estimates, we modify the cost functional by adding the negative of the logarithm of the prior
probability density of E. If the prior distribution of 4 is Gaussian with mean mt and covariance W, the
cost functional of Equation (9.1-12) becomes (ignoring constant terms)

, .. ,~~.:.~.:....-
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J(0) * wzti' - tt 1)JR- 1(z(ti) - (ti)] + N Ln1R1 + m)WlE m (.-3

Jlu

The filter-error forms of Equations (9.1-12) and (9.1-13) are parallel to the output-error forms of KP
Equations (8.1-4) and (8.1-2). When there is no process noise, the stead~y-state Kalman filter becomes an
integration of the system equations, and the innovation covariance R equals the measurement noise covariance
GG*. Thus the output error equations of the previous chapter are special cases of the filter error equations
with zero process noise. -'*

9.2 COMPUTATION

The best methods for minimizing Equation (9.1-12) or (9.1-13) are based on the Gauss-Newton algorithm.
Because these equations are so similar in form to the output-err~r equations of Chapter 8, most of the Chap-
ter 8 material on computation applies directly or with only minor modification.

The primary differences between computational methods for filter error and those for output error center
on the treatment of the noise covariances, particularly when the covariances are unknown. Maine and I11ff
(1981a) discuss the implementation details of the filter-error algorithm. The 111ff-Maine code, P941E3 (Mai.ae
and Iliff, 1980; and Maine, 1981), implerents the filter-error algorithm for linear continuous/discrete-time
systems.

We generally presume the use of the steady-state filter in the filter-error algorithm. Implementation is
significantly more complicated using the time-varying filter.

9.3 FORMULATION AS A FILTERING PROBLENM%

An alternative to the direct approach of the previous section is to recast the parameter estimation prob-
lem into the form of a filtering problem. The techniques of Chapter 7 then apply.

Suppose we start with the system model..

x(tc) ( 019.3-la) .

i(t) - A(t)x(t) + B(C)u(t) + Fn(t) (9.3-1b) -__

z(t 1 ) -C(t)x(t 1 ) + D(C)u(t 1 ) + Gil1  (9.3-1c)

This is the same as Equation (9.0-1), except that here we explicitly indicate the dependence of the matrices
on 4. The problem is to estimate C.

In order to apply state estimation techniques to this problem, C must be part of the state vector.
Therefore, we define an augmented state vector

xa (9.3-2)

We can combtine Equation (9.3-1) with the trivial differential equation

0 * (9.3-3)

to write a system equation with xa as the state vector. Note that the resulting system is nonlinear in Xa
(because it has products of E and x), even though Equation (9.3-1) is linear in x. -A

In principle, we can apply the extended Kalman filter, discussed in Section 7.7, to the problem of esti-
mating xa. Unfortunately, the nonlinearity in the augmented system is crucial to the system behavior. The
adeq uacy of the extended Kalman filter for this problem has seldom been analyzed in detail. Schweppe (1973,
p. 433) says on this subject

..the system identification problem has been transformed into a problem
which has already been discussed extensively.

The discussions are not terreindted at this point for the simple reason that
Part IV did not provide any "~best" one way to solve a nonlinear state esti- '

mation problem. A major conclusion of Part IV was that the best way to. .I

proceed depends heavily on the explicit nature of the problem. System
identification leads to special types of nonlinear estimation problemr, so
specialized discussions are needed.

..the state augmentation approach is not emphasized, as the author feels
that it is much more appropriate to approach the system identification
problem directly. However, there are special cases where state augmentation
works very wellI.
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CHAPTER 10 *

10.0 EQUATION ERROR METHOD FOR DYNAMIC SYSTEMS

This chapter discusses the equation error approach to parameter estimation for dynamic systems. We will
first define a restricted form of equation error, parallel to the treatments of output error and filter error
in the previous chapters. This form of equation error is a special case of filter error where there is process ,.
noise, but no measurement noise. It therefore stands in counterpoint to output error, which is the special
case where there is measurement noise, but no process noise.

We will then extend the definition of equation error to a more general form. Some of the practical appli-
cations of equation error do not fit precisely into the overly restrictive form based on process noise only. '-
In its most general forms, the term equation error encompasses output error and filter error, in addition to
the forms most commonly associated with the term. The primary distinguishing feature of the methods emphasized
in this chapter is their computational simplicity. ::-1
10.1 PROCESS-NOISE APPROACH

In this section, we consider equation error in a manner parallel to the previous treatments of output
error and filter error. The filter-error method treats systems with both process noise and measurement noise,
and output error treats the special case of systems with measurement noise only. Equation error completes this
triad of algorithms by treating the special case of systems with process noise only.

The equation-error method applies to nonlinear systems with additive Gaussian process noise. We will
restrict the discussion of this section to pure discrete-time models, for which the derivation is straightfor- -:,:'.
ward. Mixed continuous/discrete-time models can be handled by converting them to equivalent pure discrete-time
models. Equation error does not strictly apply to pure continuous-time models. (The problem becumes ,
ill-posed).

The gcneral form of the nonlinear, discrete-time system model we will consider is

x(t') =X, (10.1-la)

x(t~l~) = f[x(ti),u(t 1 ),] + Fni I = 0,1...N - 1 (10.1-1b)

Z(t1 ) . g[x(ti),u(ti),{] i = 0,1,.... N (10.1-ic)

The process noise, n, is a sequence of independent Gaussian random variebles with zero mean and identity
covariance. The matrix F can be a function of E, although the simplified notation ignores this possibility.
It will prove convenient to assume that the measurements z(ti) are defined for I = O,...,N; previous
"chapters have defined them only for I = 1, ,N.

"10.1.1 Derivation '. .... uu

The following derivation of the equation-error method closely parallels the derivation of the filter-error
method in Section 9.1.3. Both are based primarily on application of the transformation of variables formula,
Equation (3.4-1), starting from a process known to be a sequence of independent Gaussian variables.

By assumption, the probability density function of the process noise is

N-1 .

p(nN) = H (2,)-/2 exp(nlni) (10.1-2)

where nN is the concatenation of the ni. We further assume that F is invertible for all permissible
values of t; this assumption is necessary to ensure that the problem is well-posed. We define XN to be the
concatenation of the x(tj). Then, for each value of {, XN is an invertible linear function of nN. The
inverse function is

ni = F'1 [x(ti+1) - %(ti+ 1 )) (10.1-3)

where, for convenience and for consistency with the notation of previous chapters, we have defined

5(ti+1 ) = f[x(ti),u(ti),'] (10.1-4)

% -NThe determinant of the Jacobian of the inverse transformation is IF" because the inverse transformation
matrix is block-triangular with F-1 in the diagonal blocks. Direct application of the transformation-of-
variables formula, Equation (3.4-1), gives

N
P(XNI{) = l2FF*1-1/2 exp{m 1 [x(ti) • (ti)]*(FF*). 1 [x(ti) - •(ti)]} (10.1-5)

1=1 %7

In order to derive a simple expression for p(ZNJk), we require that g be a continuous, Invertible func- 0
tion of x for each value of C. The invertibility is critical to the simplicity of the equation-error
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algorithm. This assumption, combined with the lack of measurement noise, means that we can reconstruct the
state vector perfectly, provided that we know c. The inverse function gives this reconstruction:

(ti) - g1'[z(ti),u(ti),d] (10.1-6)

If g is not invertible, a recursive state estimator becomes imbedded in the algorithm and we are again faced
with something as complicated as the filter-error algorithm. For invertible g, the transformation-of-
variables formula, Equation (3.4-1), gives Z-4 ,

N ag.([zlt),u(t1 ),•] ' 1
p(Z~) -H det az(ti) e2wFF*l p (t E [t(ti) - ()(tl(ti[])

i-il (10.1-7)

where Y(t) is given by Equation (10.1-6), and

S) f[I' (t 1.),u(t 1 .),d] (10.1-8)

Most practical applications of equation error separate the problems of state reconstruction and parameter
estimation. In the context defined above, this is possible when g is not a function of C. Then Equa-
tion (10.1-6) is also independent of g; thus, we can reconstruct the state exactly without knowledge of E.
Furthermore, the estimates of & depend only on the reconstructed state vector and the control vector. There
is no direct dependence on the actual measurements z(tit or on the exact form of the g-function. This is
evident in Equation (10.1-7) because the Jacobian of g" is independent of & and, therefore, irrelevant to
the parameter-estimation problem. In many practical applications, the state reconstruction is more complicated
than a simple pointwise function as in Equation (10.1-6), but as long as the state reconstruction does not
depend on &, the details do not matter to the parameter-estimation process.

You will seldom (if ever) see Equation (10.1-7) elsewhere in the form shown here, which includes the fac-
tor for the Jacobian of g'-. The usual derivation ignores the measurement equation and starts from the
assumption that the state is known exactly, whether by direct measurement or by some reconstruction. We have
included the measurement equation only in order to emphasize the parallels between equation error, output
error, and filter error. For the rest of this section, we will assume that g is independent of &. We will
specifically assume that the determinant of the Jacobian of g is 1 (the actual value being irrelevant to the
estimator anyway), so that we can write Equation (10.1-7) in a more conventional form as

N -1/2-e (1 .-9
P(ZNIR ) = HII2WFF*11"I exp{- ½ [x(ti) - ((ti)]*(FF*)l'[x(ti) - R(ti)]) (10.1-9)

Jul

where

i'(tI) •fEX(ti_.•),u(ti.•),{] 110.1-10) L''T-:;,t._

You can derive slight generalizations, useful in some cases, from Equation (10.1-7).

The maximum-likelihood estimate of t is the value that maximizes Equation (10.1-9). As in previous
chapters, it is convenient to work in terms of minimizing the negative-log-likelihood functional

N
J) ½ x(ti) - i 4(t)1*IFF*)-l[x(ti) -z x(tt)] + N inIFF*I (10.1-11)

If has a Gaussian prior distribution with mean mC and covariance P, then the MAP estimate minimizes '

N
J({) = Z [x(tI) - %(ti)]*(FF*) 1l[x(ti) - R(ti)] + N tnIFF*l + (C - m )*P-.({ - m{)

Jul, (10.1-12) A

10.1.2 Special Case of Filter Error .

For linear systems, we can also derive state-equation error by plugging into the linear filter-error ,. :
algorithm derived in Chapter 9. Assume that G is 0; FF* is invertible; C is square, invertible, and known I . <•,.

exactly; and D is known exactly. These are the assumptions that nmean we have perfect measurements of the . •
state of the system.

The Kalman filter for this case is (repeating Equation (7.3-11))

i(ti) - C-'[z(ti) - Du(ti)] = x(ti) (10.1-13) ,*-.

and the covariance, Pi, of this filtered estimate is 0. The one-step-ahead prediction is

i(t1 +d) = Ox(ti) + Tu(ti) (10.1-14)
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with

Q, FF* (10.1-15) ~ ~

From F.quation (9.1-6) we have

R CFF*C* (10OA-16)

and thus Equationi (9.1-12) becomes

N

JWc . L [z(t1) - i(ti))*(CFF*C*)-l[z(t1 ) (ti)] + 1 N tnICFF*C*I (10.1-17)
J1-

Eliminating irrelevant IC constants, we can redefine the cost function as

N1
= [x(tY - i (t1 ))*(FF*)l1[x(t1) -i(ti)] + N znIFF*I (10,1-18)

which is in the form of Equation (10.1-11). Note that C and D play no role in this estimator, outside of theI reconstruction of the state using Equation (10.1-13).
* 10.1.3 Discussion

The cost function defined by Equation (10.1-11) or (10.1-1?) involves a weighted square sum of the error
* that would be in the state equat.ion, Equation (10.1-1b), if the noise term were omitted. The term "equation

error" derives from this fact. This terminology is rather vague, giving little hint as to what equation is
meant. The output-error and filter-error methods described in previous chapters could, with equal validity, be
categorized as methods involving minimizing the error of some equation. In spite of this potential ambiguity, .. .

the use of the term "equation error" is well-established, and the term is unlikely to be misinterpreted. The
terms "state-equation error" and "observation-equation error," which we use in the following sections, are more
definitive, but not widely used.

Times equation-error method is also referred to by several other names. The term "least squares" is some-
tmsused to define the method, but this terminology is subject to misinterpretation. The large majority of5 the estimation methods used can be classified as least-squares methods. We suggest using the term "least

squares" only to refer to this broad class of methods (as in the statement "equation error is a least squares
method"), never to precisely specify a method. The term "linear least squares" is somewhat more definitive (at
least for the case in which f is a linear function of C) and has been used on occasion. Another term often
used is "regression" method (or, more definitively, "linear regression").

Teterms "equation error" or "least squares" are often used to contrast this method with maximum-
likelihood estimators. Such contrasts are inappropriate and misleading because equation error is a completely
rigorous maximum-likelihood estimator for the problem as stated. The differences between equation error,
output error, and filter error lie in the problem statements and assumptions, not in the statistical principles
used nor in the rigor of the derivation. To disparage equation error on the basis that it is not maximum
likelihood because it ignores measurement noise smacks more of snobbery than of honest evaluation. The neglect
of measurement noise may, indeed, be a significant flaw for some applications, but this flaw is irrelevant to
the issue of whether equation error is maximum likelihood.

A related common misconception is that equation-error estimates are biased, whereas output-error or
filter-error estimates are asymptotically unbiased. To the contrary, equation error is asymptotically unbiased
for the problem as stated; in many applications, the equation-error estimates are even unbiased for finitet -
time. It is true that equation error is biased in the presence of measurement noise, but output error is
likewise biased in the presence of process noise.

The principle illustrated here is universal: any estimator is biased (among other problems) when applied
* to systems that violate the assumptions used in deriving the estimator. This principle applies to all assump-

tions, not just to the presence or absence of noise. Because any real system will violate any tractable set of ,.

assumptions, all estimators are actually biased. (All of our previous statements that given estimators areU unbiased are based on idealized systems meeting the stated assumptions.)
The unqualified statement that a given estimator is biased is, therefore, of little use io evaluating the

estimator. More pertinent issues include the questions of which assumptions are most severely violated by the
actual system, and how sensitive the estimator is to these violations. The magnitude of the bias is a reason-
able means of addressing these questions, but the mere existence of a bias is not.

10.2 GENERAL EQUATION ERROR FORN

Many practical applications of equation error do not fit naturally into the restrictive definition of the
previous section, which allows no measurement noise. There are several alternate definitions of equation error
that accommodate these applications. These alternate definitions involve apparently disparate statistical
assumptions. The unifying theme, which justifies the use of the same terminology and computational tools for
these various cases, is the form of the resulting cost function. In some cases, two different viewpoints and
corresponding different assumptions about the same application can result in identical computations.
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We will, therefore, take the cost-function form as the general defining property of equation-error esti-
mat6rs. This form can arise from several different sets of statistical assumptions. This nonstatistical,
result-oriented approach to the definition helps us to avol unnaturally contorting some problem statements -. ,-.
to force them to fit an overly rigid definition, when a more natural problem statement achieves the same
result. • .. ,

To define a general equation-error estimator, we start with some equation, expressed as a function of the
measurements and the unknown parameters, Which should ideally (ignoring noise and modeling errors) be satisfied
at every measurement t;ae point. We write the equation in the general form

h[z(.),u(.),t 1 ,cJ * 0 1 1,2,...,N (10.2-1) i N%

Sections 10.2.1 through 10.2.3 give specific common cases of such equations.
10.

The equation-arror estimate based on this eqduation is then the value of I that minimizes the cost
function

N
-½ - h[z(.),u(.),tr.,d*W h[z(.),u(.),ti,.) (10.2-2)

where W is a positive semidefinite weighting matrix. The definition assumes that the minimum exists and is
unique.

In order to accommodate prior information and unknown W matrices, we allow the form of Equation (10.2-2)
to be extended to 7.

j() ~.X h~z(.),u(.),ti.&J*IW h~z(.),u(.),t1,QJ + N xnIW-lI + I m )*p(Q m

(10.2-3)

corresponding to Equation (10.1-12). The above definition is broad enough to include output error and filter .'Z',
error, as well as the equation-error estimators defined in Section 10.1. "

The estimators emphasized in this chapter have the particular property that the h dependence on z(.)
and u(.) is restricted to one or two time points. The central statistical assumption that gives this property
is that there are perfect (no noise) measurements of the state. This assumption reduces the Kalman filter to
the form of Equation (10.1-3), which eliminates the integration of the state equation. With this assumption,
Equation (10.1-3) ib the obvious optimal filter even for nonlinear state equations. We are also forced to
assume that the process noise covariance FF* is nonsingular; a singular FF* combined with the perfect C...

state measurements would give an ill-posed problem.

10.2.1 Discrete State-Equation Error

One specific case of the equation-error method is state-equation error. In this case, the specific form r-j
of Equation (10.2-1) derives from the state equation, ignoring the process noise. We will first consider
state-equation error for discrete-time systems. The discrete-time state equation for a general nonlinear . .
system, ignoring the process noise, is ., .'

x(ti+1 ) = fqx(ti),u(t 1 ),J] I * 0,1,...,N - 1 (10.2-4) -

The h function based on this eouation is C- . .

h[z(.),u(.),tt,] - x(t 1 ) - f~x(t 1_1 ),u(ttd),0 1 - 1,2 .... N (10.2-5)

This form presumes that the x(t 1 ) can be r'econstructed as a function of the z(ti) and u(ti).

We recognize discrete-time state-equation error as the method derived in Section 10.1. Equation (10.1-12)
(with Equation (10.1-10)) is a special case of Equation (10.2-3) using Equation (10.2-5) for h and FF* for
W. Section 10.1 discussed the details of the statistical assumptions implicit in this form.

Notei also that we can define a state-equation error method whether or 'not the state measurements are
noise-free. The only requisite for a plausible state-equation error method is that we have some estimate of
the state to use in Equation (10.2-5). If the measurements are contaminated with noise, then the estimator is
not a maximum-likelihood estimator and will be asymptotically biase%;. There are many practical circumstances, '." ;
however, where a simple equation-error estimator is preferable to the "optimal" alternatives. r. '

10.2.2 Continuous/Discrete State-Equation Error

For a mixed continuous/discrete-time system with additive process noise, the state equation is

i(t) - f[x(t),u(t),QJ + Fn(t) (10.2-6)

The h function for a continuous/discrete-time state-equation error method derives from evaluating the state
equation at the measurement times tt and ignoring the process noise:

h[z(.-) ,u(. ),tt , (ti) - fix (ti),u(tj),E) (10.2-7)

__ _ __ _ • C °"
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The use of this form in an equation-error method presumes that the state x(ti) can be reconstructed as a
function of the z(tj) and u(tj). This presumption is identical to that for discrete-timt state-equation
error, and it implies the same conditions: there must be noise-free measurements of the state, Independent of
t{. It is imolicit that a kniwn invertible transformation of such measurements is statistically equivalent. As
in the discrete-time case, we can define the estimator even when the measurements are noisy, but it will no
longer be a maximum-likelihood estimator.

Equation (10.2-7) also presumes that the derivative i(t ) can be reconstructed from the measurements. ° .-.- *.

Neglecting for the moment the statistical implications, note that we can form a plausible equation-error esti-. -
rh÷or using any reasonable means of approximating a value for i(t1) independently of c. The simplest case of
thts os when the observation vector includes measurements of the state derivatives in addition to the measure-
ments of the states. If such derivative measurements are not directly available, we can always approximate
i(ti) by finite-difference differentiation of the state measurements, as in

Oilt - ti+,) - Att•..•-....
- x~ 1 4 1 )- x~11)(10.2-8)

ti+1 - ti-1 .4.4

Both direct measuremert and finite-difference approximation are used in practice. .. . *"

Rigorous statistical treatment is easiest for the case of finite-difference approximations. To arrive at,.
such a form, we write the state equation in integrated form as

x(t141 ) = x(tl) + f[x(t),u(t),]dt + Fn(t)dt (10.2-9)
ti ti ...-.

An approximate solution (not necessarily the best approximation) to Equation (10.2-9) is

x(t 1 4 ) • x(ti) + (ti+, - ti)f[x(t 1 ),u(t 1 ),Q] 4 Fdni (10.2-10)
i'+1 d,

wh-re ni is a sequence of independent Gaussian variables, and Fd is the equivalent discrete F-matrix.
Sections 6.2 and 7.5 discuss such approximations.

Equation (10.2-10) is in the form of a discrete-time state equation. The discrete-time state-equation
error method based on this equation uses

h[z(.),u(.),tt,] - x(tt) - x(tt11 ) - (ti - tt.1 )f[x(tt.1 ),u(tt11 ),.] (10.2-11)

Redefining h by dividing by ti - ti-i gives the form

h=()u.,it - (ti) -f~x(t 1),U(t 1),td (10.2-12)

where the derivative is obtained from the finite-difference formula

i(tl) X(t1 ) " x(t ) (10.2-13)ti - tt.i. ....

Other discrete-time approximations of Equation (10.2-9) result in different finite-difference formulae.
The central-difference form of Equation (10.2-8) is usually better than the one-sided form of Equa-
tion (10.2-13), although Equation (10.2-8) has a lower bandwidth. If the bandwidth of Equa on (10.2-8)
presents problems, a better approach than Equation (10.2-13) is to use

h[z(. ),u(.),tt,1 i(tt./ J - f[x(t 1-/2 ),u(t/1 -,/ ] (10.2-14)

where we have used the notation

t (tI + t i-) (10.2-15) W

and

i-. (tI l2) x(t 1 ) x(ti,) (10.2-16)
- ~tI - tl~

There are several other reasonable finite-difference formulae applicable to this problem.

Rigorous statistical treatment of the case in which direct state derivative measurements are available
raises several complications. Furthermore, it is difficult to get a rigorous result in the form typically
used-an equation-error method based on x measurements substituted into Equation (10.2-7). It is probably
best to regard this approach as an equation-error estimator derived from plausible, but ad hoc, reasoning.

We will briefly outline the statistical issues raised by state derivative measuremients, without attempting
a complete analysis. The first problem is that, for systems with white process noise, the state derivative is
infinite at every point i n time . (Careful argument is required even to define the derivative.) We could avoid
this problem by requiring the process noise to be band-limited, or by other means, but the resulting estimator1L7 _ %'t.
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will not be In the desired form. A heuristic explanation Is that the x measurements contain implicit
information about the derivative (from the finite differences), and simple use of the measured aerivative
ignores this information. A rigorous muximum-likelihood estimator would use both sources of information.
This statement assumes that the ii massurements and the finite-difference derivatives are independent data.
It is conceivable that the x "measurements" are obtained as sums of the i measurements (for instance, in
an inertial navigation unit). Such cases are merely integrated versions of the finite-difference approach, not
really comparable to cases of independent x measurements.

The lack of a rigorous derivotion for the state-equation error method with independently measured state
derivatives does not necessarily mean that it is a poor estimator. If the information in the state derivative ,*..-

measurements is much better then the information in the finite-difference state derivatives, we can justify
the approach as a good approximation. Furthermore, as expressed in our discussions in Section 1.4, an esti-
motor does not have to be statistically derived to be a good estimator. For some problems, this estimator
gives adequate results with low computational costs, when this result occurs, it is sufficient justification
in itself.
10.2.3 Observation-Equation Errort

Another specific. case of the equation-error method is observation-equation error. In this case, the
specific form of h comes from the observation equation, Ignoring the noise. The equation is the same for
pure discrete-time or mixed continuous/discrete-time systems. The observation equation for a system with
additive noise is

z(t1) *gix(t 1)uyt), + Gvn1  (10.2-17)

The h function based on this equation is

h*()u()t, z(ti) - g~x(t1),U(t1),E] (10.2-18)

As in the case of state-equation error, observation-equation error requires measurements or reconstruc-
tions of the state, because x t) appears in theeqain ThcomtsnScin1021butosente
state measurement apply here also. Observation-equation error does not require measurements of the state
derivative.

The observation-equation error method also requires that there be some measurements in addition to the
states, or the method reduces to triviality. If the states were the only measurements, the observation equa-
tion would reduce to

z(t1) *x(ti) (10.2-19)

which has no unknown parameters. There would, therefore, be nothing to estimate.

The observation-equation error method applies only to estimating parameters in the observation equation.
Unknown parameters in the state equation do not enter this fonnuiation. In fact, the existence of the state
equation is largely irrelevant to the method.

This irrelevance perhaps explains why observation-equation error is usually neglected in discussions of -i

estimators for dynamic systems. The method is essentially a direct application of the static estimators of
Chapter 5,taking no advantage of the dynamics of the system (the state equation). From a theoretical view-
point, it may seem out of place in this chapter.

In practice, the observation-equation-error method is widely used, sometimes contorted to look like a ,

state-equation-error method. The observation-equation-error method is often a competitor to an output-error
method. Our treatment of observation-equation error is irtended to facilitate a fair evaluation of such
choices and to avoid unnecessary contortions into state-e..iuation error forms.

10.3 COMPUTATION

We have previously mentioned that a unifying characteristic of the methods discussed in this chapter is
their computational simplicity. We have not, however, given much detail on the computational issues.

Equation (10.2-3), which encompasses all equation-error forms, is in the form of Equation (2.5-1) if the
weighting matrix W is known. Therefore, the Gauss-Newton optimization algorithmn applies directly. Unknown

* W-m-atrices can be handled by the method discussed in Sections 5.5 and 8.4.

In the most general definition of equation error, this is nearly the limit of what we can state about
computation. The definition of Equation (10.2-3) is general enough to allow output error and filter error as
special cases. Both output error and filter error have the special property that the depondence of h on z
and u can be cast in a recursive form, significantly lowering the computational costs. iecause of this
recursive form, the total comp~utational cost is roughly proportional to the number of tima points, N. The

* ~~general definition of equation error also encompasses nonrecursive forms, which could have computational costs .

proportional to N' or higher powers.

The equation-error methods discussed in this chapter have the property that, for each ti, the dependence
of h on z(.) and u(.) is restricted to one or two time points. Therefore, the computational effort for each
evaluation of h is independent of N, and the total computational cost is roughly proportional to N. In

* this regard, state-equation error and output-equation error are comparable to output error and filter error.
* For a completely general, nonlinear system, the computational cost of state-equation error or output-equation
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*; error Is roughly similar to the cost of output error. (6oneral nonlinear models are currently impractical for
filter error without using linearized approximations.)

w Icn the large majority of prc tical applications, however, the f and g functions have special properties "

which make the computational costs of state-equation error and outptut-equation error far smaller then the com-
putational costs of output error or filter error.

* The first property is that the f and g functions are linear in c. This property holds true even for
system described as nonlinear; the nonlinearity meant by the term *nonlinear system" is as a function of x
and u-not as a function of c. Equation (1.3-2) Is a simple example of a stitic system nonlinear in 'he
input, but linear in the parameters. The output-errcr method can seldom take advantage of linearity In the ... *:*-.

parameters, even when the system is also linear in x and u, because the system response is usually a nonlinear
function of c. (There are some significant exceptions In special cases.)

State-equation error and output-equation error methods, in contrast, can take excellent advantage of
linearity in the parameters, even when the system is nonlinear in x and u. In this situation, state-equation
error and output-equation error meet the conditions of Section 2.5.1 for the Gauss-Newton algorithm to attain
the exact minimum in a single iteration. -k S .

This is both a quantitative and a qualitative computational improvement relative to output error. The
quantitative improvement is a division of the computational cost by the number of iterations required for the ,. •
output-error method. The qualitative improvement is the elimination of the issues associated with iterative
methnds: starting values, convergence-testing criteria, failure to converge, convergence accelerators, multi-
ple local solutions, and other issues. The most commonly cited of these benefits is that there is no need
for reasonable starting values. You can evaluate the equations at any arbitrary point (zero is often con-
venient) without affecting the result.

Another simplifying property of f and g, not quite as universal, but true in the majority of cases, is
that each element of c affects only one element of f or g. The simplest example of this is a linear system .,. ,,.

where the unknown parameters are individual elements of the system matrices. With this structure, if we con-
strain W to be diagonal, Equation (10.2-3) separates into a sum of independent minimization problems with
scalar h, one problem for each element of h. If X is the number of elements of the h-vector, we now have
i independent functions in the form of Equation (10.2-3), each with scalar h. Each element of E affects
one and only one of these scalar functions. POP

This partitioning has the obvious benefit, common to most partitioning algorithms, that the sum of the
i -problems with scalar h requires less computation than the unpartitioned vector problem. The outer-product
computation of Equation (2.5-11), often the most time-consuming part of the algorithm, is proportional to the
square of the number of unknowns and to L. Therefore, if the unknowns are evenly distributed among the t
elements of h, the computational cost of the vector problem could be as much as i. times the cost of each of
the scalar problems. Other portions of the computational cost and overhead will reduce this factor somewhat,
but the improvement is still dramatic. -; .,! !

A.• Another benefit of the partitioning is that it allows us to avoi( iteration when the noise covariances are
unknown. With this partitioning, the minimizing values of 4 are independent of W. ThM normal role of W
is in weighing the importance of fitting the different elements of the h. One value of C might fit one
element of h best, while another value of & fits another element of h best; W establishes how to strike
a compromise among these conflicting aims. Since the partitioned problem structure makes the different ele-
ments of h independent, W is largely irrelevant. Therefore we can estimate the elements of c using any
arbitrary value of W (usually an identity matrix). If we went an estimate of W, we can compute it after we
estimate the other unknowns.

The combined effect of these computational improvements is to make the computational cost of the state-
equation error and output-equation error methodi negligible in many applications. It is coumn for the compu-.
tational cost of the actual equation-error algorithm to be dharfed by the overhead costs of obtaining the data,
plotting the results, and related computations.

10.4 DISCUSSION ".;'

The undebated strong points of the state-equation-error and output-equation-error methods are their sim- "
plicity and low computational cost. Most important is that Gauss-Newton gives the exact minimum of the cost
function without iteration. Because the methods are noniterative, they require no starting estimates. These
methods have been used in many applications, sometimes under different names.

The weaknesses of these methods stem from their assumptions of perfect state measurements. Relatively
small amounts of noise in the measurements can cause significant bias errors in the estimates. If a measure-
ment of some state is unavailable, or if an instrument fails, these methods are not directly applicable (though
such problems are sometimes handled by state reconstruction algorithms).

State-equation-error and output-equation-error method, s can be used with either of two distinct approaches,
depending upon the application. The first approach is to accept the problem of measurement-noise sensitivity
and to emphasize the computational efficiency of the method. This approach is appropriate when computational
cost is a more important consideration than accuracy.

For example, state-equation error and output-equation error methods are popular for obtaining storting .. .
values for iterative procedures such as output error. In such applications, the estimates need only be accu-
rate enough to cause the iterative methods to converge (presumably to better estimates).

Another con use for state-equation error and output-error is to select a model from a large nuber of
candidates by estimating the parameters in each candidate model. Once the model form is selected, the rough
parameter estimates can be refined by some other method.

••I"
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The second approach to using state-equation-error or output-equation-error methods is to spend the time
and effort necessary to get accurate results from them, which first requires accurate state measurements with '--
low noise levels. In many applications of these methods, most of the work lies in filtering the data and
reconstructing estimates of unmeasured states. (A KalmAn filter can sometimes be helpful here, provided that
the filter does not depend upon the parameters to be estimated. This condition re4uires a special problem
structure.) The total cost of obtaining good estimates from these methods, including the cost of data pre-
processing, may be comparable to the cost of more complicated iterative algorithms that require less
preprocessing. The trade-off Is highly dependent on application variables such as the required accuracy of %.'
the estimates, the quality of the available instrumentation, and the existence of independent neees for
accurate state measurements. ,
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CHAPTER 11 es.. .' .

11.0 ACCURACY OF THE ESTIMATES

Paramter estimates from real systems are, by their nature, imperfect. The accuracy of the estimates is
pervasive issue in the various stages of application, from the problem statement to the evaluation and use

of the results.

We introduced the subject of paramter estimation in Section 1.4, using concepts of errors in the esti-
rates and adequacy of the results. The subsequent chapters have largely concentrated on the derivation of
algorithms. These derivations are all related to accuracy is.ues, based on the definitions and discussions in
Chapter 4. However, the questions about accuracy have ben laria.' vershedowd by the details of deriving and .*'.,',
implementing the algorithms.

In this chapter, we return the emphasis to the critical Issue of accuracy. The final Judgment of the
* parameter estimation process for a particular application is based on the accuracy of the results. We examine
e. the evaluation of the accuracy, factors contributing to inaccurecy, and means of improving acctoracy. A truly

comprehensive treatment of the subject of accurac~yis impossible. We restrict our discussion largely to
generic issues related to the theory and methodology of parameter estimntoon.

To wake effective use of parameter estimates, we must have sme gauge of their accuracy, be it a statisti-
. cal measure, an intiftive guess, or some other source. If we absolutely cannot distinguish the extrems of

accurate versus worthless estimates, %v must always consider the possibility that the estimates are worthless,
in which case the estimates could not be used in any application in which their validity was important.
Therefore, measures of the estimate accuracy are as important as are the estimates themselves. Various means

*' of judging the accuracy of parameter estimtes are in current use.

We will group the uses for measures of estimate accuracy into three general classes. The first class of
use is in planning the parameter estimation. Predictions of the estimate accuracy can be used to evaluate the
adequacy of the proposed experiments and instrumentation system for the parameter estimation on the proposed
model. There are limitations to this usage because it involves predicting accuracy before the actual data are
obtained. Unexpected problems can always cause degradation of the results compared to the predictions. The
..ccuracy predictions are most useful in identifying experiments that he" no hope of success.

The second use Is in the parameter estimation process itself. Measures of accuracy can help detect
various problem in the estimation, from modeling failures, data problems, program bugs, or other sources,
Another facet of this class of use is the comparison of different estimates. The comparisons can be between
two different models or methods applied to the sam data set, between estimates from independent data sets, or
between predictions and estimates from the experimental data. In any of these events, measures of accuracy
can help determine which of the conflicting values is best, or whether som compromise between them should be
considered. Comparison of the accuracy measures with the differences in the estimates is a means to determine
if the differencos are significant. The magnitude of the observed differences between the estimates is, in "•. -
itself, an indicator of accuracy. f-,..

The third use of measures of accuracy is for presentation with the final estimates for the user of the
results. If the estimates are to be used in a control system design, for instance, knowledge of their accuracy
is useful In evaluating the sensitivity of the control system. If the estimates are to be used by an explicit
"adaptive or learning control system, then it is important that the accuracy evaluation be systematic enough to
be automatically implemented. Such immediate use of the estimates precludes the intercession of engineering
judgment; the evaluation of the estimates must be entirely automatic. Such control system must recognize poor
"results and suitably discount them (or ensure that they hever occur-an overly optimistic goal).

The single most critical contributor to getting accurate parameter estimates in practical problems is the
analyst's understanding of the physical system and i' instrumentation. The most thorough knowledge of peram-
eter estimation theory and the use of the most powertil techniques do not compensate for poor understanding of
the system. This statement relates directly to the discussion in Chapter 1 about the "black box" identifica-e
tion problem and the roles of independent knowledge versus system identification. The principles discussed in
this chapter, although no substitute for an understanding of the system, arv a necessary adjunct to such
understanding.

Before proceeding further, we need to review the definition of the term "accuracym as it applies to real
data. A system is never described exactly by the simplified models used for analysis. Regrrdless of the X.
"sophistication of the model, unexplained sources of modeling error will always remain. There is no unique,; correct model.

The concept of accuracy is difficult to define precisely if no correct model exists. It is easiest to
approach by considering the problem in two parts: estimation and modeling. For analyzing the estimation prob- - ;•
lem, we assume that the model describes the system exactly. The definition of accuracy is then precise and
quantitative. Many reiults are available in the subject area of estimation accuracy. Sections 11.1 and 11.2
discuss several of them.

The modeling problem addresses the question of whether the form of the model can describe toie system
adequately for its intended use. There is little guide from the theory in this area. Studies such as those
of Gupta, Hall, and Trankle (1978), Fiske and Price (1977), and Akaike (1974), discuss selection of the best
model from a set of candidates, but do not consider the more basic issue of defining the candidate mudels.Section 11.4 considers this point in more detail.

For the most part, the determination of model adequacy is based on engineering judgment and problem-.
-- specific analysis relying heavily on the analyst's understanding of the physics of the system. In some cases,
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* ~~we can test model adequacy by demonstration: if we try the model and it achieves its purpose, it was obvio~usly ~ .. ~**.
* adequite. Such tests are iot always practical, however. This method assumes, of course, that the test was

comiprehensive. Such assumptions should not be made lightly, they have cost lives when systems encountered
* ~untested conditions.-

After considering estimation and modeling as separate problems, we need to look at their interactions to
complete the discussion of accuracy. We need to consider the estimates that result from a model judged to be

* ~~adequate, although not exact. As in the modeling problem, this process involves considerable subjective judg- ..

ment, although we can obtain some quantitative results.
We ~can examine some specific, postulated source: of modeling error through simulations or analyses that

ust ore ompex mdel tha arepratica ordesirable In the parameter estimation. Such simulatio'ns or%
anlyesca ncud, oreamle mde f acfipostulated instrumentation errors (Hodge and Bryant, . .. ~.

198 and Sorensen, 1972). Maine and I11ff (1981b) present some more general, but less rigorous, results.

TMe concept of a confidence region is central to the analytical study of estimation accuracy. In generalY
terms, a confidence region is a region within which we can be reasonably confident that the true value of c
lies. Accurate estimates cornc pond to small confidence regions for a given level of confidence. Note that ~4
small confidence regions iw4ly iarge confidence; in order to avoid this apparent inversion of terminology, the
term "uncertainty region" is sometimes used in place of the term "confidence region." The following subsec-
tions define confidence regions more precisely. 5

For continuous, nonsingular estimation problems, the probability of any point estimate's being tixactly
cow-rect is zero. We need a concept such as the confidence rpgion to make statements with a nonzero confidence.
Throughout the discussion of confidence regions, we assume that Ahe system model is correct; that i1% we assume
that C has a true value lying in the parameter space. In later sections we will consider issues relating to 01
modeling error.

11.1.1 Random Parameter Vector

Let us consider first the case in which c is a random variable with a known prior distribution. This
situation usually implies the use of an 14AP estimator.

In this case, c has a posterior distribution, and we can define the posterior probability that k. lies
in any fixed region. Although we will use the posterior distribution of 4 as the context for this discus
sion, we can equally well define pric- confidence regions. None of the following development depends upon our
working with a posterior distribution. For simplicity of exposition, we will assume ýhat 09~ posterior dis-tri- .
bution of c has a density function. The posterior probability that C lies in a region R is then..

P(R) p(CJZ)dJCI 1.11

We dafine R to be a confidence region for the confidence level a if P(R) a , and no other region
with the same probability is smaller than R. We use the volume of a region as a measure of its size.

Theorem 11.1 Let R be the set of all points with p(cIZ) a: c, where c is
-a constanT?- Then R is a confidence region for the confidence level

*P(R).

?roof Let R be as defined above, and let R' be any other region with
FV 1 '. 10e need to prove that the vulume of R' must be greater than or

equal to that of R. We define T a R n R', S - R n k', and S' - P.' n R
Then T, S, and S' are disjoint, R - T u S, and R' - T 1) S'. BecauSe
S c R, we must have p(CIZ) z c everywhere in S. Conversely, S, c R, so

1,E?.:ceverywhere in S'. In order for P(R') *P(R), we must have
P(S) Therefore, the volume of S' must be greater than or equal to

that of S. The volume of R' must then be greater than that of R, com- ~-
plating the proof.

It is often convc'iient to characterize a closed region by its boundpiry. The boundaries of the confidence
regions defined by &rhcoi~art 11.1 are isuclines of the posterior density function p(CIZ).

We can write the confidence region derived in the above theorem as

R - {x: Pt1Z(xIZ) t c) 1.12

We must use the full notation for the probability density function to avoid confusion in the following manipu-
* lations. For consistency with the following section, it is convenient to re-express the confidence region in

terms of the density function of the error.

- 1.13

* The estimate is a deterministic function of Z; therefore, Equation (11.1-3) trivially gives

P4JZ(xIZ) -PeIZ(x E IZ) (11.1-4)
7777
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Substituting this into Equation (11.1-2) gives the expression

R- (x: peIZ(x - ELIZ) I C) (11.1-5)

SubstitutingO x + for x in Equation (11.1-5) gives the convenient form

Qu (t + x: pOiZ(XIZ) & cJ (11.16),

This form shows the boundaries of the confidence regions to be translated isoclines of the error-densaity
function.

Exact determination of the confidence reginns is impractical except in simple cases. Ons such case occurs
when 4 is scalar and p(cIZ) is unimoA7 . An isocline then consists of two points, and the line segment
between the two points is the confidence region. In this one-dimensional case, the confidence region is often
called a confidence interval.

Another simple case occurs when the posterior density function is in some standard family of density
functions expressible in closed form. This is most commonly the family of Gaussian density functions. An iso-
cline of a Gaussian density function with mean m and nonsinguler covariance A is a set of x values
satisfying

(x - m)*AS(x - m) - c (11.1-7)

This is the equation of an ellipsoid.

For problems not fitting into one of these special cases, we usually must make approximations in the com- ,
putation of the confidence regions. Section 11.1.3 discusses the most comeon approximation.

11.1.2 Nonrandom Parameter Vector

When c is simply an unknown parameter with no random nature, the development of confidence regions is
more oblique, but the result is similar in form to the results of the previous section. The same coments
apply wfien we wish tc ignore any prior distribution of c and to obtain confidence regions based solely on
the current experimental data. These situations usually imply the use of NLE estimators.

In neither of these situations can we meaningfully discuss the probability of c lying in a given region.We proceed as follows to develop a substitute concept: the estimate t is a function of the observation Z, • ,
which has a probability distribution conditionea on C. Therefore, we can define a probability distribution
of e conditioned on E. We will assume that this distribution has a density function P ". ,.

For a given value of E, the isoclines of pelt define boundaries of confidence regions for •, Let R,
be such a confidence region, with confidence level c.

R3.(x: p~ •(xlt) k c (11.1-8)

It is convenient to define R, in terms of the error density function PeJ&, using the relation

pkit(xIC) - Pejc(t - xlt) (11.1-9)

This gives

R1 - - x: pel(xl) c (11.1-10)- -"

The estimate • has probability c of being in R, For this chapter, we are more interested in the
situation where we know the value of ~ nd seek to dfeacniec einfrswihi nnw.W
can define such a confidence region for C, given t, in two steps, starting with the region R,.

The first step is to define a region R2  which is a mirror image of R,. A point t - x in the regionR, reflects onto the point E + x in R2, as shown in Figure (11.1-1). We can thus write R2 as.---..

R=, + x: pe(x)• c (11.1-11).... C

This reflection interchanges ý and j; therefore, c is in R if and only if & is in R1. Because there is
probability a that t lies in RI, there is the same probaebltty a that • lies in R2 .

To be technically correct, we must be careful about the phrasing of this statement. Because the true value
tis not random, it makes no sense to say that & has probability a of lying in R,. The randomness is in

the construction of the region R2  because R2  depends on the estimate E, which depends in turn on the noise-
contcminated observations. We can sensibly say that the region R2 , constructed in this manner, has probability
a of covering the true value t. This concept of a region covering the fixed point t replaces the concept of
the point c lying in a fixed region. The distinction is more important in theory than in practice.

Although we have defined the region R2  in principle, we cannot construct the region from the data avail-
ahl'N because Rf depends on the value of t, which is unknown. Our next step is to construct a region RI,
which approximates R1, but does not depend on the true value of 4. We base the approximation on the assump-
tion that Pelt is approximately invariant as a function of C; that is

V •-•
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This pproxmatio is ulikel to b a PaIt(XIC + a)(1.1)

This approximaion is unlikely to be valid for large values of 6 except in sirqle cases. For small values
of 6, the approximation is usually reasonable.

We define the confidence region RD by applying this approximation to Equation (•1.1-11), using 0 - c .
for6. " -

R2 *, ' x: p1(I)kC) (1.-3)*.

The regit,, RD depends only on pl;, and the arbitrary constant c. The function Peal is presumed knownfrom the start, and t is the estimat computed by the methods described in previous chap trs. In principle,

we have sufficient information to compute the region RD. Practical application requires either that Peibe In one of the simple forms described in Section 11.1.1, or thatee w ake further approximations as dtsclsed •,.,

in Section 11.1.3.

If i - • is mall (that is, if the estimate is accurate), then RD will likely be a close approximation
to R.. If t - i is large, then the approximation is questionable. The result is that we are unable to .... ....
defin. large confidence regions accurately except In special cases. We can tell that the confidence region is .
large, but its precise size and shape are difficult to determine.

Note that the confidence region for nonvindom parameters, defined by Equation (11.1-13), is almost iden- .-
tical in form to the confidence region for random parameters, defined by Equation (11.1-6). The only differ- -
ence in the form is what the density functions are conditioned on.

11.1.3 Gaussian Approximation

The previous sections have derived me boundaries of confidence regions for both random and nonrandom
parameter vectors in terms of isoclines of probability Jensity functions of the error vector. Except in
special cases, the probability density functions are too complicated to allow practical computation of the .
exact isoclines. Extreme precision in the computation of the confidence regions is seldom necessary; we havealready made approximations in the definition of confidence regions for nonrandom parameters. In this section.-- --

we introduce approximations which allow relatively easy co•qitation of confidence regions. "

The central idea of this section is to approximate the pertinent probability density functions by Gaussian . .
density functions. As discussed in Section 11,1.1, the Isoclines of Gaussian density functions are ellipsoids,
which are easy to compute. We call these "confidence ellipsoids" or "uncertainty ellipsoids." In many cares,
we can Justify the Gaussian approximation with arguments that the distributions asymptotically approach
Gaussians as the amount of data increases. Section 5.4.2 discusses some pertinent asyptotic results.

A Gaussian approximation is defined by its mean and covariance, We will consider appropriate choices for
the mean and covariance to make the Gaussian density function a reasonable approximation. An obvious possibil-
ity is to set the mean and covariance of the Gaussian approximation to match the mean and covariance of the
original density function; we are often forced to settle for approximations to the mean and covariance of the
original density function, the exact values being impractical to compute. Another possibility is to use
Equations (3.5-17) and (3.5-18). We will illustrate the use of both of these options.

Consider first the case of an I.E estimator. Equation (11.1-13) defines the confidence region. We will

use covariance matching to define the Gaussian approximation to pe|C. The exact mean and covariance of
Pelt are difficult to compute, but there are asymptotic results which give reasonable approximations.

We use zero as an approximation to the mean of PmE; this approximation is based on MLE estimators being
asymptotically unbiased. Because MLE estlwitors are efficient, the Cramer-Rao bound gives an asymptotic
approximation for the covariance of pelt as the inverse of the Fisher information matrix N(C). We can use
either Equation (4.2-19) or (4.2-24) ".s equivalent expressions for the Fisher information matrix. Equa-
tion (5.4-11) gives the particular ,orm of M(t) for static nonlinear systems with additive Gaussian noise.

Both 1 and M(M) are readily available in practical application. The estimate i is the primary output
of a parameter estimation program, and most MLE parameter-estimation programs compute M(Q) or an approximation .
to it as a by-product of iterative minimization of the cost function.

Now consider the case of an MAP estimator. We need a Gaussian approximtion to p(elz). Eque-
Stions (3.5-17) and (3.5-18) provide a convenient basis for such an approximation. By Equation (3.5-17), we set
the mean of the Gaussian approximation equal to the point at which p(elz) is a maximum; by definition of the -
MAP estimator, this point is zero.

We then set the covariance of the Gaussian approximation to

A - [-v0 n p(elz)]" (11.1-14)

evaluated at • * •. For static nonlinear systems with additive Gaussian noise, Equation (11.1-14) reduces to
the form of Equation (5.4-12), which we could also have obtained by approximate covariance matching arguments.
This form for the covariance is the same as that used in the MLE confidence ellipsoid, with the addition of the
prior covariance term. As the prior covariance goes to infinity, the confidence ellipsoid for the MAP estimator
approaches that for the MLE estimator, as we would anticipate.

Both the MLE and MAP confidence ellipsoids take the form

(x - )*A(x - Z) c11-15
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where A Is an aplroximtion to the error-covartonce matrix. We have suggested SUitable approximations in the
wbove paregraphs,but mst approximtions to the error coveronce are equally acceptable. The choice its ,

usually dictated by what is conveniently available in a given program. ' ,

11.1.4 Nonstatistical Derivation .

We can alternately derive the confidence ellipsoids for MAP and MLE estimators from a nonstatistical view- ,
point. This derivation obtains the same result as the statistical approach and is easier to follow. Comari- %...
son of the ideas used in th. statistical and nonstatistical derivations reveals the close relationships between
the statistical characteristics of the estimates and the numerical problems of coqiuting them. The nonstatis-
tical approach generalizes easily to estimators and models for which precise statisticai descriptions are
difficult. %

The nonstatistical derivation presuLis that the estimate is defined as the minimizing point of some cost
function. We examine the shape of this cost function as it affects the numerical minimization problem in the i.
area of the minimum. For current purposes, we are not concerned with start-up problems, isolated local minima,
and other problem manifested far from the solution point. A relatively flat, ill-defined minimum corresponds
to a questionable estimate; the extreme case of this ir function without a discrete local minimum point. A
steep, well-defined mintimm corresponds to a reliable estimate.

With this justification, we define a confidence region to be the set of points with cost-function values
less than or equal to som constant. Different values of the constant give different confidence levels. The
boundary of such a region is an isocline of the cost function.

We then approximate the cost function in the neighborhood of the minimum by a quadratic Taylor-series
expansion about the minimum point.

1( )+ ( 0)*(vlJ(U)] - 1) (11.1-16)

The isoclines of this quadratic approximation are the confidence ellipsoids.

Q -)*[VZJ( -) c (111-17)

The second gradient of an 14LE or MAP cost function is an asymptotic approximation to the appropriate error
covariance. Therefore, Equation (11.1-17) gives the same shape confidence ellipsoids as we previously derived -

on a statistical basis. In practice, the Gauss-Newton -, other approximation to the second gradient is
usually used.

The constant c determines the size of the confidence ellipsoid. The nonstatistical derivation gives no
obvious basis for selecting a value of c. The value c a 1 gives the most useful correspondence to the
statistical derivation, as we will see in Section 11.2.1. - -* .

Figures (11.1-2) and (11.1-3) illustrate the construction of one-dimensional confidence ellipsoids using
the nonstatistical definition.

11.2 ANALYSIS OF THE CONFIDENCE ELLIPSOID

The confidence ellipsoid gives a comprehensive picture of the theoretically likely errors in the estimate.
It is difficult, however, to display the information content of the ellipsoid on a two-dimensional sheet of
paper. In the applications we most commonly work on, there are typically 10 to 30 unknown parameters; that is,
the ellipsoid is 10- to 30-dimensional. We can print the covariance matrix which defines the shape of the
ellipsoid, but it is difficult to draw useful conclusions from such a presentation format. The problem of •-"-' --

meaningful presentation is further compounded when analyzing hundreds of experiments to obtain parameter
estimates under a wide variety of conditions.

In the following sections we discuss simplified statistics that characterize important features of the-.
confidence ellipsoids in ways that are easy to describe and present. The emphasis in these statistics is on •...
reducing the dimensional ity of the problem. Many important questions about accuracy reduce to one-dimensional
forms, such as the accuracy of the estimate of each element of the parameter vector. "

All of the statistics discussed here are functions of the matrix A, which defines the shape of the confi-
dence ellipsoid. We have seen above that A is an approximation to the error-covariance matrix. These two
viewpoints of A will provide us with geomtrical and statistical interpretations. A third interpretation
comes from viewing A as the inverse of the second gradient of the cost function. In practice, A is usually
computed from the Gauss-Newton or other convenient approximation to the second gradient.

These statistics are closely linked to some of the basic sources of estimation errors and difficulties.
We will illustrate the discussion with idealized examples of these classes of difficulties. The ex ct means
of overcoming such difficulties depends on the problem, but the first step is to understand the mecanism
causing the difficulty. In a surprising number of applications, the major difficulties are cases of the simple
idealizations discussed here.

11.2.1 Sensitivity *. *1

The sensitivity is the simplest ot the statistics relating to the confidence ellipsoid. Although the sen-
sitivity has both a statistical and a nonstatistical interpretation, the use of the statistical interpretation
is relatively rare. The term "sensitivity" comes from the nonstatistical interpretation, which we will discuss S
first.
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From the nonstatistical viewpoint, the senSitivit is a measure of'how much the tost-function value
changes for a given change in a scalar parameter value. The most commn definition of the sensitivity with
respect to a parameter is the second partial derivative of the cost function with respect to the parameter.

Si(11.2-1)

For the purposes of this chapter, we are interested In the sensitivity evaluated at the minimum point of the
cost function; we will tdke this as part of the definition of the sensitivity.

The 4i in Equation (11.2-1) can be any scalar function of the z vector. In most cases, 41 is one of
the elements of the c vector. For simplicity, we will assume for the rest of this section that Ci is the
ith element of t. Generalizations are straightforward. When ti is the ith element of C, the seconi j
partial derivative with- respect to ci is the ith diagonal element of the second-gradient matrix.

Si - [VIJ(c)Ji (A'1)iI (11.2-2)

The sensitivity has a simple gometric interpretation based on the confidence ellipsoid. Use the value
c*1in Equation (11.1-17) to defin a confidence ellipsoid. Draw a line passing through t (the center of

the ellipsoid) and parallel to the ti axis. The sensitivity with respect to ti is related to the distance,
Ii. from the center of the ellipsoid to the intercept of this line and the ellipsoid. We call this distance
the insensitivity with respect to ci. Figure (11.2-1) shows the construction of the insensitivities with
respect to 41 and c, on a two-dimensional example. The relationship between the sensitivity and the insensi-
tivity is

* (S)~~' * l/a(11.2-3)

which follows inmmediately from Equation (11.1-17) for the confidence ellipsoid, and Equation (11.2-1) for the
sensitivity.

We can rephrase the geometric interpretation of the insensitivi tyas follows: the insensitivity with
respect to El is the largest change that we can make in the ith element of t and still remain within the .*

confidence ellipsoid. All other elements of c are constrained to remin equal to their estimates Values *

during this search; that is, the search is constrained to a line parallel to the ci axis passing through ~

From the statistical viewpoint, the insensitivity with respect to Ei is an approximation to the standard
deviation of *i, the corresponding component of the error, conditioned on all of the other components of the
error. We can see this by recalling the results from Chapter 3 on conditional Gaussian distributions. If the ~ . . *
coverilance of e is A, then the covariance o)f ei conditioned on all oý the other components is

((A1 )iJ 1 ;therefore, the conditional standard deviation is ((A-1). 1)1'. From Equations (11.2-2)
and (11.2-3), we can see that this expression equals the insensitivity. Note that the conditioning on the
other elements in the statistical viewpoint corresponds directly to the constraint on the other elements in the %
geometric viewpoint.

A sensitivity analysis will detect one of the most obvious kinds of estimation difficulty- parameters
which have little or no effect on the system response. If a parameter has no effect on the system response, :

then it should be obvious that the system response data give no basis for an estimate of the parameter; in
statistical terms, the sytem is unidentifiable. Similarly, if a parameter has little effect on the system
response, then there i little basis for an estimate of the parameter; we can expect the estimates to be
inaccurate.

Checking for parameters which have no effect on the system response may seem like an academic exercise,
considering that practical problems would not be likely to have such irrelevant parameters. In fact, this
seemingly trivial difficulty is extremely commnon in practical applications. It can arise from typograpbical
or other errors in input to computer programs. Perhaps the most common example of this problem is attempting
to estimate the effect of an input which is Identically zero. The input might either be validly zero, in which ~.
case its effect cannot be estimated, or the input signal might have been destroyed or misplaced by sensor or *.**

programmi ng problems. . .

The sensitivity is a reasonable indicator of accuracy only when we are estimating a single parameter,
because the estimates of other parameters are never exact, as the sensitivity analysis assumes. The sensitiv..
ity analysis ignores all effects of correlation between parameters, we can evaluate the sensitivity with
respect to a parameter without even knowing what other parameters are being estimated. When more than one
parameter is estimated, the sensitivity gives only a lower bound for the error estimate. The error band is 8 ''-
always at least as large as the sensitivity regardless of what other parameters are estimated; correlation ~ .

effects between parameters can increase, but never decrease, the error band. In other words, high sensitivity
is a necessary, but not sufficient, condition for an accurate estimate.

In practice, correlation effects tend to increise the error band so much that the sensitivity is virtually
useless as an indicator of accuracy. The sensitivity analysis is usually useful only for detecting the problem
of completely irrelevant parameters. The sensitivity will not indicate when the effect of a parameter is .\

indistinguishable from the effects of other parameters, a more common problem.

11.2.2 Correlation %~\.."

We noted in the previous section that correlations among parameters result in much larger error bands than
indicated by the sensitivities alone. The inadequacy of the sensitivity as a measure of estimate accuracy has
led to the widespread use of the statistical correlations to indicate accuracy. We will see in this section
that the correlations also give an incomplete picture of the accuracy.
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The statistical correlation between two error components ei and ej is defined to be

corr(eIej) = E(e ej /4eTTe• Te}. .

assuming that the means of el and ej are zero. In terms of A, the covariance matrix of e, the correlation
is

corr(ei ej) A i(A/• A (11.2-5)

Geometrically, the correlations are related to the eccentricity of the confidence elliDsoid. If the sen-
sitivities with respect to all of the unknown parameters are equal (which we can always arrange by a scale
change), and if the correlations are all zero, then the confidence ellipsoid is spherical. As the magnitudes -"," ".
of the correlations become larger, the eccentricity of the scaled ellipsoid increases. The magnitude of theIF
correlations can never exceed 1, except through approximations or round-off errors in the computation.

The definition above is for the unconditional, or full correlations. Whenever the term correlation
appears without a modifier, it implicitly means the unconditional correlation. We can also define conditional
correlations, although they are less commonly used. The definition of the conditional correlation is identical
to that of the unconditional correlations, except that the expected values are all conditioned on all of the .'-.'-
parameters other than the two under consideration. We can express the conditional correlation of ei and ej
as

cond corr(ei ,e) = -r i/Frir.) (11.2-6)

where r = A-'. This i" similar to the expression for the unconditional correlation, the difference being that
r replaces A and the sign is changed.

If there are only two unknowns, the conditional and unconditional correlations are identical. If there
are more than two unknowns, the conditional and unconditional correlations can give quite different pictures. 9
Consider the case in which r is an N-by-N matrix with l's on the diagonal and with all of the off-diagonal
elements equal to X. As X, the conditional correlation, approaches -1/(N - 1), the full correlation . -
approaches 1. In the limit, when X equals -1/(N - 1), the r matrix is singular. Thus, for large N, the
full' correlations can be quite high even when all of the conditional correlations are low. This same example
inverts to show that the converse also is true.

There are three objections to using the correlations, full or conditional, as primary indicators of accu-
racy. First, although the correlations give information about the shape of the confidence ellipsoid, they
completely ignore its size. Figure (11.2-2) shows two confidence ellipsoids. Ellipse A is completely con-
tained within ellipse B and is, therefore, clearly preferable; yet ellipse B has zero correlation and
ellipse A has significant correlation. From this example, it is obvious that accurate estimates can have
high correlations and poor estimates can have low correlations. To evaluate the accuracy of the estimates,
you need information about the sensitivities as well as about the correlations; neither alone is adequate.

As a more concrete example of the interplay between correlation an(' sensitivity, consider a scalar linear
system:

z(ti) = Du(ti) + H (11.2-7)

We wish t'. estimate D. Both D and the bias H are unknown. The input u(ti) is an angular position of
some cont:'ol device. Suppose that the input time-history is as shown in Figure (11.2-3). A large portion of
the energy in this input is from the steady-state value of 900; the energy in the pulse is much smaller. This
input is highly correlated with a constant bias input. Therefore, the estimate of D will be highly corre-
lated with the estimate of H. (If this point is not obvious, we can choose a few time points on the figure
and compute the iorresponding covariance matrix.) The sensitivity with respect to D is high; because of the
large values of u, small changes in D cause large changes in z.

Now we consider the same system, with the input shown in Figure (11.2-4). Both the correlation and the
sensitivity are much lower than they were for the input of Figure (11.2-3). These changes balance each other,
resulting in the same accuracy in estimating D. The inputs shown in the two figures are identical, but mea-
sured with respect to reference axes rotated by 900. The choice of reference axis is a matter of convention
which should not affect the accuracy; it does, however, affect both the sensitivity and correlation.

This example illustrates that the correlation alone is not a reasonable measure of accuracy. By redefin-
ing the reference axis of the input in this example, we can change the correlation at will to any value between
-1 and 1.

The second objection to the use of correlations as indicators of accuracy is more serious because it
cannot be answered by simply looking at sensitivities and correlations together. In the same way that sensi-
tivities are one-dimensional tools, correlations are two-dimensional tools. The utility of a tool restricted
to two-dimensional subspaces is limited. Three simple examples of idealized but realistic situations serve to
illustrate the dimensional limitations of the correlations. These examples involve free lateral-directional
oscillation of an aircraft.

For the firet example, there is a yaw-rate feedback to the rudder and a rudder-to-aileron interconnect.
Thus the aileron and rudder signals are both proportional to yaw rate. In this case, the conditional correla- .
tions of the aileron, rudder, and yaw-rate derivatives are 1 (or nearly so with imperfect data). Conditioned
on the aileron derivatives being known exactly, changes in the rudder derivative estimates can be exactly
compensated for by changes in the yaw-rate derivative estimates; thus, the conditional correlation is 1. The
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nconditional correlations, however, are easily seen to be only 1/2. Changes in the rudder derivative esti-
mates must be compensated for by some combination of changes in the aileron and yaw-rate derivative estimates.
Since there are no constraints on how much of the compensation must come from the aileron and how much from
the yaw-rate derivative estimates, the unconditional correlations would be 1/2 (because, on the average,
1/2 of the compensation would come from each source).

For the second example, no feedback is present and there is a neutrally damped, dutch-roll oscillation
(or a wing rock). The sideslip, roll-rate, and yaw-rate signals are thus all sinusoids of the same frequency,
with different phases and amplitudes. Taken two at a time, these signals have low correlations. The condi-
tional correlations consider only two parameters at a time, and thus the conditional correlations of the
derivatives will be low. Nonetheless, the three signals are linearly dependent when all are considered
together, because they can all be written as linear combinations of a sine wave and a cosine wave at the dutch- N.
roll frequency. The unconditional correlations of the derivatives will be 1 (or nearly so with imperfect • _
data).

Both of the above examples have three-dimensional correlation problems, which prevent the parameters from, -
being Identifiable. The conditional correlations are low in one case, and the unconditional correlations are .. .
low in the other. Although neither alone is sufficient, examination of both the conditional and unconditional
correlations will always reveal three-dimensional correlation problems.

For the third example, suppose that a wing leveler feeds back bank angle to the aileron, and that a •' J
neutrally damped dutch roll is present with the feedback on. There are then four pertinent signals (sideslip,
roll rate, yaw rate, and aileron) that are sinusoids with the same frequency and different phases. In this
case, both the conditional and the unconditional correlations will be low. Nonetheless, there is a correlation
problem which results in unidentifiable parameters. This correlation problem is four-dimensional and cannot
be seen using the two-dimensional correlations.

The full and conditional correlations are closely related to the eigenvalues of 2-by-2 submatrices of the
A and r matrices, respectively, normalized to have unity diagonal elements. Specifically, the eigenvalues are ,-.",
1 plus the correlation and 1 minus the correlation; thus, high correlations correspond to large eigenvalue
spreads. Higher-order correlations would be investigated using eigenvalues of larger submatrices. Looked at
in this light, the investigation of 2-by-2 submatrices is revealed as an arbitrary choice dictated by its
familiarity more than by any objective criterion. The eigenvalues of the full normalized A and r matrices
would seem more appropriate tools. These eigenvalues and the corresponding eigenvectors can provide some
information, but they are seldom used. In principle, small eigenvalues of the normalized r matrix or large
eigenvalues of the normalized A matrix indicate correlations among the parameters with significant components
in the corresponding eigenvectors. Note that the eigenvalues of the unnormalized r and A matrices are of
little use in studying correlations, because scaling effects tend to dominate.

The last objection to the use of the correlations is the difficulty of presentation. It is impractical to
display the estimated correlations graphically in a problem with more than a handful of unknowns. The most
common presentation is simply to print the matrix of estimated correlations. This option offers little
improvement in comprehensibility over simply printing the A matrix. If there are a large number of experi-
ments, it is pointless to print all of the correlation matrices. Such a nongraphical presentation cannot
reasonably give a coherent picture of the system analyzed. .'...

11.2.3 Cramer-Rao Bound

The Cramer-Rao bound is the last of the statistics based on the confidence ellipsoid. It proves to be the
most useful of these statistics. The Cramer-Rao bound is often referred to by other names, including the
standard deviation and the uncertainty level. We will consider both statistical and nonstatistical interpreta-
tions of the Cramer-Rao bound. •. . . ,

The Cramer-Rao bound of an estimated scalar parameter is the standard deviation of the error in that m r
parameter. Strictly speaking, the term Cramer-Rao bound applies only to the approximation to the standard 0
deviation obtained from the Cramer-Rao inequality. For the purposes of this section, the properties are simi-
lar, regardless of the source of the standard deviation. In terms of the A matrix, the Cramer-Rao bound of
the ith element of E is (Ail) 1i/. )2:.:

The Cramer-Rao bound is closely related to the insensitivity. Both are standard deviations of the error,
the only difference being that the insensitivity is the conditional standard deviation, whereas the Cramer-Rao . ...-
bound is unconditional. They are also computationally similar, the difference being in whether the inversion
is oe the matrix or of the individual element.

The geometric relationship between the Cramer-Rao bound and the insensitivity is particularly revealing.
The Cramer-Rao bound on q is the largest change that you can make in 1i and still remain within the confi-
dence ellipsoid. During this search, the other components are free to take any values that keep the point
within tuhe confidence ellipsoid. This definition is identical to the geometric definition of the insensitiv-
ity, except that the other components are constrained to the estimated values in the definition of insensitiv-
ity. This constraint is directly related to the statistical conditioning in the definition of the. insensitiv-
ity; the Cramer-Rao bound has no such constraints and is an unconditional standard deviation.

The Cramer-Rao bound must always be at least as large as the insensitivity, because releasing a constraint
can never make the solution of a maximization problem smaller. This fact relates to our previous statement ,. -- -.
that correlation effects can increase, but never decrease, the error band defined by the insensitivity.
Figure (11.2-5) illustrates the geometric interpretation of the Cramer-Rao bounds and insensitivities in a
two-dimensional example.

To prove that the Cramer-Rao bound is the solution to the above optimization problem, we will state and
prove a more general result. (The general result is actually easier to prove.)
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Theorem 11.2-1 Given a fixed vector x and a posItive definite symmetric ;'" %
matrix H, the maximum of x'y, subject to the constraint that x*Hx s 1, is .'- ,,
given by V/y'T3T.

Proof Since x*y has no unconstrained local extreme, the solution must -'•,-
Tle-on the constraint boundary; therefore, the inequality in the con traint
can be replaced by an equality. This constrained optimization problem can
be restated by the use of Lagrange multipliers (Luenberger, 1969) as the ".
unconstrained minimization of .

f(xx) * x~y - -(x* (11.2-8)1)

where X is the scalar Lagrange multiplier. The maximum is found by setting
the gradients to zero as follows:

0 Vxf(XX) y - NHx (11.2-9)

0 f(x'X) -- ½(x*Hx 1 ) (11.2-10)

From Equation (11.2-9) we have rf')4x""1(.2'
x X -'H'Zy (11.2-11) •

Substituting this into Equation (11.2-10) gives
y*H'Zx'ZH-'ZH'•y -1 " (11.2-12) '..-o"'-':..

1 (11.2-13) . *

or
* - (y•H~ly) (11.2-14)

Substituting into Equation (11.2-11) gives

x- H'ly (11.2-15) ..

and thus

x*y y*HLy ,

at the solution. This is the result sought.

The specific case of y being a unit vector along the Ct axis gives the form claimed for the Cramer-Rao .
bound of the Ct element.

The general form of Theorem (11.2-1) has other applications. The value of any linear combination of the
parameters can be expressed as c*y for some fixed y-vector. Thus the general forin shows how to evaluate
the accuracy of arbitrary linear combinations of parameters. This form applies to many situations where the
sum, difference, or other combination of multiple parameters is of interest. a n stit htr

On the basis of this geometric picture, we Lan think of the Cramer-Rao bounds as insensitivities that are
computed accounting for all parameter correlations. The computation and interpretation of the Cramer-Rao .,bounds are valid in any number of dimensions. In this respect, the Cramer-Rao bounds contrast with the Insen-
sitivities, which are one-dimensional tools, and the correlations, which are two-dimensional tools. The %" .
Cramer-Rao bounds are thus the best of the theoretical measures of accuracy that can be evaluated for a single
experiment.

11.3 OTHER MEASURES OF ACCURACY

The previous sections have discussed the Cramer-Rao bound and other accuracy statistics based on the con-
fidence ellipsoid. Although the Cramer-Rao bound is the best single analytical measure of accuracy, over-
reliance on any single source of accuracy data is dangerous. Uncritical use of the Cramer-Rao bound can give
extremely misleading results in realistic situations, as discussed by Maine and Ilff (1981b). This section
discussea alternate accuracy measures, which can supplement the Cramer-Rao bound.

11.3.1 Bias ,...

The bias of an estimator is occasionally cited as an indicator of accuracy. We do not consider it a *. .,,
useful indicator in most circumstances. This section is limited to a brief exposition of the reasons for this .

judgment.
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Section 4.2.1 defines the bias of an estimator. Bias arises from several sources. Sow estimators are

Intrinsically biased, regardless of the nature of the data. Random noise in the data often causes a bias.
The bias from random noise sometimes goes to zero asymptotically for estimtors matched to the noise character-
istics. Finally, the inevitable modeling errors in analyzing real systems cause all estimators to be biased,
even asymptotically. Most discussions of bias refer, implicitly or erplicitly, to asymptotic bias. Even for V%..
idealized cases with no modeling error, estimators are seldom unbiased for finite time.

There are two reasons why the bias is of minimal use as a measure of accuracy. First, the bias reflects
only the consistent errors; it ignores random scatter. As illustrated in Section 4.2.1, it is possible for an :%- ,
estimator to give ludicrous individual estimates which average out to a small or zero bias. This property is
intrinsic to the definition of the bias.

Second, the bias is difficult to compute in most cases. If we could compute the bias, we could subtract .. ,. ;
it from the estimates to obtain revised estimates that were unbiased. (Somo estimators use this technique.)

In some cases, it may be practical to compute a bound on the magnitude of the bias from a particular 7
source, even when we cannot compute the actual bias. Although they are rarely used, such bounds can give a
reasonable indication of the likely magnitude of the error from some sources. This is the most constructive
use of bias information in evaluating accuracy.

In contrast, the often-repeated statements that a given estimator is or is not asymptotically unbiased -'

are of little practical use. Most of the estimators considered in this document are asymptoticall.y unbiased A-..-".a-'-
when the assumptions used in the derivation are true. The statement that other estimators are biased under the
same conditions amounts to a res~atement of the universal principle that estimators are biased in the presence
of modeling error. Thus argumencs about which of two estimators is biased are silly. These arguments reduce ... .
to the issue of what assumptions to use, an issue best addressed directly.

Although quartitative measures of bias may not be availabla, the analysý should always consider the issue
of bias due to modeling error. Bias errors are added to all other types of error in the estimates. Unfor-
tunately, some bias errors are impossible to detect solely by analyzing the data. The estimates can be
repeatable with little scatter and appear to be accurate by all other measures, and still have large bias
errors. An example of this type of problem is a calibration error in a nonredundant instrument. The only way. -:.:-.- t
to avoid such problems is to be meticulous in executing and documenting every step of the applicaticn, includ-
Ing modeling, instrumentation, and data handling. No automatic tests exist that adequately substitute for
such care.

11.3.2 Scatter

When there are several experiments at the some condition, the scatter of the estimates is an indication
of accuracy. We can also evaluate scatter about a smooth fairing of the estimates in a series of experiments
with gradually changinq conditions. This approach assumes that the parameters change smoothly as a function
of experimental condition.

,he scatter has a significant advantage over many of the theoretical measures of accuracy discussed below.
The scatter measures the actual performance that some of the theoretical measures are trying to predict.
Therefore the scatter includes several effects, such as random errors in measuring the experiment conditions,
that are ignored in the theoretical predictions. You can gain the most information, of course, by considering
both the observed scatter 4nd the theoretical predictions.

An inherent weakness in the use of scatter as a gauge of accuracy is that several data points are required
to define it. Depending on the application, this objection can range from inconsequential to insurmountable.
A related problem is that the scatter does not show the accuracy of individual points, some of whi:h may be
better than others. For instance, if only two conflicting data points are available, the scatter gives no hint
as to which is more reliable. Figure (11.3-1) shows estimates of the parameter Cnp obtained from flight data
of a PA-30 aircraft. The scatter is large, showing estimates of both signs.

Figure (11.%2) shows the same data segregated into rudder and aileron maneuvers. In this case, the
scatter makes it evident that the aileron maneuvers result in far more consistent estimates of Cn than do
the rudder maneuvers. Had there been only one or two aileron and one or two rudder maneuvers avPiatable, there
would have been no 'way to deduce from the scatter thtt the aileron maneuvers were supe.rior for estimating this
parameter. °,. -

The sca.ter shares a weakness with most of the theoretical accuracy measures in that it does not account
for consistent errors (i.e., biases). Many occurrences can result in small scatter about an incorrect value.
The scatter, therefore, should be regarded as a lower bound. The estimates can be worse than is indicated by
the scatter, but are seldom better. .' ... ; _

Maine and Iliff (1981b) discuss well-documented situations in which the scatter is significantly larger
than the Cramer-Rao bounds. In all such cases, we regard the scatter as a more realistic measure of the mag-
nitude of the errors. The Cramer-Rio bound is still a reasonable means of determining which individual experi-
ments are most accurate, but may not give a reasonable magnitude of the e.-ror.

In spite of its problems, the data scatter is an easily used tool for evaluating accuracy, and it should
always be examined when stifficient data points are available to define it.

; .. ..' . I,....,

11.3.3 Engineering Judgment

Engineering judgment is the oldest measure of estimate reliability. Even with the thcoretical accuracy
measures now available, the need for judgment remains; the theoretical measures are merely tools which supply
more information on which to base the judgment. By definition, the process of applying engineering judgment
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cannot be described precisely and quantitatively, or there would be no judgment involved. Algorithms can be
devised to search for spetific problems, but the engineer still needs to make a final unautomated judgment. *

Therefore, this section will simply list srae of the factors most often considered in making a judgment.

One of the most basic factors In judging the accuracy of the estimates is the anticipated accuracy. The ;." .•

engineer usually has a prio4 knowledge of how accurately one can reasonably expect to be able to estimate
the parameters. This knowledge can be based on previous experience, awareness of the relative importance and
linear dependence of the parameters, and the quality of experimental data obtained.

Another basic criterion is the reasonability of the estimated parameter values. Before analysis is begun,
we usually know the approximate range of values of the parameters. Drastic deviations from this range are
reason to suspect the estimates unless we discover the reason for the poor prediction or we independently
verify the suspect value.ngvg -

We have previously mentioned the role of engineering judgment in evaluating model adequacy. The engineermust look for violations of specific assumptions made in deriving the model, and for unexpl ined problems that
may indicate mdeltng errors. Both the estimator and the theoretical measures of accuracy can be invalidated
by modeling errors. The magnitude of the modeling-error effects must be judged. ,,

The engineer judges the quality of the fit of the measured and estimated time histories. The characteris-
tics of this fit can give indications of many problems. Many modeling error problems first Wcome apparent as
poor time-history fits. Failed sensors and data processing errors or omissions are among the other classes of
problems which can be deduced from the fits.

Finally, engineering judgment is used to assemble and weigh all of the available information about the ,...estimates. You must combine the judgmental factors witS information from the theoretical tools in order to .'""".
give a final best estimate of the parameters and of their accuracies.

11.4 MODEL STRUCTURE DETERMINATION

In the previous sections, we have largely assumed that the assumed model form is correct. This Is never .
strictly true in practice. Therefore, we must always consider the possible effects of modeling error as a
special issue. The tools discussed in Section 11.3 can help in the evaluation of these effects.

In this section, we specifically examine the question of determining the best model structure for param-
eter estimation. One approach to minimizing the effects of model structure errors is to use a model structure
which is close to that of t:.e true system. There are, however, definite limits to this principle. The limita-
tions arise both in how accurate you can make the model and in how accurate you should make it.

In the field of simulation, it is almost axiomatic that the simulation fidelity improves as more detail
13 added to the model. Practical considerations of cost and the degree of required fidelity dictate the level
of detail included in the model. Simulation and system identificatinn are closely related fields, and we
might expect that such a basic principle would be common to both. Contrary to this expectation, system identi-
fication sometimes obtains better results from a simple than from a detailed model. The use of too detailed a
model Is probably one of the most common sources of difficulty in the practical application of system
identification.

The problems that arise from too detailed a model are best illustrated by a simple example. Presume that ..

Figure (11.4-1) shows experimental data from a system with a scalar input U, and a scalar output Z. The line
in the figure is the best linear fit to the data. This line appears to be a reasonable representation of the
system.

To Investigate possible nonlinear effects, consider the case of polynomial models. It is obvious that the -'. '
error between the model output and the experimental data will become smaller as the order of the model S
increases. High-order polynomials include lower-order polynomials as specific cases (we have no requirement
that the high-order coefficient be nonzero), so the best second-order fit is at least as good as the best
linear fit, and so forth. When the order of the polynomial becomes one less than the number of data points,
the model will exactly match the experimental data (unless input values were repeated).

Figure (11.4-2) shows such a perfect match of the data from Figure (11.4-1). Although the data points are
matched perfectly, the curve oscillates wildly. The simple linear fit of Figure (11.4-1) is probably a much
better representation of the system, even though the model of Figure (11.4-2) is more detailed. We could say
that the model of Figure (11.4-2) is fitting the noise instead of the true response.

Essentially, as the model complexity increases, and more unknown parameters are estimated, the problem
approaches the black-box system-identification problem where there are no assumptions about the model form. We
have previously shown that the pure black-box problem is insoluble. One can deduce only a finite amount of
infovmation about the system from a finite amount of experimental data. The engineer provides, in the form of
an assumed model structure, the rest of the information required to solve the system-Identification problem.
As the assumed model structure becomes more general, it provides less information, and thus more of the infor-
mation must be dedured from the experimental data. Eventually, one reaches a point where the information
available is insufficient; the estimation algorithms then perform poorly, giving ridiculous results.

The Cramer-Rao bound gives a statistical basis for estimating whether the experimental data contain suffi-
cient •1,Jormation to reliably estimate the parameters in a model. This and related statistics can be used to
determino the number and selection of terms to include in the model (Klein and Batterson, 1983; Gupta, Hall,
and Trankle, 1978; and Trankle, Vincent, and Franklin, 1982). The basic principle is to include in the model
only those terms that can be accurately estimated from the available experimental data. This process, known as
model structure determination, is described in further detail in the cited references. We will restrict our
discussion to the general nature and applicability of model structure determination.

A * _______________________•
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Automatic model structure determination is often viewed as a panacea that eliminates the necessity for
% model selection to be based on engineering judgment and knowledge of the phenomenology of the system. Since

we have repeatedly emphasized that pure black-box system identification is impossible',* such claims for auto- .

matic model determination must be viewed with suspicion.

There is a basic fallacy in the argument that automatic model structure determination can replace engi-
neering judgment in selecting a model. The model structure determination algorithms are not creative;, they can ~ 0 -

only test candidate models suggested by the engineer. In fact, the model structure determination algorithms
are a type of parameter estimation in disguise, in which the parameter is an index indicating which model is to
be used. In a way, model structure determnination is easier than most parameter estimation. At each stage,
there are only two possible values for a term, zero or nonzero, whereas most parameter estimation demands that * .

a specific value be picked from the entire real line. This task does not approach the scope of the black-box
system-identification problem in which the numb~er of possible models is a high order of infinity.

Engineering judgment is still needed, therefore, to select the types of candidate models to be tested. If
the candidate models are not appropriate, the results will be questionable. The very best that could be .

expected frown an automatic algorithm in this circumstance would be rejection of all of the candidates (and not
all automatic tests have even that much capability. No automatic algorithm can suggest creative improvements
that it has not been specifically programed for.

Consider a system with an actual output of Z -sin(U). Assume that a polynomial model has been selected
by the engineer, and automatic structure determination has been used to determine what order polynomial to use.I ~The task is hopeless in this form. The data can be fit arbitrarily well with a polynomial of a high enough ~
order, but the polynomial form does not describe the essence of the system. In particular, the finite poly-
nomial will not be valid for extrapolating system performance outside of the range of the experimental data.

In the above system, consider three ranges of U-values: JUl < 0.1, IUI <1.0, ýnd JU < 10.0. In the
range 1Uj < 0.1, the linear polynomial Z - U is a close approximation, as shown in Figure (11.4-3). The
extrapolation of this approximation to the range lUI < 1.0 introduces noticeable errors, as shown in

Figure (11.4-4). Over this range, the approximation Z = U - U1/6 is reasonable. If we expand our view to
the range UIU < 10.0, as in Figure (1.5-5), then neither the linear nor the third-order polynomial is at all
representative of the sine function. It would require at least a seventh-order polynomial to match even the
gross charac:teristics of the sine function over this range; a good match would require a still higher order.

Another problem with automatic model-structure determination is that it gives only a statistical estimate.
Like all estimates, it is imperfect. If no better information is available, it is appropriate to use auto-
matic model structure determination as the best guess. If, however, facts about the model structure are
deducible from the physics of the system, it is silly to throw away known facts and use imperfect estimates.
(This is one of the most basic principles in the entire field of system identification, not .i'wst in model

* ~structure determnination: if a fact is known, use it and save the estimation theory for cases in which it is
needed.) *.-:

*The most basic problem with automatic model structure determination lies in the statement of the problem.
The very term "model structure determination"' is misleading, because there is seldom a correct model to deter-

* mine. Even when there is a correct model, it may be far too complicated for practical purposes. The real
model structure determination problem is not to determine some nonexistent "correct" model structure, but to
determine an adequate model structure. We discussed the idea of adequate models in Section 1.4; the idea of
an adequate model structure is an intimate part of the idea of an adequate model.

tinThis basic issue is addressed briefly, if at all, in most of the literature on model structure determina- .

to.Many papers generate simulated data with a specified model, and then demonstrate that a proposed model .

structure determination algorithm can determine the correct model. This approach has little to do with the
real issue in model structure determination.

The previous paragraphs have emphasized the numerous problems of automatic model structure determinition.
*That these problems exist does not mean that automatic model-structure determination is worthless, only that

the mindless application of it is dangerous. Automatic model structure determination can be a valuable -tool
when used with an appreciation of its limitations. Most good model structure determination programs allkw the
engineer to override the statistical decision and force specific terms to be included or omitted. This
approach makes good use of both the theory and the judgment, so that the theory is used as a tool to aid the
Judgment and to warn against some types of poor judgment, but the end responsibility lies with the engineer.

11.5 EXPERIMENT DESIGN

The previous discussion has, for the most part, assumed that a specific set of experimental data has
already been gathered. In some cases, this is a valid assumption. In other cases, the opportunity is avail- -
able to specify the experiments to be performed and the measurements to be taken. This section gives a brief
overview of the subject of designing experiments for parameter identification. We leave detailed discussion
to works cited in the references.

Methods for experiment design fall into two major categories. The first category is that of methods based
* on numerical optimization. Such methods choose an input, subject to appropriate constraints, which minimizes .

the Cramer-Rao bound or some related error estimate. Goodwin (1982) and Plaetschke and Schulz (1979) give .. ...

* theoretical and practical details of some optimization approaches to input design.

* Experiment design is often strongly constr'ained by practical considerations; in the extreme case, the
constraints completely specify the input, leaving no latitude for design. In a design based on numerical opti-
mization, the constraints must be expressed mathematically. This derivation of such expressions is sometimes _7
straightforward, as when a control device is limited by a physical stop at a specific position. In other
cases, the constraints involve issues such as safety that are difficult to quantify as precise limits.
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Slight changes in the form of the constraints can change the entire character of the theoretical optimum
input. Because the constraints are one of the major influences in the experiment design, adopting simpl ified .-

constraint forms solely because they are easy to analyze is often inadvisable. In particular, "soft" con-
straints in the form of a cost penalty proportional to the square of the input are almost never accurate
representations of practical constraints.

Most practical experiment design falls into the second muajor category, mWtoI based more on heuristicL*
design than on formal optimization of a cost function. Such desitE - draw heavily on the engineer's understand- '

ing of the system. There are several widely applicable rules of to help heuristic experiment design;-,
some of them consider issues such as frequency content, modal ext. ...ýion, and independence. Plaetschke and
Schulz (1979) describe some of these rules, and evaluate inputs based on thiem.

RI-
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Figure (11.1-1). Construction of R1. Figure (11.1-3). Construction of two-dimensional
confidence ellipsoid.

I .. 4.. i __ CONSTANT **.

eMIN tMAX

Figure (11.1-2). Construction of one-dimensional Figure (11.2-1). ceometric interpretation of
confidence ellipsoid, insensitivity.
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CHAPTER 12

12.0 SUMMARYL%

In this document, we have presented the theoretical background of statistical estimators for dynamic
systems, with particular emphasis on maxlmum-likelihood estimators. An understanding of this theoretical back- L
ground is crucial to the practical application of the estimators, the analyst needs to know the capabilities . " . ,
and limitations of the estimators. There are several examples of artificially complicated problems that suc- . .
cumb to simple approaches, and seemingly trivial questions that have no answers. .%;14

A thorough understanding of the system being analyzed is necessary to complement this theoretical back- - .
ground. No amount of theoretical sophistication can compensate for the lack of such understanding. The entire
theory rests on the basis of the assmptions made about the system characteristics. The theory can give only
limited help In validating or refuting such assumptions.

Errors and unexpected difficulties are inevitable in any substantial parameter estimation project. The
eventual success of the project hinges on the analyst's ability to recognize unreasonable results and diagnose
their causes. This ability, in turn, requires an understanding of both estimation theory and the system being
analyzed. Problems can range from obvious instrumentation failures to subtle modeling inconsistencies and
identifiability problems.

Probably the most difficult part of parameter estimation is to straddle the fine line between models too
simple to adequately represent the system and P-dels too complicated to be identifiable. There i. no conser-
vative position on this issue, excesses In either direction can be fatal. The solution is typically Iterative,
using diagnostic skills to detect problems and make improvements until an adequate result is obtained. The
problem is exacerbated by there being no correct answer. 4...

Neither is there a sirgle correct method to solve parameter estimation problems. Although we have casti-
gated som practices as demonstrably poor, w% make no attempt to establish as dogme any particular method.
The material of this document is intended more as a set of tools for parameter estimation problems. The selec-
tion of the best tools for a particular task is influenced by factors other then the purely theoretical.
Better results often coa from a crude, but adequate, method that the analyst thoroughly understands than from .
a sophisticated, but unfamiliar, method. We recoamend the attitude expressed by Gauss (1809, p. 108):

It Is always profitable to approach the more difficult problems in several
ways, and not to despise the good although preferring the better. .

[.. % L_

.. 7 .

,... ". S..'...'

-°4 ...

-]

S '.J,
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APPENDIX A

A.0 MATRIX RESULTS ".Z

This appendix pretents several matrix results used in the body of the book. The derivations are mostly
exercises in simp~le matrix algebra. Various of these results are given in numerous other documents;, Goodwin
and P"yn (1977, appendix E) present most of them.

A.1 MATRIX INVERSION LEIMAS

Consider a square, nonsingular mtrix A, partitioned as *s

A - (S.[-1)

1All Ali]

where All and All are square. Define the inverse of A to be r, similarly partitioned as
• rr- 1 r 1 l2 -'""

A- r a (A.1-2)

where r,', is the sam size as A,.. We want to express the partitions rj in terms of the Aij. To
derive such expressions, we need to assume that either A,, or A is invertible; if both are singular, there ,, ....
is no useful form. Consider first the case where A,, is inverlible. , *,..

Lema A.1-1 Given A and r partitioned as in Equations (A.1-1) and (A.1-2), '" **5;"

assume that A and A are invertible. Then (All - A,,A;'A1 ) is invertible S

and the partitions OP r are given by

nil " A~A12( 2 - A21AzzA 12)
1A21Azz (A.1-3)

- AXIAs'AlA) (A. 1-4)

r21  -(All A2%A: A12 )
1A A121 1 (A.1-5)

r,,A (All A&1AjYA 1 ) (A.1-6)

Proof The condition Ar * I gives the four equations .. i..,

A,,r + A,,r , , a 0 (A.1-7) .'

A,,r1  + A22 r1s = 0 (A.1-8)

Al + Aslra * I (A.1-9)

A21r,, + Al2r,. - I (A.1-10)

and the condition rA - I gives the four equations

+÷ o- A.--0 (A--
+ 1 A1  0 (.-2

r,,A,, + r,,A,, " I (A.1-13)

rsA,, + r,,A,, I (A.1-14)

Equations (A.1-7) and (A.1-1k), respectively, give

- 1 (A.1-1)

r -r,,A, 1Az (A.1-16)

Substitute Equation (A.1-15) into Equation (A.1-10) and substitute Equa-
tion (A.1-16) into Equation (A.1-14) to get

(Alt - Aa1AzIAza)rsa " I (A.1-17)

r,,(^,,- AA;jZA1 ) I (A.1-18)

" ° " 55
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&yte Mution of invertibility of As the rjexist and satisfy
Equati4ns (A.1-7) to (A.1-14). The assumtion of invortibility of A11 then
assures, through the above substitutions that r,, satisfies Equa-
tions (A.1-17) and (A.1-18). Therefore IA., - A2jA1AjA1 ) is invertible and
r,, is given by Equation (A.146).

Substitutin Equation (A.1-4 into Equations (A.1-15) and (A.1-16) gives
Equations (A1-4) and (A.1-5) Finally, substituting Equation (A.1-5) Into .

Equation (A.1-9) and solving for r,, gives Equation (A.1-3), completing ~*,~ *.

the proof. *

The case where A,, is nonsingular is simply a permutation of the saw leaws.

Leaw A.1-2 Given A and r partitioned as in Equations (A.1-1) and (A.1-2),
assume Ith A and A2  are invertible. Then (All AjA12 AjA2 ) is invertible
and the partitions oft r are given by

*(All - A 1 2A;'A 2 1)" (A.1-19)

r aj -(A11L - A 1 2 A;'A 2 1 )1 A1 2 A;" (A.1-20)

r.* A;1Ajj(Ajj A 1 2 A;1A2 X)-
1  (A.1-21)

r.,*~-AA 2 ( 1  1 AA 1
1

1 A (A.1-22)

Proof Define a reordered matrix * A 1 ~\ -

The inverse of A' is given by the corresponding reordering of r.

Then apply the previous l90Me to A' and V'.

When bothWhe boh 11 and A22  are invertible, we can combine the above leims to obtain two other useful results...

Lemma A.1-3 Assume that two matrices A and C are invertible. Further
assumi~e-U one of the expressions (A - BC'D) or (C - DA-1B) is invertible.
Then the other expression is also invertible and

(A - BC-'D)-' - A1-' A1B(C - DA-1B)-1DA-1  (A.1-23)

Proof Define A, 7 A, A) u*B 1jA 2  D, and A2 m.In order to apply
reiýs (A.1-1) an (A.1_2) we ir need to sowthat Aasdfiedb
Equation (A.1-1) is invertible. 5

if (C - DA-1B) is invertible, then the r dfndb qain A13
to (A.1-6) satisfy Equations (A.1-7) to (.-14). Therefore A is invertible.
Leam (A.1-2) then gives the invertibility of (A - BC1D), which is one of
the desired results.

Conversely, if we assume that (A - BC-ID) is invertible, then the rig A11)
defined by Equations (A.1-19) to (A.1-22) satisfy Equatios ?A.1-7) t9 (A.1-14). '
Therefore A is invertible and Laws (A.1-1) gives the invertibility of the
expression (C - DA-1B).

Thus the invertibilit~y of either expression implies invertibility of the other
and of A. We can now apply both Leimas (A.1-1) and (A.1-2)., Equating the
expressions for r,, given by Equations (A.1-3) and (A.1-19) and putting the % %
result in terms of A, B. C, and D. gives Equation (A.1-23). completing the
proof. ,-

Lemmua A.1-4 Given A. B, C, and D as in Lemma (A.1-3), with the same
1Ti-tTe1TT5ty assumptions, then

A-1B(C - DA-1B)-1 - (A - BC-10)1IBC-1 (A.1-24):K-:;

Proof The proof is identical to that of Lemia (A.1-3). except that we equate
the expressions for r12  given by Equations (A.1-4) and (A.1-20). giving f5
Equation (A.1-24) as a result.
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A.2 14TRIX DIFFERENTIATION ,

For several of the following results, it is convenient to define the derivative of a scalar with resý 9'

to a matrix. If f is a scalar function of the matrix A, we define df/dA to be a matrix with elements
* equal to the derivatives of f with respect to corresponding-elemants of A.

* df (A.2-1).

Two simple relations Involving the trace function are useful in manipulating the matrix and vector quan-
* ~tities we work with.

Result A.2-1 If x and y are two vectors of the sawa length, then .

x~y a tr(yx*) (A.2-2) 0
Proof Both sides expand to XM M

Result A.2-2 If A and B are two matrices of the same size, then

X A('§B('$J* tr(AB*) (A.2-3)

Proof Expand the right side. element by element.

Both of these results are special cases of the same relationship between Inner products and outer products.
The foll'owing result is a particular application of Result (A.2-2).

Result A.2-3 If f(A) is a scaler function of the matrix A, and A Is a

9'. function of the scaler x. then

Proof Use the chain rule with the individual elements of A to write

Equation (A.2-4) then follows from Result (A.2-2) and the definition given.
by Equation (A.2-1). .... ~

Result A.2-4 If the matrix A is a function of x, then

wherever A is invertible.

Proof By the definition of the inverse

AA (A.2-7)

Take the derivati ve, using the chain rule.

-6(AA) -dl (A.2-8)

dA A-% + A d (A-') - 0 (A.2-9)

Solving for d/dx(A-1) gives Equation (A.2-6), as desired.

Result A.2-5 If A is invertible, and x and y are vectors, then

aA(x*A-1y) * (A-lyx*Al)* (A.2-10)

Proof Use result (A.2-4) to gjet

aVT (x*A-1y) *xA-1 aA %vA-y (A.2-11) .

A Now

eA e~e (A.2..12)
9ArTT
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were e a is a votor with zeros in all but the ith elmnt which is 1. ,. :..*\

Therefore .

S(x'A'-y) - -x*A'elee*A'y - -e*Alyx*A':e, (A.2-13)

which is the (i.j) element of -(A"Iyx*A':)*. The definition of the matrix ',derivative then gives Equation (A.2-10) as desired.

Result A.2-6 If A is invertible, then

i anjAl - A*' (A.2-14)

Proof Expanding the determinant by cofactors of the ith row gives

xnJAI a in (adj A) (A.2-is) *

laking the derivative with respect to A(1'1  gives

a~ )SanlAl -9 (A.2-16)
aA-T M- i1k)(adi A)(k.¶

because (d A does not depend on A(-t). Using Equation (A.2-15) and
the expression for a matrix inverse in terms of the matrix of cofactors, we
get

a anlAl A A ) I (A.I(Ji) (A.2-17)S~~~IAI ''':".'•'

Equation (A.2-14) then follows, as desired, from the definition of the
derivative with respect to a matrix.

,S.::,:.' -,':

.7

s . 7..
A .

S.,..••, .

;- " . " - .- " "
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AGARD FLIGHT TEST INSTRUMENTATION AND FLIGHT TEST TECHNIQUES SERIES "

1. Voluame In the AGARD Flight Test Instrumentation Series, AGARDograph 160

Volume Publication
Number Date

1. Basic Principles of Flight Tent Instrumentation Engineering 1974 '-.
by A.Pool and D.Bosman

2. In-Flight Temperature Measurements 1973
by F.Trenkle and M.Reinhardt

3. The Measurement of Fuel Flow 1972
by J.T.France

4. The Measurement of Engine Rotation Speed 1973
by M.Vedrunes

5. Magnetic Recording of Flight Test Data 1974
by G.E.Bennett

6. Open and Closed Loop Accelerometers 1974
by I.McLaren

7. Strain Gauge Measurements on Aircraft 1976
by Elottkamp, H.Wilhelm and D.Kohl

8. Linear and Angular Position Measurement of Aircraft Components 1977
by J.C.van der Linden and H.A.Mensink

9. Aeroleastic Flight Test Techniques and Instrumentation 1979
by J.W.G.van Nunen and GOPiazzoli

10. Helicopter Flight Test Instrumentation 1980
by KR.Ferrell

11. Pressure and Flow Measurement 1980
by W.Wuest

12. Aircraft Flight Test Data Processing - A Review of the State of the Art 1980
by LJ.Smith and N.O.Matthews

13. Practical Aspects of Instrumentation System Installation 1981
by R.W.Borek

14. The Analysis of Random Data 1981
byD.A.Wilniams

15. Gyroscopic Instruments and their Application to Flight Testing 1982
by B.Stieler and H.Winter

16. Trajectory Measurements for Take-off and Landing Test and Other Short-Range Applications 1984 -
by P.dt Benlue d'Agut, H.Riebeek and A.Pool -. -
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At the time of publication of the present volume the following volumes were in preparation:

Flight Test Instrumentation Analog Signal Conditioning
by D.W.Veatch

Microprocessor Applications in Airborne Flight Test Instrumentation
by M.Prickett 4. W:-,•

2. Volumes in the AGARD Flight Test Techniques Series ' 4'..

Title Publication,Date Dat

AG 237 Guide to In-Flight Thrust Measurement of Turbojets and Fan Engines 1979 ".* ..... •..
by the MIDAP Study Group (UK) i. -:",

The remaining volumes will be published as a sequence of Volume Numbers of AGARDogmph 300.

Volume Title Publication
Number Date

Calibration of Air-Data Systems and Flow Direction Sensors 1983 .by J.A.awford and KKRNippress •. ?," ',

2. Identification of Dynamic Systems 1984

by R.E.Maine and K.WAliff

At the time of publication of the present volume the following volumes were in preparation:

Identification of Dynamic Systems. Applications to Aircraft
Part 1: The Output Error Approach

by R.E•Maine and K.Wlliff
-- " -*.•'. .' . •

Identification of Dynamic Systems. Applications to Aircraft •. ,
Part 2: Nonlinear Model Analysis and Manoeuvre Design .... .-

by JA.Mulder and J.H3Breeman

Flight Testing of Digital Navigation and Flight Control Systems
by FJAbbink and HA.Timmers

Determination of Antenna Pattern and Radar Reflection Characteristics of Aircraft
by H.Bothe and D.Macdonald ,

Stores Separation Flight Testing
by RJArnold and C.S.Epstein

Techniqites and Devices Applied in Developmental Airdrop Testing -• "
by HJ.Hunter

Aircraft Noise Measurement and Analysis Techniques
by H.H.Heller

Air-to-Air Radar Flight Testing
by R.E.Scott

Use of Airborne Scientific Computers in Flight Test Techniques
by R.Langlade -

Flight Testing under Extreme Environmental Conditions
by C.L.Hendrickson
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Annex 2

AVAILABLE FLIGHT TEST HANDBOOKS -.. " ,

This annex is presented to make readers aware of handbooks that are available on a variety of flight test subjects not
necessarily related to the contents of this volume.

Requests for A&AEE documents should be addressed to the Technical Information Library, St Mary Cray. Requests
for US documents should be addressed to the DOD Document Centre (or in one case, the Library of Congress).

Number Author itle Date

NATC-TM76-ISA Simpson, W.R. Development of a Time-Variant Figure-of-Merit for Use 1976
in Analysis of Air Combat Maneuvering Engagements

NATC-TM76-3SA Simpson, W.R. The Development of Primary Equations for the Use of 1977 .
On-Board Accelerometers in Determining Aircraft
Performance

NATC-TM774RW Woomer, C. A Program for Increased Flight Fidelity in Helicopter 1977'+. ~~~~~Carico, D. Simulation ,-.""""•.:7•

NATC-TM77-2SA Simpson, W.R. The Numerical Analysis of Air Combat Engagements 1977 .'.-.

Oberle, R.A. Dominated by Maneuvering Performance

NATC-TM77-ISY Gregoire, H.G. Analysis of Flight Clothing Effects on Aircrew Station 1977
Geometry

NATC-TM78-2RW Woomer, G.W. Environmental Requirements for Simulated Helicopter/ 1978
Williams, R.L. VTOL Operations from Small Ships and Carriers

NATC-TM78-1RW Yeend, R. A Program for Determining Flight Simulator Field-of-View 1978
Carico, D. Requirements

NATC-TM79-3SA Chapin, P.W. A Comprehensive Approach to In-Flight Thrust 1980
Determination

NATC-TM79-3SY Schiflett, S.G. Voice Stress Analysis as a Measure of Operator Workload 1980 S
Loikith, G.J.

NWC-TM-3485 Rogers, R.M. Six-Degree-of-Freedom Store Program 1978

WSAMC-AMCP 706-204 Engineering Design Handbook, Helicopter Performance 1974
Testing

NASA-CR-3406 Bennett, R.L. and Handbook on Aircraft Noise Metrics 1981 .. .
Pearsons, K.S. - ,

Pilot's Handbook for Critical and Exploratory Flight 1972
Testing. (Sponsored by AIAA & SETP - Library of
Congress Card No.76-189165)

A&AEE Performance Division Handbook of Test Methods 1979
for Assessing the Flying Qualities and Performance of
Military Aircraft. Vol. 1 Airplanes

A&AEE Note 2111 Appleford, J.K. Performance Division: Clearance Philosophies for Fixed 1978
Wing Aircraft

__ ______________________S ,-:
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Number Author 7Tite Do.te

A&AEE Note 2113 (Issue 2) Norris, E.J. Test Methods and Flight Safety Procedures for Aircraft 1980
Trials Which May Lead to Departures from Controlled ,~

A F F F -T D 7 5 3 M a lu m R.F lig h t

AFT-D7- alm .Flight Measurements of Aircraft Antenna Patterns 1973 ~

AFFTC-TIH-76-1 Reeser, K. Inertial Navigation Systems Testing Handbook 1976
Brinkley, C. and
Plews, L.

AFFTC-TIH-794 -USAF Test Pilot School (USAFTPS) Flight Test Handbook. 1979
Performance: Theory and Flight Techniques

AFFTC.TIH-79-.*.. USAFT'PS Flight Test Handbook. Flying Qualities: 1979 -* '
Theory (Vol. 1) and Flight Test Techniques (Vol.?)

AFFTC-TIM-81-1 Rawlings, K., III A Method of Estimating Upwash Angle at Noseboom- 1981
Mounted Vanes

AFFTC-TIH-81-1 Plews, L. and Aircraft Brake Systems Testing Handbook 1981
Mandt, G.

AFFTC-TIH.8 1-5 DeAnda, A.G. AFFTC Standard Airspeed Calibration Procedures 1981*

AFFTC-TIH-81-6 Lush, K. Fuel Subsystems Flight Test Handbook 1981

AFEWC-DR 1-81 -Radar Cross Section Handbook 1981

NATC-TM7 14-SA226 Hewett, M.D. On Improving the Flight Fidelity of Operational Flight/ 1975
Galloway, R.T. Weapon System Trainers

NATC-TM-TPS76-1 Bowes, W.C. Inertially Derived Flying Qualities and Performance 1976
Miller, R.V. Parameters

NASA Ref. Pubi. 1008 Fisher, F.A. Lightning Protection of Aircraft 1977
Plumner, J.A.

NASA Ref. PubI. 1046 Gracey, W. Measurement of Aircraft Speed and Altitude 1980

NASA Ref. Publ. 1075 Kalil, F. Magnetic Tape Recording for the Eighties (Sponsored by: 1982
Tape Head Interface Commidttee)

The following handbooks are written in French and are edited by the French Test Pilot School (EPNER Ecole du
Personnel Navigant d'Essais et de Rtception ISTRES - FRANCE), to which requests should be addressed.

Number
EPNER Author 7thiPre(18)No tes
Reference C S

2 G.Leblanc L'analyse diniensionnelle 20 RE~dition 1977

7 EPNER Manuel d'exploitation des enregistrements d'Essais 60 66me Edition 1970
en vol

8 M.Durand La mecanique du vol de l'hdlicoptire 155 Icre Edition 1981

12 C.Laburthe M6canique du vol de l'avion appliqude aux essais en 160 R66dition en cours
Vol

15 A.Hisler La prise en main d'un avion nouveau 50 lIre Edition 1964
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Numnber"EPNER Author TitlePde No983) sa.
French FrancaRefeevwue

16 Candau Programme d'euass pour l'6valuation d'un hdlicopttre 20 26me Edition 1970 '
et d'un pilote automatique d'hdlicopt~re

a. 22 Cattaneo Cours de m6troiagie 45 R66dition 1982

24 G.Fraysse Pratique des essais en vol (en 3 Tomes) T I = 160 lire Edition 1973
a. F.Couuon T 2 - 160 %

T3= 120 -

25 EPNER Pratique des esais en vol hd•icopt~re (en 2 Tomes) T 1 = 150 Edition 1981 *.

T 2=- 150 %

26 J.C. Wanner Bang sonique 60

31 Tarnowski Inertie-verticale-s6curitd 50 W re Edition 1981

32 B.Pennacchioni Adro~lasticitt - le flottement des avions 40 l~re Edition 1980 -

33 C.Lelaie Les vrilles et leuts essais 110 Edition 1981

37 S.Aller, Electricitt i bord des atronefs 100 Edition 1978 ,.%*.',.'.

53 J.C.Wanner Le moteur d'avion (en 2 Tomes) R66dition 1982
T I Le r6acteur ........................ 85
T 2 Le turbopropulseur ............ 85

55 De Cennival Installation des turbomoteurs sur htlicopttres 60 26me Edition 1980

"63 Gremont Aperqu sur les pneumatiques et leurs propridt~s 25 3Ume Edition 1972

77 Gremont L'atterrissage et le problime du freinage 40 26me Edition 1978

82 Auffret Manuel de m6decine adronautique 55 Edition 1979

85 Monnier Conditions de calcul des structures d'avions 25 1Are Edition 1964

88 Richard Technologie helicopt~re 95 R66dition 1971 . a . -
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FROM: Scientific Publications Executive

SUBJECT: AGARDQG•WPH- AG- 300 Vol 2
(Identification of Dynamic Systems)

The Abstract of this document suffered an error of transmission
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version, a copy of which I enclose. The words underlined were
omitted and you may wish to correct your records.

G W Hart
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7 RUE ANCELLE 92200 NEUILLY4SUR4SEINF.

FRANCE

Copy: FMP Executive (AGARD)
Mr R K Bogue, NASA Dryden
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This document addresses the problem of estimdting parameters of dynamic systems.
The aim is to present the theoretical basis of system identification and parimeter esti-
mation in a manner that Is complete and rigorous, yet understandable with minimal pre-
requisites. The document concentrates on maximum likelihood and related estimators.
The approach used requires familiarity with calculus, linear algebra, and probability,
But does not require,1knowledge of stochastic processes or functional analysis. No pre-
vious background in statistics is assumed.

The treatment emphasizes 'unification of the various areas in estimation theory and
practice. For example, the theory of estimation in dynamLic systems is treated as a
direct outgrowth of the static system theory.

Topics covered include basic concepts and definitionsa numerical optimization
methods, probability; statistical estimators; estimation in static systems; Ltochastic
processes; state estimation' In dynamic systems; output error, filter error, and equation
error methods of paramever estimation In dynamic vystems; and the accuracy of the
estimates.


